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In this Edition (which is stereotyped, and so will 
be secured from further change) the Simpler. Parts, 
those^ namely^ suited for general School purposes and 
required for the attainment of an ordinary B. A. degree 
in the University of Cambridge, are printed separately 
as Part I.; to which is appended a large collection of 
easy Miscellaneous Examples, specially adapted to the 
contents of this Part, and supplying means of complete 
Examination in them. 

It will be seen that the easiest kinds of Simple 
Equations and Equation Problems are in this Edition 
introduced much earlier than is usual in Treatises on 
Algebra : but there can be no reason why this branch 
of the subject, which is so interesting to most Students, 
and gives them some idea of the practical appUcations 
of the Science, should not be brought forward as soon 
as possible. 

Part II* is in the Press, and will contain the higher 
parts of the Subject, with such additional remarks on 

382644 



iv ADVERTISEMENT. 

the earlier portions as will suit the wants of more 
advanced and promising Students. This Part may be 
begun as soon as the Student^ having thoroughly 
mastered Part I.^ has entered upon the Miscellaneous 
Examples. 

The errata given below should be corrected at once, 
before using the book. They will not appear in future 
impressions. 

A Key to Part I. is in the Press and will be ready 
after Christmas. 

Fomeett St, Mary, Nov, 1, 1848. 



ERRATA. 



Page 

10, line 13, for -J(a + & + c) read -Ha^b-c). 

21, Ex. 13, 9, for + 2* read - zK 

23, Ex. 16, 2, for «* + «-16 read «* + 2af-15. 

36, line 13, for Va* read ^/a\ 

— line 21, for = = 2xy* read = - 2xy^. 

62, Ex. 36, 12, for 6a* in numerator read 5a*. 



a** , , o" 



69, line 6, for so aho -=- read so also — . 

7?, Ex.43, 19, for +J(10-3aj) read -i(10-3«). 

85, Ex. 47, 16, for two thirds read one Mrd. 

86, Ex. 47, 22, for 72 read 42 ; for tivice read also; for 18 read 27. 

91, Ex. 49, 3, for ^^/{xy* &c. read ^^/{a^ &c. 
Misc. Ex. 73, for 6 Vx'^ read 2 Vx'K 

« 73, for 96 Vx'\ 6 Vx'' read 96 Vx'\ 2 v x'\ 

" 194, for - --i— read + r . 

ic^ + 1 a:" + 1 
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CHAPTER I. 

DEFINITIONS. 

I 

1. Algebra is the science which reasons about 
quantities by means of letters of the Alphabet^ and 
certain signs and symbols, which are employed to re- 
present both the quantities themselves, and the manner 
in which they are connected with others. 

Thus we might put a to represent 7, and then twice a would 
represent 14 ; or we might put a to represent 3, and then ttoice a 
would represent 6, three times a, 9, &c. 

2. The sign = (equal) denotes that the quantities 
between which it stands are equal to one another. 

Thus, if a = 17, then twice a = 34. 

3. The sign .*. stands for then or therefore, and •/ for 
since or because. 

4. The sign + (plus) denotes that the quantity before 
which it stands is added, and the sign - (minus) that 
the quantity before which it stands is subtracted. 

Thiis 5 + 3 = 8, 5-3 = 2; and if a = 3 and 6 = 4, 
then + 6 = 3 + 4 = 7, a + 6 + 2 = 3 + 4 + 2 = 9, 
10 - a = 10'- 3 = 7, 10 -a-6 = 10 -3-4 = 7-4 = 3. 

The sign ^ is used to denote that the less of two 

quantities is taken from the greater, when it is not 

known which is the greater. 

Thus a ^h denotes the difference between a and 6. 

B 



2 DEFINITIONS. 

5. All quantities before which + stands are called 
positif>ey and all before which - stands are called nega- 
tive quantities. 

If neither + nor - stand before a quantity, + is under- 
stood^ and the quantity is positive ; thus a means + a. 

6. The sign x {irUd) denotes that the quantities be- 
tween which it stands are to be multiplied together; 
bul very often a fcdl-point is used instead of x, or, still 
more commonly, one quantity is placed close after the 
other without any sign between them. 

Thus axhj a.h, and ab mean all the same thing, viz. a multi* 
plied by b; and, therefore, if a = 8 and 5 = 4, we shall have ab = 12, 
5a =15, 5ab = 60', and if also c = 5, d=0, then 

4aft + 3oc + 4d-26 + 2aftc-3aftc<f=48 + 46 + 0-8 + 120-0 

» 213 - 8 c= 205. 

7. The number, whether positive or negative, pre- 
fixed to any algebraical quantity is called its coefficient; 
thus 3 is the coefficient of 3a, - 7 of - 7oa:, &c. 

If no number is expressed, the coefficient is under- 
stood, being 1, since a means once a. 

Ex. 1. 

If a = 6, 6 = 5, c = 4, d = 3, e = \f=l, and ^ = 0, find the 
numerical values of the following expressions : 

1. a + 26 + 3cf4rf+8e + 2/+^. 2. 2a + 6-3c + 4J-5/+6^. 

3. 36-4a-6c + 7<?f 2c-4^ 4. -3a + 26 + 3c-2c+/. 

5. ah + 5hc-^de + 5fg. 6. 4o^ - 3ft^4- 4c« - orf. 

7. - 3a6 - 2ac + 46c - o6c. 8. 5ab - Sac -{■ 15cde - 14ae/, 

.?. 33a6-19crf+22a6^-13c£fe/: 10. ahcd-^bcde^Zcdef-^defg. 



8. The sign -f (by) denotes that the quantity which 
stands before it is to be divided by that which follows 
it ; but, most frequently, to express division^ the quan- 
tity to be divided is placed over the other with a line 
between them, in the form of a fraction. 



DEFINITIONS. 8 

Thus a-rb and =■ denote, either of them, a divided by b i and 

if a=2, 6=3, then 

5a 10 6 3g + 25 6 + 6 12 
26 " 6 "" 3 ' 26 - a " 6 - 2 " 4 ~ ' 

9. When any quantity is multiplied by itself any 
number of times, the product is called a power of the 
quantity, and is briefly expressed by writing down the 
quantity, with a small figure above it to the right 
denoting the number of times it is repeated. 

Thus, (^ stands for ax ax ax ax a, ZaH?<?d for Zaaaahhbecd, 

The small figure in any case is called the index of 
the corresponding power. 

Thus, a (which means a') is the^«^ power of a, 

a' the second ... or sqttare of a, 

a" the third. ... or cube of a, 

a* ttie fourth power of a, &c. &c., 

and the small figures, ', ^ ^ &c. are the indices of the second, 
third, fouxth, &c. powers of a respectively. 

Hence, if a = 2, o* = 2 x 2 x 2 x 2 = 16, 
if a = 3, y = 3x 3x3 = 27, 
ifa=:l, a«=l, o''=l, a* = l, &c. 

Ex. 2. 

If a = 1, 6 = 3, c-5f and d = Oy find the values of 

26 3c 5a 2o + 6 ^ 3a + 26 26 + 3c 2tf6-c 

a b c c b la a 

ab -t- 26c + Zed 2abc - 4ad + Sac Zabc + 6ac + 6a6 - 36c 

2a + 36 dah^2ad ^ ~^ 6c - 26 * 

4. a*4-26^t3c« + 4£r. 5. 3a»6 + 26*c - 2fl"c + 36»rf. 

6. a'-3rt*c + 3ac»-c'. 7. a* - 4a»6 + 6a"6» - 4a6H 6*. 

ft Axjt otx-, 2a6«c Q 12a»-y^ 2c» a + 6«+r' 

8. 4a6c*--3a'6c + 7r r — . 9. ^ , + — w , - — ^,, . 

2a + 6 + c 3a* a + 6' 56' 

a» 6»+l 1 + aV 4a + y + 6 V a' + 2a6 + 6» 

a» + 6» " a« + c" ^ 6« + c» 6^-26c + c» ' 

b2 



4 DEFINmONS. 

10. The square root of a quantity ie that gnantity 
whose square power is equal to the given quantity. 

Thus the tquare root of 9 U 3, since 3*^9; the tguare not 
of o* is o, of 64 is 8. 

So also the cube, fourth, &c. root of a quaatity is 
that quantity whose cube, fourth,- &c. power is equal 
to the given one. 

The symbol used to denote a root is V (a corruption 
of r, the first letter of the word radix), which, with the 
proper index on the left dde of it, is set before the 
quantity whose root is expressed. 
Thus, V'>' = a, v64 = 4, ^/3125 = 5, \/l = 1, Vi "_ 1, &c 
The index, however, is generally omitted in denotiiig 
the square root; thus -/x is written instead of Vz. 
Find the values pf ^^- *• 

I. V4+ t2^25/ i-3V49-V64. '' 2. 3^16-4^36+2 V9-V81. 
3. V8 + 2^5-4^1 + v'64. 4. Vl + 3Vl6-2 v'32 + 3?/l. 

If a = 2^"T^9, e = 4, d= 1, find the ralues of 
5. Va+2Vi + 3v'e + 4v'A 6- V4^ + V96 1 ViCc - V25d. 

" '"'i+2v'46-4\'9;+VlM. 8. v5i+2V3*-i'2"c + 4-VA 
-2W+3V^-iVd, 10. ^+3y^^4VP5+V'c'iJ'. 

Algebraical quantities are said to be like or 
according as they contain the same or different 
ations of letters. 

a and Sa, - fia*& and 'ii^b, Salic and - a'be, are pain of 
ititiee ; a* amd i^, 3a& and - la, 30*6 and 3a?, of unlike 

Brackets, (), { }, [], are employed to shew that 
quantities within them are to be treated as 
forming but one quantity. It ia of great im- 

e to notice carefully the effect of using them. 

a-(b-e'i is not the same as a-b-c; for, in this last, 

ad e are subtracted, ^vhereas in tbe former it U the quan- 

;, which is subtracted. 
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Hence, if a = 4, 6 = 3, c = 1, we have 

a-6-c = 4-3-l = 0, a- (6 -c) = 4-2 = 2; 

2a - 36 + 2c = 8 - 9 + 2 = 1, 2a - (36 + 2c) = 8 - 11 = - 3; 

2a46-c = 8+3-l = 10, 2(a + 6)-c = 14-l =13, 2(a + 6-c) = 12. 

Sometimes^ instead of brackets^ a line is used^ called 

a vinculum, and drawn above the quantities that are 

connected; thus a-i-c is the same as a-(J-c). 

The line,, which separates the numr and den' of a 
fraction, is also a species of vinculum, corresponding, 
in fact, in Division to the bracket in Multiplication, 

Thus r— implies that the tvhole quantity a + 6 - c is to be 

divided by 4, and might have been written } (a + 6 - c). 

"^ Ex. 4. 

If a = 0, 6 = 2, c = 4, <f = 6, find the values of 

1. 3a + (26 -cyi-{d''' (2a + 36)} + {3c - (2a + S6)}«. 

2. 36 + (2c - dy + {36 - (2c^)y - {36 - (2c - 3)i 

3. 2VJ^ + 3V3rf + 2c-l + 4Va + 6 + 2c + J. 

4. 3\^26^^+-2V6* + c» + 7-v^2(6 + c)»-(6 + J)". 

6. {a + (6 + cy - d]{{a + 6)» + (d- cf} .{(a + 6 + c)« - d}. ^ ^ 
If a=l, 6=2, c=3, d=4, shew that the numerical values t^e equal 

6. Of (6 + c + d)(6 + c-rf)(6 + <f-c)(c + <^-6) 

and of 46V - {d' - (6* + c*)}«. 

7. Of {(^-(C"6 + a)}{((f + c)-(6 + a)}, 

and of d»-(c' + y) +a« + 2(6c-a<f). 

8. Of {(6 + c)-(d-a)}» + {(c + <^)-(6-a)P + {(6 + d)-(c-a)}« + 

(6 + c + rf-a)«, andof 4(a» + 6* + c« + d«). 

9. Of {(a + rf)-(c-6)}{(a+c + <?)-6}{c-((?-a-6)}(6 + c + rf-a), 

and of 4 (arf + 6c)« - {(a» + rf») - (6^ + c')}". 
10. Of £f*-(2<f-c)c + {2(rf-c) + 6}6-{2(J-c + 6)-a}a, 
andof {(<^-a)-(c-6)}«. 

13. Those parts of an expression, which are con- 
nected by the signs + or -, that is, which are connected 
by Addition or Subtraction, are called its terms, and 
the expression itself is said to be simple or compound, 
according as it contains one or more terms. 



b DEFINITIONS. 

Thus o^y 2db9 and - 3^, are each simple quantities, and 
(^ + 2ah - 35^ is a compound quantity, whose terms are a', + 2a&, 
and - W. 

Those parts of an expression whicli are connected by 

Multiplication are called its factors. 

Thus the factors of o^ are a and a, those of 2ah are 2, a, and 5, 
those of - 3^ are - 3, h, and h, or, as we should rather say, - 3 
and b*, it not being usual (except where specially required for any 
purpose) to break up a power into its elementary factors. Of 
course we might include 1 as a factor in each case; thus, since 
a' = 1 X a', the factors of o^ are 1 and a% and so of the rest: 
and this will be sometimes required, as will be seen hereafter, 
but for the present need not be attended to. 

It is very necessary that the student should learn at 
once to distinguish weU between terms eaii factors. 

Thus 2a + 6 - c is a compound quantity of three terms, 2a, b, 
and -c; 2(a + 6)-c is one of two terms only, 2 (a + 5) and - c, 
^ of which the former, 2 (a + 6), consists of two factors, 2 and a + 5, 
the factor, a + 5, being itself a compound quantity of two terms; 
and so also 2 (a -h 5 - c) is a simple quantity, or single term, of 
two factors, 2 and a-\-b-e, of which ihe latter is itself a compound 
quantity of three terms. 

Let it be observed then that terms are the quantities 
which make up an expression by way of Addition or 
Suhtractiony factors^ by way of Multiplication. 

It may be also noticed^ that it is immaterial in what 

order either the terms or the factors of a quantity are 

arranged. It is usual^ however, to arrange quantities, 

as much as possible, in the order of the alphabet. 

Thus a - 26 + 3c is the same quantity as - 26 + a + 3c, or 
3c - 26 + a, &c., and a6c is the same as 6ac or 6ca ; but we should 
prefer to write a - 26 + 3c, and a6c, unless there were some reason, 
in any case, for arranging otherwise. 

A quantity of one term is called a monomial, of ttoo 
terms, a binomial, of three, a trinomial, &c., and, gene- 
rally, of more than two terms, a multinomial. 
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CHAPTER II. 



ADDITION, SUBTRACTION, MT7LTIPLICATI0N, DIVISION. 

14. To add like algebraical quantities, add separately 
the positive and negative coefficients; take the differ- 
ence of these two sums, prefix the sign of the greater, 
and annex the common letters. 

Ex. 1. 



8a 


Ex.2. 


-126c 


Ex. 3. 2c' 


Ex.4. 3a« + 25» 


-5a 




4dc 


-6(* 


4a«-36* 


-2a 




35c 


-7c» 


-8a« + 46» 


6a 




-86c 


10c» 


dt^-W 


6a 




6hc 


4c» 


7a« + 36» 



la -She 4c^ 11a* * 

In the last example the star is used to indicate that the terms 
involving 5^ destroy one another. 

K the quantities are unlike, we must add any that 

are like by the preceding rule, and write down the 

others with their proper signs. 

Ex. 6. 2a+36-4c Ex. 6. «-2y+3« Ex. 7. 2a+ c^d 

-3a+46- c -2x+tly-4z - 6+ a+c 

4a+76+7c Sx-&y-5z -^ c- d 

a- h-4e «+ y -3a- e-f 

-6a+26-6c 2y+2g -2c+2^-2c 

-a+l6ft-8c Sx- y-4« - h+2d-2e-f 

Find the sum of Ex. 3. 

1. 7a-3ft + 4c-2rf+7, -8a+4ft-6c + 2</-ll, 13a+36-5c+4</-4, 
2a-5 + c + ll, a + 2rf-3. 

2. 2a;-3y + 4z-4, a? + 2y-3z, -3a: + 2y-6z + 7, 4«-y + 2«-3, 
9x-10y + 112-12, a?+y + «. 

3. 2a»+a6 + 3y, 3a«-4a5 + 26», SaF + Sab-h\ I2a*-Uah-^W, 
3a*-12a6 + 17fi^. 

4. oo; - 45y -i- 3c2, 13aa; - 9by + 7cs, - 6ax + Iby - 14c2, 2ax 
- &y + ce, - lloa: + 13Jy - 4cz. 

5. 20a!»+20a!»y-3iiy + 14/, -11a*-^l^-12x^-^, l^^ 

+ 17a!V + 16ay - V» - 12ir»-13ajV-14jy-6j/*» 12a:*y + 3y». 



8 SUBTRACTION. 

6. 2x«-3ajy-V, Sara + 2y« - «?•, aj"-2y2 + 62», Sicy - Sarz - 3«*, 
aara - 2a» + 5ya, 4y*-3ya + 2«*. 

7. x^ - Saa^ + Sa*x - (f^, ^-5aa^^^Mx-lM, 3a^+4aa:* + 2a»a: 
+ 6a», -l7«»+19aa:*-16aV + 8o», -13««*-27a«a:+18a'. 

8. a»-2aJ'-oc*+a»6 + 2a»c+2a6c, -a*6 + 6'-25c"+2ai" + 2a6c 
+ h% - 2a*c - 6^c + c* + 2a6c + flo* + 25(j*. 




16. To subtract algebraical quantities, change their 
signs and proceed as in Addition. 

Thus, if we take b from a, the result will be a - 4 ; 
but, if we take b-c from a, the result will be greater 
by c than the former, since the quantity now to be 
subtracted is less by c than in the former case ; hence 
the result required will be a - 6 + c, which is therefore 
the value of a - (5 - c), so that the quantities ft, - c, 
when subtracted, become - 5, + c, respectively. 

Or we may reason otherwise, as follows : 

(i) Since a = a - 5 + 5, if we subtract + b from a, the 
result is a -by the same as if we add - 4 to it ; 

(ii) Since a = a + 5 - 5, if we subtract - b from a, the 
result is a + S, the same as if we add +4 to it. 

Thus if a person possesses a pounds and owes h pounds, his 
money in hand may be represented by + a pounds, and his debt 
by -6 pounds, so that he may be said to possess +a and -b 
pounds, or, in one sum, a- 5 pounds. Now if we subtract or 
annul his debt, that is, if we take away his negative property, 
- b pounds, he will possess the whole positive property, + a poundS; 
the same as if we give him + b pounds, to pay his debt with. 

There will often, however, be no need formally to apply the above 
rule of changing signs, since the difierence may be obtained at onoe, 
by taking that of the coefficients and annexing the common letters. 
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Thus, in Ex. 1, we may say, at once, 3a: from bx leaves 2x, 
y from 7y leaves 6y, - ^zfrom - Sz leaves - 4« ; though of course, 
if we chose to apply the Rule {change the sign of the quantity to be 
subtracted and proceed as in Addition) it would equally be true 
that - 3a: added fe) + 5ar, - y to + 7y, + 4a to - Sz, would produce 
respectively, + 2x, + 6y, - 4a, as before. 

Ex. 1. Ex. 2. Ex. 3. 

From 5a: + 7y-8a 5aj* - 2a:y + 3y* -3a» + 4ai-6ft« 

take 3a;+ y-4a - 4a^ - 2a!y + 7y« -7a'-l-3ft« -20* 

Ana. 2a; + 6y-4a 9x* -4y* 4a« + 4aft - 85* + 2c« 

Ex. «. 

1. From 2a -2b -he take a^h-2c, 

2. From 2a:* - 3ajy + y« take 4a^ + 4xy - 2y». 

3. From 5ax - Iby + ca take ax + 2by - ca.^ 

4. From 7a:» - 2a: + 4 take 2a:» + 3a: - 1. 

^ From 8a* - 2a + 65* - 5a5 + 5c» - 35c + 2 
• take a* + a + 25* + 2a5 + 3c» + 35c + 2. 

6. From 2a:* - 4a:*y - 3y* + 6 - 2a:* - 3a:y* - Uf 
take 3a:*+2a:V-y*-3ay-l-a:*-10y*, 

7. From ba? + Qxy - 4y* - 12a:a - ^ya - 5a* 
take 2a:* - 3y* + 4a» - 5a* + 6ya - 7a;y. 

8. From 3a:*+2a:y-y* tpke -a:*-3a:y + 3y*, and 3a:* + 4a:y-oy*. 

9. From a*- 2a»5 + 3a»5*- 4a5*+ 55* take 2a5*- 3a*5^+ 4a*5 - M, 
and 3a* - 2a*5 + 6a*5* - 2a5» + 35*. 

10. -From a» - 4a*5* - 8a*5* - 17a5* - 125* take a* - 2a*5 - 3a'5«, 
2a*5-4a*5^-6a*5*, 3a*5*-6a*5*-9a5*, and 4a*5*-.8a5*-125*. 



16. Since the sign + or -, preceding a bracket, will 
imply (12) that the whole included quantity is to be 
added or subtracted, if we wish to remove the bracket^ 
we must actually perform the operation indicated by 
means of it, i.e. we must add or subtract the quantity 
in question. Of course, in the case of + preceding it, 
this amounts to no more than merely setting down 
the included terms with their proper signs, because, 
when a quantity is added, the signs of its terms are 
not altered ; but in the case of - preceding a bracket, 

B5 
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we shall have to change the eigne of all the included 
terms^ since they are all to be subtracted. 

Thus + (a + ft - c) = a + J - c, (a* - 2a5 - fi^) = fl^ - 2a6 - 6»; 
but - (a + J - c) = - a - 5 + c, - (fl* - 2aft - y) = - a* + 2a5 + h*: 
80 also, in the case of a double bracket, we have 

3a - {(a - 3c) - (2ft - e)} = 
341 - (a 7 3c) + (2ft - c) = 
3a- a + 3c + 2ft-c »2a + 2ft + 2c. 

The same remark appUes also to the case of a fraction 

with a num' of more than one term, whenever the line 

separating its num' and den% and which (12) is a species 

of vinculum, is removed by any process. 

Thus - ^Jt^ [or -i(a+ft+c)] = - 1 - 1 + £ [or -Ja- Jft+Jc] ; 

and - i (a - ft), when multiplied by 2, becomes - (a - ft), or - a + ft. 

Ex. 7. 

Reduce to their simplest forms : 

1. (a - «) - (2a; - a) - (2 - 2a) + (3 - 2*) - (1 - x). 

2. (a» - 2a«c + 3ac«) - i<^c - 2a» + 2ac«) + ((^'-a(^'- €^c). 

3. (2«»-2y»-ss»)-(3y" + 2a^-a*)-(3a"-V-«*)- 

4. (V+ ac«+ a«a?) - ^- fty*+ ft^y) + (a» + ca* + c»«) - (iB»-y* + «») 

+ (oc* + fty* + caP) - (a*a: - ft^y + c^). 

5. a« - (ft* - c») - {ft^ - (c» - a«)} + {c» - (ft» - a«)}. 

6. {2a» - (3aft - ft^} - {a«- (4aft + ft*)} + {2ft* -^ (a* - oft)}. 

7. {a^ + y'-(3«»y + 3a!y«)}-{(a:»-3a:»y)-(ary«-y»)}. 

8. {2a;-(3y-z)}-{y+(2a;-«)}-|-{3«^(a;-2y)}-{ar-(y-2)}. 

9. 1 - {I - (1 - 4ar)} + {2a; - (3 - 6a;)} - {2 - (- 4 + 6x)], 

10. {2a - (3ft + c - 2d)} - {(2a - 3ft) + (c - 2c?)} + {2a - (36 + c) - 2rf} 
-{(2a-3ft + c)-2rf}. ^ 

17. It is often necessary not only to 'break up, or 
resohe, quantities coi^ned in brackets, but also to 
form such quantities, tW^k, to tak^^^up in a bracket 
any giv en ter ms of an expression. Now, in doing this, 
it sho^flp^noticed that,* whatever term we choose 
to set w^rst term within the bracket, the sign of that 
term will have to be placed before the bracket, and tUs 
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sign will of course a£fect all the terms we may place 
within the bracket. I£» then^ this sign should be (-i-), 
the other terms may be set down at once within the 
bracket with their proper signs ; but if it should be (-), 
we shall have to change the signs of all these other 
terms^ and then set them within the bracket: for the 
sign (-), which precedes the briacket, will influence all 
these signs, and hare really the effect of correcting ^ as % 
it were, the changes we have made, and will, in fact, 
cause the original signs to reappear, whenever we 
choose to resolve the bracket again. 

Thus -^-a-h-c, collected in a bracket with + a BsJirH tenn, 
will be + (a - 6 - c) ; but, with - 6 as first term, - (6 - a + c), and 
with - c as first term, - (c - a + &) ; and now, if we resolve again 
these last two brackets, the sign (-), preceding each of them, will 
correct the changes we have made, and the quantities will be 
reproduced, as at first, -6-i-a-c, -c + a-6. 

So also we might use an inner bracket, and write the quantity 
+ {(a-5)-c}, or +{a-(6+c)}, or -{(6-a)+c}, or -{6-(a-c)}, &c. 

Ex. 8. 

Express, by brackets, taking the terms (i) two, (ii) threSf together, 

1, 2a-&-3c + 4rf-2« + y. 2. -6-3c-l-4<--2« + 3/ + a. 

3. -3c4'4£i-2e + 3/+2a-6. 4. +4rf-2«M-3/+2a-i- 3c. 

5. -2c + 3/+2a-5-3c + 4rf. 6. 3/+2a-5-3c + 4rf-2e. 

7 — 12. Express the second answer in each of the above by using 
also an tnn^r. bracket, including in it the latter two of the three 
if^rms within each of the outer brackets. 

18. We have spoken hitherto only of numerical 
coefficients; but, in fact, when a quantity is composed 
of two or more factors, any one of them is a coefficient 
of the rest taken together, that is, (as the word coefficient 
implies) vhahes up with them, as a factor, Jl^^uantity 
in question. ^^^BW- 

Thus in 3adcx, 3 is, as before, the coefficient of abcx\\nX 3a is 
also the coefficient of hex, Zdh of ex, ax of 3&c, &c. 
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Such coefficients are called literal coefficients^ as in- 
volving algebraical letters; and, when any terms of 
a quantity contain some common factor, a bracket is 
often employed to collect the other factors, considered 
as its literal coefficients, into one quantity, which is 
set before or after the common factor. 

Thus we have seen abready that 3x '\- 2x - x = 4iX, that is, 
^ = (3 + 2 - 1) a: J and in like manner, oo: + 6a; - a? = (a -f ft - l)x, 
2a-4aa; + 6ay = 2a(l-2a; + 3y), (a + 26)«*-(26-c)a:»-(2c-a)«* 
= {(a + 26)-(26-c)-(2c-a)}«* = (2a-<?)«». 



Add (a-2p)x' -2a*+{2c-Sr)x 










(2p+a)ar»+(g'-5)«« -x 










-(p-a)a^'{b^q)!X^- {c -l)x 


From 


aa^ 


-5a:» 


+a: 


-a^ ■^Sha^-(c^2r)x 


take 


-p^ 


-qa^ 


+ ra: 



An8.{Sa-p-l)a^^{b-'2)a^ -rx Am, {a\f)a?-{jHq)x^-{^(l-r)x 

The above Answers may, of course, be expressed differently, by 
changing the order of the terms within the brackets; thus, the 
second might have been written (a + p) «* + (g' - 6) a;* - (r - 1) x. 

On the other hand, when a bracket comes in this 
way before or after a single term as factor, it may be 
resolved, after multiplying each term of the quantity 
within it by the common factor. 

Thus a (6 - a?) - (a - y) 6 = (ai - ax) - {ah -by) = 
ab-€us-ab-vhy = by-ax = - {ax - by), 

Ex. 9. 

1. Collect coeff" in aa^ -bs^-cx-ba?^ co^- dx-^-ca^- ds^ - ex, 

2. Add together ax -by, a: + y, and (o - 1) a: - (6 + 1) y. 

3. Add together (a + c) «* - 3 (a - 6) ay -I- (6 - c) y*, and 

{b - cya^ + 2 (a + 6) ay + (a - 6) y*. 

4. Add together (a + 6) a; + (6 + c) y ^and {a- b)x- {b -c) y, 

and subtract the latter from the former. 
6, Add together (i) the first two, (ii) the last two, and (iii) all 
four together, of 2 (a + 6) a; -k S/ft + js) y-, --3 (a - 6) a: + 
. 2(a-c)y^ - (26 -I- c) «/ (a - 2i) y, and (a -26) a:- (6 + 2c) y. 
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6. In (5) (i) subtract the second quantity from the first, and 

(ii) the fourth from the third, and (iii) add the two results 
together,^ 

7. In (5)^(i) subtract the third from the first, and (ii) the fourth 

from the second, and (iii) add the two results together. 

8. In (5) (i) subtract the fourth from the first, and (ii) the third 

from the second, and (iii) add the two results together. 



19. To multiply two simple algebraic^ quantities 
together, multiply together respectively the numerical 
coefficients and letters ; and then, if the multiplier and 
multiplicand have the same sign, prefix to this product 
the sign +, if different signs, the sign -. 

Thus, 7a X 4ft = 28a5, - 2a x 3<? = - 6ac, 6ft x - 2c = - lOftc, 
- 3a X - 6ft = 16aft. 

This rule for determining the sign of the product, 
viz. that like signs produce + and unlike -, may be thus 
deduced. 

Let it be required to multiply a-h by c - rf. 

Here (a - 5) (c - rf) = (a - b) x, (writing a; for c - rf), 

= ax — bx 

= a(c - d)- b(c - d) 
= (ac - ^d) - (be - bd) 
= ac - ad - be + bd: 

in which result we see that the product of + o by + c 
is ac (i.e. + ac), that of + a by - rf is - ad, that of - J 
by + c is - 5c, and that of - 5 by - rf is + bd. 

If several simple quantities are to be multiplied together, 
instead of multiplying them together successively by the above 
rule, (thus 2ax-3ftx-4c = - 6aft x - 4c = 24aftc), it will be shorter 
to multiply them at once together, and then prefix to this prc4]act 
the sign + or -, according as the number of negative factors is 
even or odd. 
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20. The powers of a quantity are multiplied together 
I by adding the indices. 

Thus (^ xa* = a*** = a*; for a' = a.a.a, a" = a,a; 
.*. c^ xa* = a.a.a.a.a = a^; and so in other cases. 

Hence 
^ 3o«6 X 4oW X - 2aW = 24a'6», 2a&c x 3a«W x - a6V = - ^'W. 

21. If the multiplier or multiplicand consist of several 
terms, each term bf the latter must be multiplied by 
each term of the former, and the sum of all the pro- 
ducts taken for the complete product of the two quan- 
tities. 

This process is generally conducted as in the following Examples. 

^Ex. 1. 3ar« - Say + 4y* Ex. 2. - 2aW ^- Mf" ' W 
*'*' 2a*x - 4aft 



\ 


6fl««» - ^^y + 8a««y« 


8a-y - 20a*6* + 28a5* 


Ex.3. 


a + 6 


Ex. 4. a + & 


Ex. 5. a - 5 


1 


a + 6 


a-6 


a-6 




a*'\'ab 


a* + o6 


a«-a6 




+ a6 + y 


-a6-J« 


-ad + 6* 




a« + 2a6 + y 


a* • -6^ 


«« - 2a6 + 6* 


Ex.6. 


a;+a 


Ex.7. ««+(a + i) 


x-\'ab 




a?+5 


« +c 






«*+«« 


ar'+Ca + J) 


a^ + (ibx 




+ 6j: + a6 


+ c 


«* + (flkJ + 6c) a: + a6c ! 


Ans, 


«*+(o + 5)ir + aft 


«*+ (a+6+c)«*+(a6+ac+&c)a?+a6c 


Ex.8. 


7^^ mx -\- n 







a^- ax* + 6ar* - ca? 
■¥mx* - am a^ + 6m a^ - ctjix 

+ wa;' - a»«* + 6wa; -c« 



^n«. a:*-(a-w)a;*+(6-am+»)ar'-(c-,Ap+a»)aj*-(cm-6n)ar-c« 
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Ex. lO. 

1. Multiply <Mjy by hxy; ma? by -««•; ^ acx by -2axy; 
ahe by be; - abc by - ac; o^y by - a?y*. 

2. Multiply a* - ay + y* by ar, and a^-a« + aj* by -ac; 
a?* - flw: + 6 by - afta;; a:* - 3a:*y -h Say" - y" by ay. 

3. Multiply 2a + 5 by a + 36, and 2a - 5 by c - d<;. 

4. Multiply 3a: + 2y by 2ar + 3y, and 3aft + 45" by 2a6 - 36". 

5. Multiply a:" + 3a:-2byar + 3, and aj"-4a; + 3bya;-2. 

6. Multiply a' + 2a - 1 by a" - a + 1, and bjr a" - 3a - 1. 

7. Multiply 27a:" + 9a^y + Say" + y" by 3a; - y. 

8. Multiply a* - 2a"5 + 4aW - Soft" + 166* by a +J26. 

9. Multiply «■ + 2aa; + 3a" by «" - 2fla: + a". 
Multiply 9a« - 3a6 + 6" - 6a - 26 + 4 by 3a + 6 + 2. 

11. Multiply a;" + y" + ;^ + ay-aa + y8 by af-y + z. 
. 12. Multiply a» + 2a" + 2a + l bya"-2a" + 2a-l. 

13. Multiply a" + 46* + 9c" + 2a6 + 3ac - 66c by a - 26 - 3c 

14. Multiply a* - 2a"6 + 3a"6" ^ 2a6" + 6* by a" + 2a6 + 6^. 

15. Multiply «"-aaj + 6 by x-Cy and by a^ \ aac-c, 

16. Multiply 1 - aa? + 6a;" - ca" by 1 -i- a; - a;". 

17. Multiply a\mx-n3^ by a-^mx^na^y and by a + 2wa; - ma;*. 

18. Find the continued product of ax -by, cus-k- cy, and (ix - dy, 

19. Find the continued product of 2x-m, 2a;+n, a;-H2m, and a;-2n. 

20. Find the continued product of a;"+aa;-6", a;"+6«-a", and a;-{a+6). 



22. The student should notice some results in Multn 

so as to be able to apply them when similar cases occur, 

and write down at once the corresponding products. 

Thus, (21 Ex. 3, 5) the product of a + 6 by a + 6, or the square 
of a + 6, is a" + 2a6 + 6", and the square of a-6 is a'-2a6 + 6*: 
by remembering these results, we may write down at once the 
square of any other binomial; thus, 

(a?+y)"=a;"+2ay+y", (a? - 2)" = a:" -4a; + 4, (2a; + y)'=4a:" + 4ay+y", 
(2aa; - 36y)" = 4a"a;" - 12a6ay + 96y. 

Again, (Ex. 4) the product of a + 6 by a-6 is a" - 6" : 
hence we have {x-\^y)y(,{x-y) =s^-~if, (a; + 2) (a; - 2) = «" - 4, 
, (2aa; + 36y) (2aa; - 36y) = 4a"a;" - 96"y". 

So also, (Ex. 6) the product of x + a by a; + 6 is a;" + (a + 6) a; + a6, 
where the coeff. of x is the sum of the two latter terms of the 
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factors, x+a, x-\-h, and the last term, +a6, is their product: in 
like manner, we shall have 

{X + 5) {x ^.2^^ -f (5 + 2) ar + 10 = a:» + 7a; + 10, 
(a: - 6) (a: + 2) = «« 4- (2 - 5) a: - 10 = «» - 3fc - 10, 
(a? + 2) (a: - 2) (x + 3) (a; - 3) = («« - 4) («* 49) 

= a?* - (9 + 4) a:» + 36 = a?* - Ii^jp' + 36, 
(ar + 2) (a? - 3) (a? - 4) (x + 6) = (a:» - a? - 6) (:«« + a: - 20) 
= (by common Mult") a:* - 27«' + 14a; + 120 

23. Let then these three results, oiformtdce, be noted : 

(i) (a±5/ = a'±2a6 + J'; 
or, Che sqtuire of any binomial = the sum of the sqtuirea 
of its two terms together with timce their product: 

(ii) (a + 5)(a-5) = a'-6'; 
or, the prodttct of the sum and difference of any two 
quantities =» the difference of their squares: " .), 

(iii) (a; + a) (a; + 5) = ic' + (a H- 6) ic + ab. 

24. By a little ipgenuity, however, the above formulae may be 
still more extensively applied to lighten the labour of Mulf^ : thus 

Ex.1. (a-6 + c)»={(a-6) + c}« = by(i) (a-5)« + 2 (a-6) o + c» 
= a* - 2ab + J* + 2ac - 2bc + c*j or we <night have written it 
{a - (6 - c)}*, or {(a + c) - 6}', &c. and then have expaiMed either 
of these by (i), obtaining, of course, the same result fiybefore : 
but we shall give a better method hereafter for squaMg a tri- 
jBomial; it will be sufficient to have noticed this. P- 

Ex. 2. (a> - oa; + «") (a» - aa; - a;*) = by (ii) (a* - axf^ a;* 1 ^ 

= a* - 2a'a; + fl*a;* - x\ f. ▼ 

E*3. (a*-^ax'a^) (a*-ax-ii^) = {(a''-si^)'hax} {{(^-a^-ax) 
= (o» "O^f- aV = a* - 2aV + a;* - aV = o* - 3(^a^ + a:*. 

Note that the formula here employed, (a + 6) x (a - 6) =« a* 
may be always applied, whenever it is seen that the two quan 
to be multiplied consist of terms, which differ only (some of th 
in sign, by taking for a those terms which are found unih ^0^ 
9ign8 unaltered in each of the given quantities, and the others 
for hi thus, in Ex. 3, c? and -a^ appear in both the given 
quantities, whereas in one we have + fta;^ in the^^tilJier -ax; hence 
the product required is (a* - a^f - aV, as above. 
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:. 6 (a'-<M: + a*)(oa;+aj*-a')=a?*-(a*-aa;)*=a:*-a*+2a'a:-aV, 

Ex. 7. (a + ft + c + (?) (a + ft - c - (?) = (a + 5)« - (c f rfy 
.= a* + 2aft + ft' - c' - 2cd - <?•. 

Ex. 8. (a + 2ft - 3c - d) (a - 2ft + 3c - (?) = (a - (?)" - (2ft - 3c)» 
= a« - 2a(? + (?• - 46« + 12ftc - 9c». 

Ex. 11. 

1. Write down the squares of a-x, 1 + 2a:*, 2tt* + 3, 3a; - 4y. 

2. Write down the squaresjof 3 + 2x, 2a: - 3y, o* - 3ar, fta:* - cxy. 

3. Write down the product of (2a + 1) x (2a - 1), (3aa: + ft) 

X (3aa: - ft), (a: - 1) (a? + 1) {a* + 1). 

4. Write down the product of (x + 3) (x + 1), (a^ + 4) (a*- 1), 

(aft - 3) (oft + 2), (2aa; - 3ft) (2aa: - ft). 

5. Find the continued product of a? + a, x-a^ a: + 2a, and a; - 2a. 

6. Find the continued product of mx + 2ny, mx - 2ny, mx - 3ny, 

and ma; + 3ny. 

7. Simplify 3(a-2a;)»+2(a-2a:)(a4-2a?)+(3a;-a)(3a:+a)-(2a-3a:)».«) 

8. Multiply a?*+2ary + 2y* by «*~2a:y + 2y*, and 2a'-3aft-!-6» 
'^ by 2a« + 3a6 + ft*. 

I 9.-' Multiply a + ft + c iJy a-hh-c, by a-ft + c, and by a-6-c. 

10. Multiply a-h + c by a-b-c, by ft + c-a, and by e-h-a. 

11. Multiply 2a + ft-3(?by 2a-ft + 3c, andbyft + 3c-2a. 

12. Multiply 2a - ft - 3c by 2a + ft + 3c, and by- o- 3c - 2a 

13. Mritiply a + ft + c.+ (?by a-^ + *-rf, by a-6-c + rf 
^Ed by ft + c - rf - a. 

14. l^q|tiply a-2ft + 3cf (? by a + 2ft-3c + (?, by 2ft - a + 3c -h (?, 

a4d by a + 2ft + 3c - d. 



% 



5. To 'divide one simple algebraical quantity by 
another, divide respectively the coefficient and letters 
of the dividend by those of the divisor ; and then, if the 
two quantities have the same sign, prefix to the quotient 
thus obtained the sign +, if different, the sign -. 

^^^ lOc 5c 2c 



k' 
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3. Divide 3mV-Smn' + 4m'ii-n* by -3)n< and 

-3o'ft + fio'i'-ea'6'-a6' + 4i' by -2oV. 

4. Divide a:* + 6at45 by z + 1, end in'-6ni*+llfn-6 by )n-2. 
fl. Divide 6o'-16fl6 + eff by 2a-4J, and 8a:* + 13ay + ey* by 

ac + 3y. 6. Divide 6<i'fi'-oft'-126' by 3oi + 46'. , 

7. IKvidefl* + 46*bya"+2a6 + 2i', and 4aV+ I by 22V-2iy + X. 
a Divide a:'-2i*!/ + aE'y*-4iy+8^y+ieiy'-32y' bya^-V- 
9. Divide lf6j*+5i'hj I +2a: + 3;', ando'-Ga+S by (^-2«+J. 

10. Divide i^itt^+Sff* by «'-2^+y', and in*+4mf 3 by in*'f2in4l. 

H. Divide a'-4<.'6'-8a'i'-17<i6'-12J' by ii'-2ab-3V. 

12. Divide a'-ir'+l by I'-aai+l, and<i'i-2<i'6*+i* by o*+2ai+6'. 

29. In some of the following Eiamples, the div and div<> aie not 
properly arranged according to powers: the student must attend 
to this bejbre and in the eourie of division. In Ex. 1, for instancet 
wbeile a is taken aa tbe letter of reference, and its powen arranged 
in descending order, tbere is found in the first rem' the terms 
-<fb, -<fe. These terms niuSt he set^st, but since both involve 
a*, there ia nothing as &r as a is concerned to shew which is to be 
BeX first of the two. In such coses we take another letter, as 6, to 
be, as it were, next in authority to a, and so, (arranging ii 
Bcending powers of 6,) we prefer - o'i to - . 

Ex. 1. Divide o* + f + c" - 3aJc by a + 

a + 6 + c) a* - 3a6c + 6' + <!*((^-o6-«) + 6'- 



_ o'i _ a'c _ Sate 
-a'6-ai*- abc 


2flJc 
He" 


If 

Vc 

6e' + 
6e' + 




-a' 

-o' 


-abe- 




.> 


+ ab'- 


abe + at^ 
V +b\ 
ofc+oc* 
ahe-lfe 

+ <»• 

±0^ 





/■ 



ve is the most ea^y method m such a case; but the 
n which the coeff' of the difierent powers of a are col- 
ackets, is the most neat and compendious. 
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a* + (6 +jOj|* 
^ (5 + c) o« - 35ca 

Ex. 13. 

1. Divide a^ - ( gj-^) a :* + (g' + op) a; - g^' by a; - g. 

2. Divide wmw* + {mo - ng) s? - {mc + ni) 2 + nc by ma - ». 

3. Divide y* - my* -I- »y* - »y* + my - 1 by y - 1. 

4. Divide g'-J'-c' + d*- 2ad-\- 2hc by g - 6 + c - <?. 

5. Divide c? + gJ + 2gc - 26» + 76c - 3c* by g - 6 + 3c. 

6. Divide g'-ft*+c'+3gic by g-6+c, and a^-b^-t^-dabc by g-6-c. 

7. Divide l+«*-8y"H-6ary by l+a:-2y, and l-af+8y?+6dry by l-a;+2y. 

8. Divide a:* - Sy* - 278? - ISaryz by a; - 2y - 3a. 

9. Divide a^ + f/*ms!^ + 2ay -22!»-l bya:* + y*-a»-l. 

10. Divide g by 1 + a:, and 1 + 2a: by 1 - 3a;, each to 4 terms 
. in the quotient. 

11. Divide 1 by 1 - 2a? + a:*, and 1 - ga? by 1 + bx, each to 4 terms. 

12. Find the rem', when a^-pa^ -^qx-r is divided by a? - g. 

30. We have seen above (28 Ex.. 3 and 4) that a'-a^ 
is exactly divisible by a - a;, and a* + a:* by a + x, and 
that, in the quotient in each case, the powers of a 
decrease continually, while those of x increase. The 
following general facts should be well noticed, as they 
will enable us to write down at once the quotient, when 
similar cases occur,, as they often do, in practice. It 
will be seen that the index n is here used to denote 
generally any index, as the case may be : the quantity 
a* is called the »** power of a, and read a to the »*. 
If the index be odd, a" + a;" (like a + a;) is div. by a + a;, 

«" - a:* (like a - a:) .... by a - a: ; 
if the index be even, a'^-^-x^ (like a'+a:') .... by neither, 

a" - a:* (like cf-of) . . .by loth. 

The student will best rememb^ these, by thinking, in each case, 
of the simplest form of the same kind. 
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Thus, for 0* + jT^ (index even, sign +) let him think of a" -i- «*; 
this, he knows, is div. by neither; then a*^x* is diV. by neither: 
again, for a^ - ^ (index odd, sign -) let him think of a- x; 
this is, -of course, diwsible by a-x; then a^-a^ is so divisible: 
for a*- «•, let him think of a* - «* j this is divisible by bath a + x 
^ and a-x; then a* - «• is divisible by both. 

Now, in evQjjfc case, the quotient will consist (as may 
be seen by actual division) of terms, in which the powers 
of a decrease^ and of x increase continually : but when 
the div' IS a-x, these terms are all +; when it is a + x, 
they are alternately + and -• 

^Jhus — — = a* + o'o? + oar* 4 a:*, = a* - o*a? 4 or* - a:*, 

= a* - o'a: + «•«* + amc* + oS* 

a + X • 

The above results may now be applied to many 
similar cases. 

Ex. 1. y^"^ =4a«a:»4 2ar 4-1. Ex. 2. — t^?^ = a:*- 3ay 4 V- 

Ex. 14. 

Write down the quotients 

1. Of a'-aj* by a^x, a^-a^ by a -a;, and a^-a^ by 04- a?. 

2. Of 9a:*-l by3ar-l, 25««-l by 6a? +1, and4««-9 by 2;c4 3. 

3. Of 9wV - 25 by Zmn + 6, and 16m* - n* by 4w* 4- n\ 

4. Of l+8a^ by l42a?, 27ar'-l by 3a?- 1, and 1 - V^ by 14- 2a:. 

5. Of a?*-81y* by a?-3y, a*432^ by a42J, and a;»-y" by aj'+y*. 

6. Of Ja* 4 J* by !<» + h, and a?V - 2* by asy 4 «. 

7. Of (a 4 6)P - c* by a 4 6 - c, and a* - (i - <?)' by a-h^e, 

8. Of (a? + y)* + a^ by a? 4- y + a, and 3? - {y - zf by a? - y 4- «. 



31. The above results and those of (28) may also 
be applied to resolve algebraical quantities into their 
elementary factors, a process which is often required. 

Ex.1. 4a?"-y* = (2a?4y)(2a?-y): a;»4-8 = (« + 2)(a:»-/J + 4). 
Ex. 2. (2a-6y-(a-26)'=(2a-64a-25) («fl-6-a+26)=3(a-6)(a4ft). 
Ex. 3. a?*-a*=(aj*4a') {pi?-c^)=(x-\^a) (a!*-aa?4a^) (x-a) (a;*4fla?+«*). 
Ex.4. (a'-ar'y = {(a-a?)(a«4-aa?4-a:*)}' = (a-a:)*x(a«4ar + aj»)«. 



L. 
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Ex. i«« 

Resolve into elementary factors 

1. 1 - 4a^, a" - 9a^, 9m* - 4n*, 25oV - 4a:«, 16a;y - 26x*y*. 

2. 0* + y*, ar» - y*, 1 + aj'y*, «* - 1, a'^y* - «*y, 2a»6«c - 8aiV. 

3. 26a* -«"«», <«• - 9a*ftS 8ar» - 27, a" - 8^, aVy + 27a^y*. 

4. ar* + 32, i"«» + 27«», ac» + /, o*6^ - c«, a»6c + 2a"ftc« + abc". 
6. 81a:* - 1,^ «• - 64, «* - 2iar» + J»«*, a:* - 2aV + aV. 

6. (3ar - 2)« - (a: - 3)», (a + hf - 46*, (4a: + 3y)« - (3a; + 4y)». 

7. («* + y*)* - 4a:«y«, c"-(a-ft)", (2rt + ft)« - (2a - ft)«. 

8. a^-\-y^ + Zxy (x + y), m^-v? -m (m* - »■) + n (m - n)*, 

a" - aft + 2 (fi" - a6) + 3 (a* - 6") - 4 (a - 6)«. 

9. 6(a:»-y») + 3(a: + yA 3 («» - y») - 6 (a: - y)», 

(a: + y)* + 2 (a:» + a:y) - 3(a:» -y«). 
10. 2(a» + a"6 + o^) - (a» - ft"), a* - ft' - 3aft (a - ft), 
a* - ft* + (o« - ft^y - 2a* + 2aW. 

32. So too we may often apply (23 iii) to resolve 
a trinomial into Victors. 

Ex. 1. a:»+7a;+12=(a:+3) (a:+4). Ex. 2. a:*-9a:+14=(a:-2Jh^a:v7). 
Ex. 3. a:*-5a:-14=:(a:-7)(a?+2). Ex. 4. 6a:*+a:-12=(3a:-4^2i+3> 

The student may notice that, if the last term of thc'^ven 
trinomial be positive, (Ex. 1, 2), then the last terms of the two 
factors will have the same sign as the middle term of the trinomial ; 
but if negative, (Ex. 3, 4), they will have one the sign +, the other -. 

In Ex. 4, it is clear that the first term8i> of the two factors 

might be 6a: and x, or 3a; and 2x, since the product of either 

of these^pairs is Qa;*; and so the last two terms might be 12 anoFl, 

6 and 2, or 4 and 3: it is easily seen on trial which are to be 

taken, that is, which serf e also to produce the middle term of 

the trinomial. 

Ex. le. 

Resolve into elementary factors 

1. a:»+6a:+6, a:*+9a:+20, a:*-5a:+6, a:*-8a:+16, a:*+8a:+7, a:*-10a:+9. 

2. a:«+a;-6, a:*-a:-6, a:*-2a:-3, a:«+jp-t5, a:« + 7a:-8, a:«-8a:-9. .1^ 

3. 4a!*+8a:+3, 4a:*+13a:+3, 4a:'+lla:-3, 4a:«-4a:-3, 3a:«+4a:-4, 6ir*+6a:-4. 

4. 12a:*-5a;-2, 12a:"-14a: + 2, 12a:«-a:-l, a:«+ a: - 12, 3a:" - 2a: - 5. 

5. a"«*-3a»a: + 2a*, a'-a"a;/6aa:*, 3a'ft + a"ft* - 2aft', 12a*+aV-a:*. /^/ 

6. 2a:V+5a:*y'+2ay, 9a:*y"-3ay-6y*, 6aV+a'x-a*, 6ftV-7fta:*-3a:*. 
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CHAPTER IIL 



SIMPLE EQUATIONS. 

83. When two algebraical quantities are connected 
by the sign =, the whole expression is called, according 
to circumstances, an identity or an equation. 

An identity is merely the statement of the equivalence 

of two different forms of the same quantity, and is true 

for any values of any of the letters involved in it 

Thus it is always true, whatever be the values of z and y, that 
(x±y) («-y) =«*-y', or that {x±yy = a^±2xy-^^: and so also 
it is always true that i (a; + y) + i (ic - y) = ia; + iy + i* - ^ = a:, 
and, in like manner, that ^ (a; + y)-i(« -y)= 3^? + Jy- Ja? + ^ = y: 
each of these expressions is therefore an identity. 

And in this way we may see one of the principal 
advantages of Algebra, viz. that it enables us to prove 
once for all, and express by means of letters as general 
statements, results which by mere Arithmetic we could 
only shew to be true upon actual trial in each instance. 

Of this we have seen examples in the three formulaB of (23) ; 
and so also the two last above given express the general facts, 
that the greater (x) of any two quantities is equal to the sum, 
and the lesser (y) is equal to the difference, of their semi-sum 
and semi-difference. 

34. An eqtiation, however, is the statement of the 

equality of two different algebraical quantities ; in which 

case the equality does not exist for any, but only for 

some particular values of one or more of the letters 

contained in it. 

Thus the equation, a? - 3 = 4, will be found true only when we 
give X the value 7, and a^ = 3a; - 2 only when we give x the value 
1 or 2. 
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We are about to explain the method of finding these 
values which satisfy the simpler kinds of equations. 

35. The last letters of the alphabet x, y, z, &c. are 
usually employed to denote those quantities, to which 
particular values are to be given in order to satisfy the 
equation, and are said to be the unknotvn quantities. 

An equation is said to be satisfied by any value of 

the unknown quantity which makes the values of the 

two sides of the equation the same. 

This includes the case when all tenns of an equation lie on one 
side and on the other, as in «^ - 3a; 4 2^ % which is satisfied by 
1 or 2, either of which, being put for Xy makes the first side - 0. 

Those values of the unknown quantities, by which 

the equation is satisfied, are called its roots. 

Thus 1 and 2 are the roots of the equation a:* - 3a; + 2 = 0, 7 is 
the root of a?-3=4, 1, 2, £ind 3 are the roots of ar*- 6 = 6a;"- llic, &c. 

36. An equation of one unknown quantity is said to 

be of as many dimensions as is denoted by the index of 

the highest power of the unknown involved in it. 

Thus a; - 3 = 4 is an equation of one dimension, or a simple 
equation; si? = Zx-2 is of two dimensions, or a quadratic equation ; 
ar* - 6 = ^ is of three dimensions, or a cubic equation; a;* - 4a; = 13 
is of four dimensions, or a biquadratic equation ; &c. &c. 

It may be noticed, in passing, that it can be proved 
that every equation of one unknown quantity has as 
many roots as it has dimensions, and no more. 

37. Every term of each side of an equation may be 
multiplied or divided by the same quantity ^ vnthout de- 
stroying the equality expressed by it. 

Thus, if 3a; + fa; = 34, multiplying every term by 4, we have 
12a; + 6a; = 136, or 17a; = 136; 
therefore also, dividing each term by 17, a? = ^^ = 8. 
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Again, if 12« + 6a; = 144, dividing every term by 6, 

2x-¥x^24i, or 3a; = 24; 
hence also, dividing each term by 3, x = 8. 
We find, therefore, that 8 is the root of each of these two equations. 

38. Hence an equation may be cleared of fractions, 

by multiplying every term by any common multiple of 

all the den'*. If the l.g.m. be employed, the equation 

will be expressed in most simple terms. 

Thus, if ix -^^ ix + ix = IS, multiplying every t^m by 12, which 
is the L. G. M. of 2, 3, 4, we have 

¥a? + V« + ^« = 156, or 6a; + 4a; + 3« = 156; 
hence 13a; = 156, and a; = ^ = 12. 

39. A quantity may be transferred from one side of 
an eqtmtion to the other by changing its sign, wiihaut 
destroying the eqtudity expressed by it. 

Thus \i x-a=y-\-b, adding a to each side of the equa- 
tion (which, of course, will not destroy the equality) we 
have x^y-^-b + a, and, subtracting b from each side, 
we have a; - J = y + a ; where we see that the - a has 
been transferred to the other side with its sign changed 
to +, and so also the + b, with its sign changed to -. 

Hence if the signs of all the terms of both sides of 
an equation be changed, the equality expressed by it 
will not be destroyed. 

Simple Equations of one unknown Quantify. 

40. To solve a simple equation of one unknown. 

(1) Clear it, when necessary, effractions (38); 

(2) Collect aU the terms involving the unknown 
quantity on one side of the equation, and the known 
quantities on the other, transposing them, when ne- 
cessary, with change of sign (39); 
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(3) Add together the terms of each side, and divide 
the sum of the known quantities by the sum of the 
coefficients of the unknown quantity ; and thus the root 
required will be found. 

Ex. 1. 4* + 2 = 3aj + 4. 
There being no fractions here, we have only to collect the tenns ; 
.'. 4;r - 3d; = 4 - 2, or a; = 2, the root of the equation. 

Ex. 2. 4a? + 6 = 10a: - 16. 
Here lOa: - 4a? = 6 + 16; .'. 6a? = 21, and a? = V^ = 32 = 3J. 

Ex.3. 5(a: + l)-2 = 3(a?-6). 
Here, remoidng the brackets, 5a? + 5-2 = 3a? -15; 
.'. collecting terms, 5x -3a? = - 15-6+2, or 2a? = - 18, and .*. a? = - 9. 

Ex. 4. &e + 2a; - a = 3a? + 2c. 
Here fta? + 2a? - 3a? = (6 - 1) a; = a + 2c5 .*. a; = ,r — r- • 

Ex. 17. 

1. 4a?-2 = 3a? + 3. 2. 3a; + 7 = 9a?-5; 3. 4a? + 9 = 8a?-3. 

4. 3 + 2a; = 7-^5a;. 5. a; = 7 + 15a;. 6. ma; + » = «a; + rf. / 

7. 3(a;-2) + 4 = 4{3-a;). 8. 5 - 3(4 - a?) + 4(3 - 2;c) = 0. 

9. 13a?-21(a?-3)=10-21(3-a;). 10. 5(a+a?)-2a? = 3(a-5a;). 

11. 3(a?-3)-2(a?-2)+a?-l =a? + 3 + 2(a? + 2) + 3(a? + l). 

12. 2a?-l-2(3a?-2) + 3(4a?-3)-.4(5a;-4) = 0. 

13. (2f a?)(a-3)=-4-2aa?. 14. {m^'n)(m''X) = fn{n-x), X-fA: 



Ex. 5. }a? - 1« + Ja? = 11 + Ja?. 

Here we first clear the equation of fractions, by multiplying every 
termby 24, the L.C.M. of the den", and (observing that in the first frac- 
tion -^=12, in the second, ^=8, and so in the others) thus we get 
12a;-8x2a? + 6x3a? = 264 + 3a?, or 12a? - 16a? + 18a? = 264 + 3;c 
collecting terms, 

12a? - 16a? + 18a? -3a? = 264; /. 11a? = 264, and a? = W = 24. 
Ex.6. i(a? + l) + i(a? + 2) = 16-.}(a? + 3). 

Multiplying by 12, we have ■'■'■^^hL,i..^p^ 
6(a; + l) + 4(a? + 2)=192-3(a?+^), or^S^ + 4a;+8 = 192-3a?-9; 
collecting, 

6a? + 4a? + 3a?=192-9-6-i; /. 13a;=169, and a?=:\^ = 13. 

.. ' C 2 
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Ex. 7. 

Expressing the mixed number 2^-0 as an improper fraction fj-, 
we then multiply by 60, the L. c. M. of the den» ; and, observing the 
remark at the end of (16), we thus obtain 

90««+30ar-40««-20a?+15««+15a:-129=60a^+8+10a:«+10a;-6a:»-26a:; 

collecting, we find that the terms involving a^ destroy one another 
(otherwise the equation would be a quadratic), and we have the result 

30a;-20a: + 15a?-10a; + 26aj= 129 + 8; /. 40a:=137, and a? = 3tf. 

Ex. 18. 

1. ix-\-ix=x-'I, 2. ix-ix=ix-l, 3. Ja:-ia?+Ja?=2-Ja;+A^- 
4. fa; + i(ar - 2) = 2a; - 7. 5. fa; + i(a; - 1) = a; - 4. 

6. i(9-2a;) = f- io(7a;-18). 7. a; + i(14-a;) = J(21-a;). 
8. 2a;-i=f (3-2a;)+ia;. 9. i(2a; + 7)- i^i (9a;-8) = i(a;-ll). 

10. i(a;-a)-i(2aJ-36)-i(a-ar)*0. 

11. i(3a;-l)-f(a;-l) = i(a;-3)-i(a;-5) + 5i. 

12. ia; - If = 8f + 2 (fa; - 1) - J (a; + 8). 



In some of the following examples the common multiple of 
all the den" is too large to be conveniently employed. In such 
a case, we may see whether two or three of the den" have a simple 
common multiple, and get rid of their fractions first, observing to 
collect terms, and simplify as much as possible, after each step. 

Ex. 8. 1^1 (2a; + 3) - f (a; - 12) + i (3a; + 1) = 5f + i (4a; + 3). 

Here the L. o. M. of all the den" would be 132 : but as 12 will 
include three of them, multiplying by it, (having first changed 
5i to ^), we get 

if (2a; + 3) - 4(a; - 12) + 3 (3a; + 1) = 64 + 4a; + 3; 

.•.ff(2« + 3)-4a; + 48 + 9a; + 3 = 64 + 4a; + 3j 

hence, collecting terms and simplifying, we have 

if (2a; + 3)-4a; + 9a;-4a; = 64 + 3-48-3, or if (2« + 3) + a; = 16; 

.-. 12 (2a? + 3) + 11a; = 176, or 24a; + 11a; = 176 - 36,- 

/. 35a; = 140, and a; = V^ = 4, 
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Ex. 19. 

1. x^.(2«-3)-i(3a?-2) = i(4a?-3)-3A. 

2. f(a:-9) + |(a:-5) = f(a;-7) + lf. 

3. A(2a:-1)- i(3a:-2)=A,(a:-12)- i (a: + 12). 

4. iilx + 20) - A (3ic + 4) = Jj, (3aj + 1) - ,i (29 - 8x). 
6. f (a - 2aj) - f (2a - a:) + i (a: - a) = if (a + ar). 

6. A(9a:-10)-A(2a:-7) = |x-A(5 + ar). 

7. A(4a:-1)- A(2aj+l) = 5i-3V. 

«. *{«-(&- «)} - f {ar - (ft - a)} - $ {ft - (a + a;)} = |{ar + a - ft}. 

9. |(4a; - 21) + 7f + i (ar ~ 4) = ar + 3f - i (9 - 7a:) + A . 

10. iix-a)- a\ {m - (a ~ ar)} = ^ (w + ar) ~ i, (15fl + 16m). 

11. A(2a:+7)-A(2ar-7) = H-,Jj,(3a; + 4). 

12. i {a;-(2a-3c)}- A {7a - 5 (ar - 2c)} = /« {8 (a + lOc) -{2c-ar)}. 



Problems producing Simple JEquations. 

41. We shall now see the practical application of 
the above in the solution of many entertaining Arith- 
metical questions. In treating these, however, after 
having observed the methods used in the following 
examples, the student must be left very much to his 
own ingenuity, as no general rule can be stated for their 
solution. The only advice that can be given is to read 
over carefully and consider well the meaning of the 
question proposed ; then it will always appear that some 
quantity, at present unknown, is required to be found 
from the data furnished by it: put x to represent tMs 
quantity, and now set down in algebraical language the 
statements made in the question, using x whenever this 
unknown quantity is wanted in it. "We shall thus (in the 
problems we are now considering) arrive at a simple equa- 
tion, by means of which the value of x may be found. 

Ex. 1. What number Is that to Trhich if 8 be added, one fourth 
of the sum is equal to 29 ? 

Let X represent the number required; 
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adding 8 to it, we have x-\-S, one fourth of this is J^ (;r + 8), and 

this is equal to 29; 
we have, therefore, the equation J (« + 8) = 29, whence x = 108. 

Ex. 2. What number is that, the double of which exceeds its 
half by 6 P 
Let X ^ the number ; 

then the double of d? is 2x, the half of x is i«; 
hence 2ar-^a; = 6, whence xo4, 

Ex. 3. A cask, which held 270 gallons, was filled with a mixture 
of brandy, wine, and water. There were 30 gallons of wine in it 
more than of brandy, and 30 of water more than there were of 
wine and brandy together. How many were there of each P 
Let x - no. of gals, of brandy; 

/. aj + 30 = wine, 

and 2d; + 30 = wine and brandy together; 

/. 2« + 30 + 30 or 2ar + 60 = gals, of water; 
but the whole number of gallons was 270 ; 

.'. ar + (a: + 30) + (2x + 60) - 270, 
whence x = 45, the no. of gals, of brandy, 

a? + 30= 75, wine, 

2a; + 60 = 150, water. 

Ex. 4. A sum of £50 is to be^ divided among A, B, andC, so 
that A may have 13 guineas more' t^j^,^, and C£5 more than A : 
determine their shares. 

Let X - B's share in shillings: 

:, a: + 273 = A% and (x + 273) + 100 or a: + 373 = C's; 
.-., since £50 = 1000«, (a; + 273) + « + (« + 373) = 3a? + 646 = 1000; 

/. 3a; = 354, and a? = 1 18, a: + 273 = 391, a; + 373 = 491, 
and the shares are 391«, 118«, 491«, or £19 11«, £5 ISs, £24 Us, 
respectively. 

Ex. 5. A, B, C divide among themselves 620 cartridges, A 
taking 4 to ^s 3, and 6 to Cs 5 : how many did each take P 
Let X = -4*s share ; then fa: = -Fs, fa; = C's : 
/. a; + faj + f a; = 620, whence x = 240, far = 180, fa? = 200. 
We might have avoided fractions by assuming 12a; for ^'s share, 
when we should have had Ox = ^s, and 10a; = C's ; 

/. 12a? + 9a? + 10a? = 620, whence a? = 20; 
and the shares are 240, 180, 200, as before. 
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Ex. ao. 

1. What number is that which exceeds its sixth part by 10 ? 

2. What number is that, to which if 7 be added, twice the sum 
will be equal to 32 P 

3. Find a number such that its half, third, and fourth parts 
shall be together greater than its fifth part by 106. 

4. A bookseller sold 10 books at a certain price, and afterwards 
15 more at the same rate, and at the latter time received 35« more 
than at the former : what was the price per book P 

5. What two n^' are those, whose sum is 48 and difierence 22 ? 

6. At an election where 979 votes were given, the successful 
candidate had a majority of 47 ; what were the numbers for each ? 

7. A spent 2s ^m oranges, and says, that 3 of them cost as 
much under 1«, as 9 of them cost over Is : how many did he buy ? 

8. The sum of the ages of two brothers is 49, and one of them 
is 13 years older than the other : find their ages. 

9. Find a number such that if increased by 10, it will become 
five times as great as the third part of the original number. 

10. Divide 150 into two parts, so that one of them shall be two- 
thirds of the other. 

11. A post is a fourth of its length in the mud, a third of its 
length in the water, and 10 feet above the water: what is its length ? 

12. There is a number s^Bjflit, if 8 be added to its double, 
the sum will be five timeei^^H^ Find it. 

13. Divide 87 into thre^pirts, such that the first may exceed 
the second by 7, and the third by 17. 

14. Find a number such that, if 10 be taken from its double, 
and 20 from the double of the remainder, there may be 40 left. 

!15. A market-woman being asked how many eggs she had, 
replied. If I had as many more, half as many more, and one egg 
and a half, I should have 104 eggs : how many had she P 

16. ^ and B began to play with equal sums ; A won 30^, and 
then 7 times ^'s money was equal to 13 times ^s : what had each 
at firstP 

17. .^ is twice as old as B\ twenty-two years ago he was three 
times as old. Kequired A^% present age. 

18. ^ and B play together for a stake of 5« ; if ^ win, he will 
have thrice as much as B \ but if he lose, he will have only twice 
as much. What has each at first P 
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19. Divide £64 among three persons, so that the first may have 
three times as much as the second, and the third, one-third as 
much as the first and second together. 

20. A workman is engaged for 28 days at 2s 6d a day, but 
instead of receiving anything, is to pay 1« a day, on all days upon 
which he is idle : he receives altogether £2 128 6d; for how many 
idle days did he pay P 

21. A person buys 4 horses, for the second of which he gives 
£12 more than for the first, for the third £6 more than for the 
second, and for the fourth £2 more than for the third. The sum 
paid for all was £230. How much did each costP 

22. A person bought 20 yards of cloth for 10 guineas, for part 
of which he gave lU^d a yard, and for the rest 7« 6<f a yard. 
How many yards of each did he buy ? 

23. Two coaches start at the same time from York and London, 
a distance of 200 miles, travelling one at 9^ miles an hour, the 
other at 9J : where will they meet, and in what time from starting ? 

24. A cistern is filled in 20 min. by 3 pipes, one of which con- 
veys 10 gallons more, and another 5 gallons less than the third 
per minute. The cistern holds 820 gallons. How much flows 
through each pipe in a minute? 

25. A starts upon a walk at the rate of 4 miles an hour, and 
after 15' B starts at the rate of 4f- miles an hour; when and where 
will he overtake A ? 

26. A garrison of 1000 men was victualled for 30 days ; after 
10 days it was reinforced, and then the provisions were exhausted 
in 5 days : find the number of men in the reinforcement. 

27. A and B have together 8«, A and C have 10s, B and C 
have 12«. What have they each? 

28. What was the total amount of a person's debts, who when 
he had paid a half, and then a third, and then a twelfth of them, 
had still 15 guineas to pay? 

29. A father's age is 40 and his son's 8 : in how many years will 
the father's age be triple of the son's ? 

30. How much tea at 4« 6d must be mixed with 50 lbs. at 6s, 
that the mixture may be sold at 5« 6c?? 
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CHAPTER IV. 



INVOLUTION AND BVOLUTION. 

42. Involution is the name given to the operation 
by which we find the powers of quantities. "We have 
already (22) had occasion to notice the square of a 
binomial: but all cases of Involution are merely ex- 
amples of Mult", where the factors are all the same. 

It should be noticed, that any power of a power of a 
quantity is obtained by multiplying together the indices 
of the two powers. 

Thus the cube of «*, that is («•)* = ic* j for it ^ a? x a^ x a^ 
= a^***« (20) = «*: and, similarly, (a:«)* = «• = (a:»)», that- is, the 
sqttare of the ctibe is the same as the cube of the square of any 
quantity, &c. 

So also (a")* = a" = {a% (2a^y«)» = 4a;y, (- ^ryV)" = - 8ar»yV, 

^J-^\ {(a- W = (fl-fty, {(^ + yy}* = (^ + yy, &c. 

Hence, we may shorten the operation of finding the 
4th power of a quantity by squaring its square ; and, 
similarly, to find the 6th, 8th, &c. powers, we may 
square the 3rd, 4th, &c. 

So also to find tlie cube, or 3rd power, we may take 
the product of the 1st and 2nd, that is, of the quantity 
itself and its square ; to find the dth, we may take that 
of the square and ciibe ; to find the 7th, of the cube 
and 4th; and so on. 

Thus we shall have 
(a + 6)» = (a + h) (a« + 2a6 + 6«) = a» + 3«^ + 30^ + y, by Mult», 
(a - 6)» = (a - h) (a« - 2aJ + y) = a" - 3a»6 + 3a5« - ^ , 
(a ±ft)* = (V ±2db^lf) (a*± 2aft + y) = «* ± ^o^* + 6aW± 40^ + h\ 
(a ± 6y = («« ± 2a* + JO («* ± 3a*ft + 3aJ" ± ft') 

= <«• ± 5a*ft + IMV ± 10a"ft» + 5aJ* ± 6\ 

c 5 
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The above results should be remembered and applied 
in the following Examples. The expansions of higher 
powers are generally best obtained by the Binomial 
Theorem, which will be given hereafter. 
Ex. 1. (a + ft + c)' = {a + (6 + c)}»=a"+3a*(6 + c) + 3a(ft + c)* + (6 + c)» 

Ex.2. (a-ft-c)» = {a-{6 + c)}' = (i»-3a«(6 + c) + 3a(6 + c)»-(6+c)P 

= a»- 3a*6 - 3a«c + 3ay + 6aJc + 3ac«- ft*- 3J«c - 3W- c». 
Or thus : 

(a-6-c)» = {(a-6)-c}'=(a-6)»-3(a-.ft)«c + 3(a-6)c»-cr», 
which, of course, when expanded, would give the same result 
as before. 

Ex. 3. (2a? - 3)* = (2a;)* - 4.3.(2a;)»+ 6.3*.(2a?)« - 4.3».(2ir) + 8* 
= 16a;* - 96«» + 216«» - 216a: + 81. 

Ex. 21. 

1. Find the values of (2a«^«, (-3flWc*y, I- ^Y, (-^-Y. 

Write down the expansions of 

2. (a? + 2f. 3. (X - 2)*. 4. (a? + 3)*. 5. (1 + 2«)». 
6. (2m -ly. 7. (3a; + 1)*. 8. (2a; -a)*. 9. (3a; + 2ay. 

10. (4rt-3ft)». 11. (ax'f/'y. 12. (ax^a^K 

13. (2am -m7. 14. (a-6 + c)». 15. (l-x + a^f. 

16. (a + 6a; + ca;«)». 17. (l+a; + a;*)*. 18. (l+a;-a;»)». 

19. (l-2a; + a;*)». 20. (a-26 + c)*. 21. (1 + 2a; - 3a;«y. 

48. The following result is worthy of notice, as it 
exhibits the form of the square of any Multinomial. 

(a + 5 + c + J + &c.)* = a* + 2a(6 + c + rf + &c.) + (6 + c + rf + &c.) 

= a* + 2€i6 + 2ao + 2a^+ &c. 

+ y +26(c + rf + &c.) + (c + rf + &c)P 
B o^ + 2a6 + 2ac + 2ad -^ &c. 
' + i» + 26c + 26<; + &c (i) 

+ c* + 2c<^ + &c. 
+ d* +&C. 
= 0^ + (2a + 6)6 + {2 (a + 6) + c}c + {2 (a + 6 + <?) + <Q J -h &c, 
= a» + (2a + 6)6 + (2a' + c)c + (2a" + d)d^- &c, (ii) 

if we write a' for a + 6, a" for a + 6 + c, &c. 
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We see from (i) that the square of any multinomial 
may be formed by setting down the square of each term 
and then the product of the double of each term by the 
mm of all the terms that follow it 

Another form of this result is given in (ii), to which 

reference will be made hereafter. 

Ex.1. (l + 2a; + 3«*)" = l + 2(2« + ai:»)+4i^ + 4a;(3aj*) + 9a:* 

= 1 + 4a: + 10a:« + 12ar» + 9a:*. 

Ex. 2. (a+fta;+c«*+diB'+ea:*+&c.)* = a'+2ai a:+2ac «*+2aJ a^+2ae x*+&c, 

+ h*a^i2bc «*+2War*+&c. 

+ c"a?*+&c. 

=a*+ 2ab ar+(2ac + b*) «•+ 2 (ad-^he) «•+ (2 (<w+M)+c*} a^-^&c, 

Ex.3. (l-2xy=(l-6a; + 12a:«-8a»)» 

= 1 - 12a: + 24a:« - 16ar» 

+ 36a:«- 144a:* + 96a:* 

+ 144a:*- 192a* + 64a!' 
= 1 - 12a: + 60a:" - 160a:» + 240a:* - 192a* + 64a:«. 

Ex. 22. 

Find the expansions of 

1. (1 + a: + a:*)». 2. (l-a: + 2a:»)». 3. (3-2a: + a:7. 

4. (a« - 2db + St^f. 5. (2a: - 3y + 4ay. 6. (3aa: + 2fty + czf. 

7. (1 - 2aa: - aVy. 8. (2a"-a-2)«. 9. (1 - a: + a:* - ar»)«. 

10. (l+a:)«. 11. (a:*-2a:«+3a:+4)». 12. (l+2a:-3a:«+4ir')»- 

13. (a" - 2a"ft + 2ai^ - ft»)*. 14. (a - a:/. 

15. (l-2a; + 3a:*-2a:'+a:*y. 16. (a*-2a»a: + aV-2aa:»+a:*)*. 

44. Let the student notice the following remarks : 
(i) Since any even number of like signs, whether 
both + or both -, will give + in mult", it follows that 
any even power of a quantity is the same, whether that 
quantity be taken positively or negatively ; thus, (+ aj 
and (- ay are each = + a% and (1 -x+a^f is the same 
as {- (1 - « + it*)}\ or (- I + a: - a^*; 

(ii) No even power of any quantity can be negative/ 
(iii) Any odd power will have the same sign as the 
quantity itself. 
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46. EvoLunoii is the name given to the operation 
by which we find the roais of quantities. 

Since the cube power of 11? = a*, therefore the cube 

root of a* is fl"; so Va*=fl?, Vl6^ = 2a*S, &c.; and 
so we may often extract a required root of a simple 
quantity, by dividing its index by that of the root. 

If, however, the index of the quantity cannot be 
exactly divided by that of the root (as e.g. in the 5th 
root of a*, where die 2 cannot be divided by 5), then we 
cannot find the root of it ; but can only indicate that the 
root is to he extracted, by writing down the quantity, 
and the sign V before it, with the index of the root in 
question; as Vo*, Va*. Such quantities are called surds, 
or irrational quantities. 

46. It follows firom (44), that 

(i) Any even root of a positive quantity will have 
a double sign +; 

(ii) There can be no even root of a negative quantity; 

(iii) Any odd root of a quantity will have the same 
sign as the quantity itself. 

Hence, when we have a surd expressing an odd root of a nega* 
live quantity, we may write the quantity positive under the sign of 

evolution, and set the negative sign outside; thus V-«*= - V**, 

^/(^ - /- J' = «■ + Vy. But this cannot be done with an even root 
of a negative quantity, such as V' ^> which must be left as it is, 
and is called an impassible or imeiginary quantity; the difEerence 
between surd and impossible quantities being that the former have 
reuU values, though we cannot exactiy find them, while there cannot 
be a quantity, positive or negative, an even power of which would 
produce a negative quantity. 

Imaginary quantities, however, are employed in some of the 
higher applications of Algebra; but for the present we shall leave 
the consideration both of these and of surd quantities. 
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Ex. 03. 

1. Find the square roots of 4a"6V, 49ajya*, lOOa^b^e^. 

3. Findy-^, V-27?' Vi25?'«' V 3i3" ' 

■^"'** V625?^' V'"266i^' V"^^' VT29?S' 

46. To find the square root of a compound qtuintity. 

We Anot^ that the square of a + 4 is a' + 2ai + J'* ; 
let us see then how from a^ + 2ah + J', we might 
deduce its square root a + i. 

a* + 2aft + 6"(a + ft Let us write down then the quantity 

a* a* + 2«ft + 6*. Now a, the first term of the 

2a + i) 2a& + V Toot^ may be found immediately by taking 

2ab + 6* ^6 square root of its first term : set a then 

on the right, and then subtract «*; we 
have now remaining 2db + i*, and if we divide 2db by 2a, we get 
+ hy the other term in the root : lastly, if we add this h to the 2a, 
multiply the 2a + h, thus formed, by 6, and subtract the product, 
there is no remainder. 

Now we may follow this plan in any other case, and if 

we find no remainder, the root will be exactly obtained. 

Ex. 1. Ex. 2. 

9a:« + 6a:y + y* (3a? + y 16a* - 56a6 + AW (4a - 76 

6a: + y) 6;ry + y« 8a - 76) - 56a6 + 496* 

6a;y + y* - 56a6 + 496* 

Ex.3. 4a«-4a6-6^(2a-6 

4a' 

4a - 6) - 4a6 - V 
- 4a6 + y 



-26» 
Here we find a remainder -26*; we conclude, therefore, that 
2a - 6 is not the exact root of 4a* - 4a6 - 6*, which is a surd, and 

can only be written V4a*-4a6-6*. 
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Find the iqaare roote of 

1. 4«» + 4;ry+y*, 25fl" - SOoft + W, 2&r* + 30*^ + 9^^. 

2. 49aW-14ii»6 + a*, 16iry+ 402^2 + 25yV, 25d*yc'+l(ki^+c». 

47. If the root consist of more than two terms^ 
a similar process will enable us to find it, as in the 
following Example; where it will be seen that the 
divisor at any step is obtained by doubling the quan- 
tity already found in the root, or (which amounts to the 
same thing and is more convenient in practice) by 
doubling the last term of the preceding divisor^ and then 
annexing the new term of the root. 

Ex. l&r»-24a* + 25a?*-20a»+iai;»-4«+l(4«»-ar» + 2ar-l 

at» - 3aJ0 - 24a* + 25a?* 

a«»-e«* + 2a?) 16a?* - 20a? + 10«« 

16a?*-12a!^+ 4a? 

8a?-ea? + 4«-l)- 8ar»+ 6a?-4a: + l 

-- 8a!»+ 6a?-4a;-t-l 

48. The reason of the above method may be thus 
exhibited by considering the square of a + 5 + c. 

fl^ + 2flft + y + 2flc + 26c + <?(a + 6 + c 

2a + 5) 2db^V 
2fl ft + y 

2a' + e»2a+ 2& + c) 206 4 2^ + c* 

2ac -t- 2fa -t- <? 

Here we find, as before, the first two terms in the root, a + (, 
subtracting first a*, and then 2a5 + fi", that is, in all, a* + 2a5 + &* 
or (a + hf» Now denote a + & by a', so that (a + 6 + c)'= (a' + cf 
= af*-i- 2afc + (?; then we see that, at this stage of our progress, we 
have found a' in the root, and have subtracted a^« and therefore 
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our remainder will be no other than 2c^c -f c". [We see, in fact, 
that 2ac 4- 2bc + c' = 2(a4-5)c-l-c'= 2a'c + c".] Just in the same 
way then as when, having found a and subtracted a', we took 2a 
for our trial-divisor in order to find b, dividing by it the first term 
of the Jirst remainder 2ab + 1^, so now we take 2a' for our trial- 
divisor, in order to find c, dividing by it the first term of the 
second remainder 2afc + c". We may get 2a! or 2a + 25, by merely 
doubling the last term of the preceding divisor; and now subtract- 
ing 2a'c + c*, we shall have subtracted in all a" + 2a'c + c*, that is, 
the square of a + & + c. 

In like manner, if the root were a4& + c + J, we may find 
a^b + c as before, and put it =a": then (a -hb -^ c + df = (a" -\- df 
= «^ + 2a"dJ+ <r, and, as we shall have already subtracted (a + 6 + cf 
or o^, the third remainder will be 2a"d + d' ; and, therefore, taking 
2a" as trial-divisor (obtained as before by doubling the last term of 
the preceding divisor 2a + 25 + c), we may get d, &c. 

It will be seen that the successive subtrahends in the above 
operation are a\ (2a + b) b, {2a! + c) c, (2a'' 4- d) d, &c., and of 
course, the sum of them all, that is, the whole quantity subtracted, 
is (43 ii) (a + ft + c + d; + &c.f. 

49. As the 4th power of a quantity is the square 

of its square (42), so the 4th root of a quantity is the 

square root of its square root, and may therefore be 

found by the preceding rule. 

Thus, if it be required to find the 4th root of a* + ^a^x + 6aV 
4- 4a^ + X*, the square root will be found to be a' 4- 2aa; + a^, and 
the square root of this to be a + x, which is therefore the 4th root 
ofthe given quantity. 

50. It should be noticed as in (45) that all even roots 

have double signs. 

Thus the square root of a* + 2ah + 5* may be - (a + b), that is, 
-a-b, as well as ai-b: and, in fact, the first term in the root, 
which we found by taking the square root of a\ might have 
been - a as well as a, and by using this we should have obtained 
also -b. 

So in 46, Ex. 1, the root may also be -3^-y; in 47, 
- 4a^ -I- Sa^ - 2x + 1 ; and in all these cases we should get the 
two roots by giving a double sign to the first term in the root 
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Find the square root ^^ •*• 

1. Of l+4a?+10a:«+12«»+9a?*, 2. Of 9««+12a!»+22a!»+12ic+9. 

3. Of 9a" + 12a6 + 4^ + 6ac + 4 Jc + c». 

4. Of aj* - &r»y + 24«»w* - 32ay» + 1^. 

5. Of 4a* - 12a» + 25a^ - 24a + 16. 

6. Of 16aj* - leaba* + lei^a^ + 4a«y - 8aJ» + 46*. 

7. Of «• - 4a!* + 10a;« - 20a:' + 25a:* - 24a? + 16. 

8. Of 9a*-6a6 + 30ac + 6a<^+y-10&c-2W + 25c» + 10cd;4-rf". 

9. Of «• - 4ar*y + 8;r*y* - lOxY + 8a:"y* - 4ay + y*. 

10. Of 1 - 6a? + 15a:" - 20ar' + 15a:* - 6a:* + a:". 

11. Of 4 - 12a + 5a" + 14a" - 11a* - 4a« + 4a". 

12. Of jj^ + 2pg'a; + (2pr + j")a* + 2 0?« + g'r)ar» + (2jr«+r")a:* 

+ 2r»ar + «"a:". 
Extract the 4th root 

13. Of l-4a: + 6a:"-4ar' + aj*, and of a* - 8a" + 24a" - 32a + 16. 

14. Of 16tf* - 96a"J + 216a"6" - 216aJ" + 81J*. 

Extract the 8th root 

15. Of a:"-16a:'+112a:"-448a:»+1120a:*-1792a:"+1792a:"-1024a;+256. 

16. Of a" - Sal> + 28aW - 56aV + 70a*6* - 56a"6* + 28a«6" - 8a6' + b\ 



51. The method of finding the square root of a 
numerical quantity is derived from the foregoing. 

Since 1 = 1', 100=10', 10000=100', &c., it follows 
that the square root of any number between 1 and 1 00 
lies between 1 and 1 0, that is, the square root of any 
number having one or two figures is a number of one 
figure ; so also the square root of any number between 
100 and 10000, that is, having three or four figures, 
lies between 10 and 100, that is, is a number of itoo 
figures, &c. Hence, if we set a dot over every other 
figure of any given square number, beginning with 
the units-figure, the number of dots will exactly indi- 
cate the number of figures in its square root. 





Et. 166^24 (400 + 30 + 2 

160000 a" 


(2a + b) . 


... 800 + 30 = 830) 26624 

24900 .... (2a + 6)6 


(2a' + c) . 


... 800 + 60 + 2 = 882) 1724 

1724 .... (2a' + tf)tf 
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Here the number of dots is three, and therefore the number 
of figures in the root will be three. Now the greatest square- 
number, contained in 18, the ^t period (as it is called), is 16, and 
the number evidently lies between 160000 and 250000, that is, 
between the squares of 400 and 500. We take therefore 400 for 
the first term in the root, and proceeding just as before, we obtain 
the whole root, 400 + 30 + 2 = 432. The letters annexed will indi- 
cate how the different steps of the above correspond with those 
of the algebraical process in (48), from which it is derived. 

£2:. 1. ^6 cyphers are usually omitted in practice, 

186^24 (432 ^^^ it will be seen that we need only, at any 

]^ step, take down the next period, instead of the 

^3)266 whole remainder. 

249 
- In Ex. 2, notice (i) that the second re- 

1724 mainder 49 is greater than the divisor 47; 

this may sometimes happen, but no difficulty 

•776iti /'OT ^^^ ^^ ^^™ ^^ ^ ^^ would be found that if 

4 ^ instead of 7 we took 8 for the second figure, 

47)^78 *^® subtrahend would be 384, which is too 

329 large : And (ii), that the last figure 7 of the 

649)4941 first divisor, being doubled in order to make 

—- the second divisor, and thus becoming 14, 

Ex. 3. causes 1 to be added to the preceding figure, 4, 

l62§1264 (3208 which now becomes 5. In fact the first di- 
visor is 400+70, which, when its second term 

-^124 is doubled, becomes 400 + 140 or 540. 

6408)51264 ^ ^^* ^» ^® ^*^® ^^ instance of a cypher 

51264 occurring in the root 

52. If the root have any number of decimal places, 
it is plain (by the rule for the mult» of decimals) that 
the square will have tmce as many, and therefore the 
number of decimal places in every square decimal will 
be necessarily even, and the number of decimal places 
in the root will be half that number. Hence, if the 
given square number be a decimal, and therefore one of 
an even number of places, if we set, as before, the dot 
upon the units-figurey and then over every other figure 



42 EVOLUTION. 

on hoih sides of it, the number of dots to the left 
will still indicate the number of integral figures in the 
root, and the number of dots to the right the number 
of decimal places. 

Thus 10.291264 would be dotted ld.2dli64, the dot being first 
placed on the units-figure ; and the root will have one integral 
and three decimal places, that is, would be (Ex. 3 above) 3.208. 

If, hawever, the given numbei; be a decimal of an 
odd number of places, or if there be a rem' in any case, 
then there is no exact square root, but we may ap- 
proximate to it as far as we please by dotting as before, 
(remembering to set the dot first upon the units figure^ 
and then annexing cyphers (which by the nature of 
decimals will not alter the value of the number itself) 
and taking them down as they are wanted, until we 
have got as many decimal places in the root as we 
desire. 

Ex. Find the square roots of 2 and 259.351, to three decimal 
places. 

Ex. 1. ^ (1.414 &c. Ex. 2. ^5d.35ld (16.104 &c. 

1_ 1^ 

24)100 26)169 

96 156 

281)400 821)335 

281 321 

2824)11900 82204)141000 

11296 128816 

Ex. 20. 

Find the square roots 

1. Of 177241, 120409, 4816.36, 543169, 1094116, 18671041. 

2. Of 4334724, 437.6464, 1022121, 408.8484, 16803.9369. 

3. Of 14356521, 5742.6084, 229.704336, 74684164, 4888521. 

4. Of 17.338896, 69355584, 6595651.24, 129208689, 975312900. 

5. Of 16.353936, 65415744, 25553025, 43996689, 229977225. 

6. Extract to five figures the square roots of 2.5, 2000, .3, .03, 

111, .00111, .004, .005. 
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58. To find ihe (Mbe root of a compound qtuintUy. 

Let us consider the quantity a* + Zc^b + 3oJ' + J', 

which we know to be the cube of a + J, and see how 

we may get the root from it. 

a' + 3a"ft + 3ai^ + J* (a + 5 We may get a, as before, by merely 

€? taking the cube root of the first term c? i 

do*) 3a'5 + 3a^ + ^ then, subtracting a^ we have ^ remainder 

3a*5 + 3aJ'* + y 3a*6 + 3a&* + 5': by dividing the first 

term of this remainder by 3a", we shall 
get h, the other term in the root, and then, if we subtract the 
quantity 30*5 + Zdf^ + ^, there will be no remainder. 

Pursuing the same course in any other case, if there 

be no remainder, we conclude that we have obtained 

the exact cube root. 

Here the quantity corresponding 

8«» + 12««y + 6^ + y'(2«+y to the iarialrdimsor 3a" is 3 (2a;)" 

8^ = 12«", that to 3a"J is I2a?y, that to 

12a?) \2s^y + 6a!y* +y" 3a6" is 6a!y", and that to J" is y"; so 

\2afy + 6ay* + y* that the whole subtrahend is 

By attending however to the following hint, the subtrahend may 
be more easily constructed. 

a» + 3a"ft + 3a»" + ft" (a + 6 
a" 



3a + & 30* 

(3a + 6) 6 



3a" + 3a6 + ft" 



3a"ft + 3a5" + fi" 
3a»6 + 3afi" + J" 



Set down first 3a, some little way to the left of the first re- 
mamder, and then, multiplying this by a, obtain 3a" as before ; by 
means of this trial-divisor find 5, and annex it to the 3a, so making 
8a + 5; multiply this by 5, and set the product (3a + 5) J or 3aft f 6" 
under the 3a", and add them up, making 3a" + 3a J + 5"; then, mul- 
tiplymg this by ft, we have 3a^ + 3aft" + ft", the quantity required. 

The value of the above method, in saving labour, will be more 
folly seen when the root has more than two terms, or, if numerical, 
more than two figures. 
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6x + y 12a^ 






+ 6^ + y* 



12g* H- fegy -t- y* 



12«»y + 6afy» + y» 



Ex. 27. 

Find the cube roots 

1. Of «» + 6a:*y + 12ay + 8y». 2. Of a» - 9a« + 27a - 27. 

3. Of a* + 12a:" + 48a; + 64. 4. Of So*- 36a«6 + 54aft^- 276'. 

5. Of a» + 24a«6 + 1920^ + 512R 6. Of 8ar'-84a:«y+294a:y«-343y». 

7. Of m» - 12m*«a; + 48mnV - 64nV. 

8. Of fl»«» - 16a?6«» + 75ayar' - 1256»a:«. 



54. If the root consist of more than two terms, as a + 6 + c, we 
may (just as in the case of the square root) first find a + 6 as above, 
and put this =a': then, at this point of the operation, we shall have 
subtracted first a* and then 3a"5 + 3a5' + &", that is, altogether 
(a + hf or a"; and therefore, since the whole quantity (a + 6 + cf 
=((i' + c)*=a®+3a'*c+3a'c* + c', the remainder will be no other than 
Sfl^c + 3a'c* + c*. [In fact, as was done in the case of the square root, 
it may be easily shewn to be identical with this.] If, therefore, 
we take now as trial-divisor 30^*, just as before we took 3a', we 
shall get e the third term in the root, and subtracting the quantity 
Sa^c + ^'f^ + o^y we shall have no more remainder. 

Now the process of finding 3a'* is much simplified by observing 
that it =3(a + 6y = 3a* + 6a6 + 3y; but, if we add ft", the square of 

the last term m the root to the two lines «. , o r . u > the sum 

3a" + 3ao + o" 

will be exactly 3a' + 6a& + 36", the quantity required. By this 
means then we get 3a'', and then have only to set to the left of it 
3a' or 3a + 36, (which may be found by tripling the last term of 
the preceding divisor 3a + 6) and proceed just as we did before 
when we had set down 3a and 3a" — ^that is, first finding c, and 
then forming, as before, 3a'"c + 3aV + c', which we subtract, 
making, with a*" already subtracted, (a' ■\- cf or {a'\-h-\- cf sub- 
tracted altogether. And so on, if the root were a + 6 + c + e^, &c 

The student should study carefully the first of the two following 
Examples, as it is the type to which all others are referred. 
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46 EVOLUTION. 

Ex. 28. 

Extract the cube roots 

1. Of a« + 6a» + 16a* + 20a» + 16a« + 6a 4- 1. 

2. Of «• - 12aj* + 54a:* - 112ar' + 108a:" - 48a: + 8. 

3. Of a* - Sa'b + 6a*6" - 7a»6» + 6a«6* - 3aft* + &•. 

4. Of a:« - 12aaJ* + 60aV - 160a»ar' + 240aV - 192a*a: + 64a«. 

5. Of 8a:« + 48a:*y + 60xy - 80ary - 90s^y* + 108ay - 27/. 

6. Of a:» - 3a:" + 6a;' - 10a:* + 12;c* - 12a:* + 10ar» - 6a:" + 3a: - 1. 

7. Of a»-y + c"-3(a«6-a"c-aft"-ac"-ft"c + 6c")-6a6c. 

8. Of l-6a:+21a:"-66a:"+llla:*-174a:*+219a:»-204«'+144a:»-64«». 



65. Since 1 = 1', 1000 = 10% 1000000 = 100', &c., it 
follows that the cube root of any number between 
1 and 1000, that is, having one, two, or three figures, 
is a number of one figure; so also the cube root of 
any number between 1000 and 1000000, that is, having 
/our, five, or six figures, is a number of two figures, &c. 
Hence, if we set a dot over every (hird figure of any 
given cube number, beginning with the units-figure, 
the number of dots will exactly indicate the number 
of figures in its cube root. 

" If the root have any number of decimal places, the 
1 cube will have thrice as many ; and therefore the num- 
ber of decimal places in every cube decimal will be 
necessarily a mvUiple of three, and the number of 
decimal places in the root will be a third of that num- 
ber. Hence, if the given cube number be a decimal, 
and consequently have its number of decimal places a 
multiple of three, by setting as before the dot upon 
the urdtS'figurey and then over every third figure on 
hoth sides of it, the number of dots to the left will still 
indicate the number of integral figures in the root, and 
the number to the right the number of decimal places. 

. If the given number be not a perfect cube, we may 
dot as before, (always setting the dot first upon the units- 
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figure), and annex cyphers as in the case of the square 
root, so as to approximate to the cube root required, 
to as many decimal places as we please. 

It will be seen, by the following example, how the numerical 
process corresponds to the algebraicaL The cypheris are omitted, 
except that in the numbers corresponding to 30*, da", &c., it is 
necessary to express two at the end: thus a is really 4000, and 
therefore 3a' is l>l!000000 ; but as in the first remainder we only 
need the figures of the first and second periods, corresponding to / 
43 in the root, we may treat the a as 40, and thus 30* will be 
4800, and 3a will be 120, so that 3a + 5 will become 123. 



y/ 



123 



1292 



12961 



Ex. 


86677568161 (4321 
64 


4800 
369 

5169 


16677 
15507 


554700 
2584 

557284 


1170568 
1114568 


55987200 
12961 

56000161 


56000161 
56000161 



Ex. 29. 

Find the cube roots of 

1. 9261, 12167, 15625, 32768, 103.823, 110592, 262144, 884.736. 

2. 1481544, 1601.613, 1953125, 1259712, 2.803221, 7077888. 

3. 12.812904, 8741816, 56.623104, 33076.161, 22425768. 

4. 102508.232, 820025856, 264.609288, 1076890625, 2.116874304. 

5. Extract to 4 figures the cube roots of 2.5, .2, .01, 4. 
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CHAPTER V. 



GREATEST COMMON MEASURE: LEAST COMMON MULTIPLE. 

56. When one quantity divides another without 
remainder^ it is said to measure it^ and is called a 
measure of it. 

Thus, 3, a, by Say ahy a*, &c. are all measures of 30*5. 

A common measure of two quantities is one which 
divides each of them without remainder. 

Thus, a, hy 3a, 36, ahy Sah, are all common measures of 3a'6 and 
\6ahc\ and their greatest common measure, that is, the largest 
common factor they contain, is 3a5. 

57. It is commonly easy to detect by inspection^ i,e, 
by looking at the two quantities, their largest common 
measure, if it is a simple factor, that is, if it consists 
of only one term; because then it will be found as 
a factor in every term of each of them. 

Thus, Sxy win divide every term of Sa^y - 6a^ and also of 
Sxj/ - 9a:^y* ; it is therefore a common measure of them : and since, 
when these are divided by Sxyy the quotients ^-2y* and 1 -Sxy have 
no common factor, 3xy is their greatest common measure (G. c. M.). 

So 2a*b is the greatest divisor of 6a'6* - Sa% and a*c of 
2aV - dc^bc ; and a\ which is the G. c. M, of 2a*6 and a*c, is 
plainly therefore the G. c. M. of 6a*J* - Sa*b and 2aV - 5o^bc, 

Find the G. c. m. of ^^- ^' 

1. 3ar' and 12a*y'y 4a*J« and - 6aJ»; - 12ay2* and Sy^a*. 

2. Saa^- 2c^x and aV - Zahx; 3a»+ 2a*6 - 6ab* and 2a*b + 2a6»; 

Sa^y - 12a:y + Sxi^ and 4aa:* + 4axy + 4a*x, 



58. In like manner we may sometimes find by 
inspection the g. c. m. of two quantities, when not a 
simple factor, if it happens to be easy to separate them 
into their component factors. 
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Ex. 1. The G. c. M. of 6aV (a" - «•) and 40*^? (d + a?)" is 
2a"ar (a + ar). 

Ex.2. The g.c.m. of a« (aV - 3ar* + 2ar<) and «• (a* - 4a*a:»), 
that is, of a*a:* (a* - 3<Mf + 2a:") or aV (a - 2«) (a - a?) and 
aV (a" - 4«»), is aV (a - 2a;). 

Ex. 31. 

Find by inspection the o. c. M. of 
1. 4ar» (a + «)• and 10 (a'a; - ar*)". 2. a:* (a« - ar^" and (a*ar + «««)». 
3. (M-al^y and ah^c^-V'f. 4. 6(a:»-l) and 8(a;*-3a; + 2). 

6. (a:«+a;)« and ar'(a:"-a?-2). 6. 4 («»+«') and 6(a;«-2aar-3a*). 

7. a»(a;*+12ar+ll) and aV- lla^a: - 12a*. 

8. 9 (aV - 4) and 12 (aV + 4ax + 4). 



59. But if the greatest common measure of two 
quantities be a compound quantity, it cannot generally 
be thus easily found by inspection, but may always be 
obtained by a method we are now about to explain, 
the proof of which will be given hereafter. 

Def. An algebraical quantity is said to be of so 
many dimensions^ as is indicated by the highest index 
of its letter of reference. 

Thus a:* - 7a: + 10 is of two dimensions, a:* -i- 1 of three. 

If it also involve other letters, it is said to be of 
so many dimensions in each of them, according to the 
highest indices of each. 

Thus x*y -I- 3a;*y* + a?i^ is oi four dimensions in a;, and three in y 

If the dimensions of each term are the same^ the 
quantity is said to be homogeneous, and of so many 
dimensions as is indicated by the sum of the indices 
in each term. 

Thus the last quantity is homoffeneoust and of Jive dimensions. 

The word dimermons has been adopted from the language of 
Geometry; — such quantities as a, 5, &c. being compared to lines 
(which have only one dimension, viz. length), and called hnSar 
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quantities ; such quantities as a*, ab, &c. to are<is (which have two 
dimensions, length and breadth) ; and such as a^ M, abc, &c. to 
solids (which have three dimensions, length, breadth, and thick- 
ness): beyond this we have no corresponding quantities in 
Geometry ; but the term dimensions, having been once employed 
in Algebra, has been retained in all other cases. 

60. Let there be given then two algebraical quan- 
tities, of which it is required to find the g. c, m. 
Arrange them according to powers of some common 
letter, and divide the one of higher dimensions by the 
other; or if the highest index happen to be the same 
in each, take either of them for dividend. Take now, 
as in Arithmetic, the remainder after this division for 
divisor, and the preceding divisor for dividend, and 
so on until there is no remainder : then the last divisor 
will be the g. c. m. of the two given quantities. 

Ex. Find the G. c. m. of a:* - 7a; + 10 and 42?* - 25a:* + 20a; + 25. 

a;" - 7a; + 10) 4ar» - 25a:" + 20a; + 25 (4a; + 3 
4ar' - 28a;' + 40a; 

3a;» - 20a? + 25 
3 2^ - 21a; -f 30 

x- 5) a:* - 7ar + 10 (a; - 2 
a;* - 5a; 

- 2a; + 10 
Ans. x-5. " 2a; + 10 

We may as well observe, that the expression Chreatest cm., 
which has been adopted from Arithmetic, must be understood 
in Algebra as applying not to the numerical magnitude, positive 
or negative, of the quantity, but to its dimensions only, on which 
account it is sometimes called the Highest c. M. Thus it would be 
quite immaterial, whether in the above example, we consider the 
G. c. M. to be x-^ or 5 - a; : and either of these, in fact, might 
be made .numericaUy greater than the other, by giving different 
values to X. 
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Ex. 92. 

Find the G. c. M. 

1. Of3a:»+ ar-2ana -ia^ + 4a; - 4. 

2. Of 6a:« + 7a; - 3 and 12a;« + 16a; - 3. 

3. Of 9a:* - 25 and 9«* + 3a; - 20. 

4. Of 8a;« + 14a; - 15 and Sx" + 30a^ + 13a; - 30. 
6. Of 4a;«+3a;-10 and 4ar» + 7a;" - 3a; - 15. 

6. Of 2a;* + ar*- 20^*- 7a; + 24-and 2a;*+ 3ar»- 13a;»- 7a; + 15. 



61. If the given quantities have both or either of 
them, in any case, simple factors, as in (57), these must 
be struck out, and the Rule applied to the resulting 
quantities. Then the g. c. m. of these being found as 
above, will be the same as that of the given ones; 
except it should happen that we have to strike factors 
out of both of them, and that these /actors themselves 
have a common factor. In this case the g. c. m. found, 
as above, of the resulting quantities, must be multiplied 
by this common factor, in order to produce that of 
the given ones. 

So also, whenever we convert a remainder, according 
to the Rule, into a divisor, we may strike out of it 
any simple factor it may contain. Here, however, 
there is no restriction, as in the former case; because 
no part of such a simple factor can be common also 
to the new dividend, which, being the same as the 
former divisor, will be already clear of simple factors. 
It is only with the^r^^ pair, or given quantities, that 
we shall have to attend to this. 

And if, moreover, the first term of any such re- 
mainder is negative, we may, for the sake of neatness, 
before taking it as a new divisor, change the signs of 
all its terms, which is equivalent to dividing it by - 1. 

This can only affect the signs of the G. c. M. 

d2 



( 
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Ex. Find the o. c. M. of 

2«* - ar* + 12** - 8«» + 2x and 3a?* - 6«» + ar. 

Here, striking out of the first the factor 2x (which is common to 
all its terms) and of the second the factor 3x, we reduce the quan- 
tities to a:* - ^a^ + 6a:* - 4x + 1 and a;* - 2a:* + 1 ; but as 2a: and 3a; 
have themselves a common factor, x, it is plain that the original 
quantities have a common factor x, which these latter quantities 
have not ; hence the 6. c. M. of these, when found, must be multi- 
plied by X to produce that of the given quantities. 

a:*-2a:*-fl) a:*-4ar'+6a:"-4a:-l-l (1 a:*-2a:+l) a;*-2a:*+l (ar'+2a:+l 
a;*-2a:»-hl «*-2^+^ 

- 4a;[--4^+a^-4a: 2a:*-3a:«+l 

a^-2a: + l 2 ar'~4a:*-i- 2a; 

aj*-2a;+l 
a:»-2a:+l 

In this Example, the first remainder is reduced by dividing it by 
-4a;; and, the G. CM. of these two quantities being a;*-2af + l, 
that of the two given quantities will be a: (a:*- 2a: + 1) or ar*- 2a;* + a;. 

Ex. 33. 

Find the G. c. M. 

1. Of a* +ar' and a« + 2aa; + a;". 2. Of a:* + a: -2 and a?*- 3a: +2/ 

3. Of 2a;» + 6a:« + 6a: + 2 and 6a:' + 6ar'-6a;-6. 

4. Of 2y'-10y"f 12y and 3y«- 15^*+ 24y»-24. 

5. Of ar»-6fla;« + 12a«a;-8a* and a:*-4aV. 

6. Of 2a:"+10a^+14« + 6 and ar» + a:*+7a;+39. 

7. Of 3ar» + 3a;«- 15a: + 9. and 3a:* fSar'- 21a:" -9a:. 

8. Of a:* + 2^y + xi^ + y* and a;* + x'^y + x^ - y*. 

9. Of 2a* + a'6 - 4a*h* - 3a6» and 4a* + o'ft - 2a«6" 4- atP. 

10. Of Za* + 15a*J - 3a»6« - 15a«6» and 10a* - 30a*6 - lOa'^ + 30a&^ 

11. Of a:*-2ar'y+2a:y»-y* and a:* - 2ar»y + 2a;«y» - 2ay' + y*. 

12. Of a:* + 6ar'+lla:« + 4a:-4 and a:* + 2ar» - 5ar" - 12a;-4. 



62. If now, having first attended to the directions 
of (61), we find, at any step of our process, that the 
first term of the dividend is not exactly divisible by the 
first of the divisor, then, in order to avoid fractions in 
the quotient, we may multiply the whole dividend by 
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such a simple factor, as will make its first term so 

divisible. 

Ex. Find the G.C.M. of 6aj*y + 4a!y' - 2^* and 8a^ + Ax\f - 4ay*. 

Stripping them of their simple factoiB, 2y and \x, (and noting 
that these contain the common factor, 2,) we have 3x' + 2d^ - y% 
and 2a^-k^xy-f^, and proceed with these quantities as follows : 

3ir* + 2ay - y» 
2 



2a:* + «y - y") 6a^ + 4ary - 2y» (3 

yl ^y + u " 

« + y)2a^+ «y-y*(2x-y 
2a:* + 2gy 

- ^y-jT 

The O. a M. then will be 2 (x + y), it being plain that the 
G. c. M. of 2 (3«* + 2apy - y*) and 2«* + ajy-y* will be the same as 
that of Sa^-\-2xy'-^ and 2d;* +a;y-y', because the 2 introduced 
into the first is no factor of the second quantity. 

Ex. a4. 

Find the G. c. M. 

1. Of 6** + lac + 6 and &»• + 6a; - 9. 

2. Of 15a;« - a? - 6 and 9«» - ac - 2. 

3. Of 6a;* - a; - 2 and 21«» - 26a;* + 8a?. 

4. Of 6a;* - 6a;* + 2a? - 2 and 12a;* - 15a; + 3. 

5. Of ar* - 22a; - 15 and 5a;* + «» - 54a;* + 18a?. 

6. Of 3a!» - 3a!V + ay*-y* and 4ar»-a;»y- 3a;y». 

7. Ofa;*-8a; + 3anda;* + 3a;* + a? + 3. 

8. Of 5a;* + 2a;* - 15a; - 6 and - 7a;* + 4a:" + 21a? - 12. 

9. Of 20a;* + a;*-l and 25a;* + 5** - a; - 1. 

10. Of 6a?*-a;*y-3aY + 3ay*-y*and9a;*-3a:*y-2a;*y* + 3a;/-y*. 

11. Of 12a*-12a:*y«+12ay-3ay* and 12a;*+8xV-18aV-6a:*y'+4ay. 

12. Of a?* - 2a?* + a;* - 8a; + 8 and 4a:» - 12a;* + 9a; - 1. 



68. In order to prove the Rule above given, it will 
be necessary to shew first the truth of the following 
statement. 
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If a quantity c be a common measure of a and h, 
it will also measure the sum or difference of any mid- 
tiples of a and b, <w ma ± nb. 

For let c be contained p times in a, and q times in J ; 
then a=pc, b-qCyB,'D.dma±nb = mpc±nqc=>(mp±nq)C' 
hence c is contained mp±nq times in ma±nb, and there- 
fore c measures ma ± nb. 

Thus, since 6 will divide 12 and 18 without remainder, it will 
also divide any number such as 7x12 + 6x18,11x12-3x18 
12 (or 1 X 12)+ 7 X 18, 6 x 12 - 18, &c. i.e. any number found by 
adding or subtracting any multiples of 12 and 18. 

64. To prove the Mule for fndiny the Greatest Common 
Measure of two quantities. 

First, let the two given quantities, denoted by a and 6, 
have neither of them any simple factor. 

Let a be that which is not of lower dimensions than 
the other ; and suppose a divided by S, with quotient p 
and remainder c, b by c, with quotient q and remainder 
dy &c. 

h) a (j) 546) 672 (1 
^ 64b 

c)h (q 126) 646 (4 

qc 50^ 

T) c (r "42) 126 (3 

rd 126 

Then, by (63), all the common measures of a and b 
are also measures of a-pb or c, and are therefore 
common measures of b and c; and, conversely, all the 
common measures of b and c are also measures of 
pb-¥ c or a, and are therefore common measures of 
a and b : hence it is plain that b and c have precisely 
the same common measures as a and b. 
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In like manner^ it may be shewn that c and d have 
the same common measures as b and c, and therefore 
the same as a and b. 

And so we might proceed if there were more re- 
mainders^ the quantities a, b, c, d, &c. getting lower 
and lower, yet still being such that a and S, b and c, 
c and d, &c. have the same common measures. 

But, if d divides c without remainder, then d is itself 
the greatest quantity that divides both c and d, that is, 
dis the greatest of the common measures of c and d, and 
therefore is the Greatest Common Measure of a and b. 

Thus, in the numerical example, the common divisors of 546 
and 672 are precisely the same as those of 126 and 546, and these 
again are the same as those of 42' and 126 : but 42 is the G. c. M. 
of 42 and 126, and is therefore the O. CM. of 126 and 546, and 
also of 546 and 672. 

65. Next, let a and b have simple factors, and let 
a = aa'y b = /3i', where a denotes the product of all the 
simple factors in a, and /3 of those in ft, and a', V are 
the resulting quantities, when these simple factors are 
struck out : then a', J', having neither of them any 
simple factor, will have no factor in common with a or /3. 
Now a or aa' is made up only of the factors in a 
and a', and b or /3J' only of those in /3 and b\ Hence, if 
a be prime to /3, (that is, if a have no f<ictor in common 
with /3), the only factors which a can have in common 
with b must be those which a may have in common 
with J', that is, the g. c. m. of a and b will be the same 
as that of a and V. But, if a and /3 have any common 
factor, then this will also be common to a and ft, besides 
what may be common to a' and ft', that is, the g. c. m. 
of a and ft will be obtained by multiplying the g. c. m. 
of a and V by the common factor of a and /3. 
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Hence this case also is reduced to finding the g. c. m. 
of two quantities a and S', which have no simple factors. 
And, of course, the above reasoning holds if either 
a or )8 be unity, that is, if one only of the given quan- 
tities have a simple factor to be struck out. 

66. Having shewn that we may strike any simple fac- 
tors out of the original quantities, we shall now shew that 
we may strike them also out of any of the remainders. 

I Let then a , J', represent quantities having no simple 
factors, (either the original quantities a, S, if they have 
no simple factor, or else a, J, reduced, as above); 
and let us apply the Rule to a', J', dividing a by ft', 
and obtain the first remainder ci then we know that 
the G. c. M. of a and b' is the same as that of V and c. 
Suppose now that c = 7c', where 7 is a simple factor, 
and c a compound quantity, having no simple factor. 
Then c is made up of the factors in 7 and c'l and h 
(having no simple factor) can have no factor in common 
with 7, and therefore can have none in common with c 
but such as it may have in common with c i that is, 
the G. c. M. of V and c is the same as that of V and c'. 
And, of course, the same reasoning holds with the other 
remainders. 

67. Lastly, if, at any step (supposing simple factors 
struck out), the first term of the dividend should not be 
exactly divisible by the first of the divisor, as, for in- 
stance, in the case of a' and J', we may multiply the 
dividend a' by any simple factor a', which will make it 
so divisible: for, since the divisor V has no simple 
factor, it can have no factor in common with a', nor 
therefore any in common with the dividend ddy but 
what it may have in common with a', that is, the g. c. m. 
of a' and b' will be the same as that of da and b'. 
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68. When one quantity, contains another^ as a divisor 
without remainder^ it is said to be a multiple of it; 
and a common multiple of two or more quantities is 
one that contains each of them without remainder. 

Thus, Qsi^y is a common multiple of 2ai?f 3xy^ 6a^, &c., and any 
quantity is a multiple of any of its measures. 

Of course^ the lecist common multiple (l. c. m.) of 
two or more quantities is the least quantity that can be 
formed^ so as thus to contain each of them. 

69. To find the Least Common MultipUof two qtmntities. 

Let a and h represent the two quantities^ d their 
G. c. m.; and let a =pd, b = qdy so that p and q will have 
no common factor. Then the least quantity which 
contains p and q will be pq^ and therefore the least 
quantity which contains pd and qd will be pqdy which 
is consequently the l. g. m. required of a and h. 

Since pqd- ^ ,^ = —j- , it appears that the l.c.m. 

of a and b may be found by dividing their product by 
their G. c. m.; or, which is more simple in practice, 
by dividing either of them by their g. c. m., and mul-' 
tiplying the quotient by the other. 

The L. G. M., however, of two or more quantities is generally 
formed by inspection, and, with a little practice, there is no diffi- 
culty in this, as we have only to set down the factors which 
compose them, omitting any that may occur more than once, and 
the product of these will be the l. c. m. required. 

Ex. 1. Find the L, c. M. of 2bx, Sabxy, Zacx* 
Here the factors are 2ibx, 3ay, c \ and the L. c. m. is Qabcxy, 

Ex. 2. Find the L. c. M. of 2a' (a + x\ 4ax (a - x), Gar" (a + x). 

Here the L. cm. of the simple factors is 6a V, that of the compound 
factors is a' -a:*; therefore the L.aM. required is 12aV(a*-d^). 

D5 
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Find the L. c. M. 

1. Of 4a*Jc and 6at^c; of 9a^y and 12xt/^; of axjjf and a {xy - y*) • 

of db-^-ad and ah -ad. 

2. Of 8tf*, lOa'J, and 12a*5»; of a*, 6a*6, 10a»6«, lOaV, 5a6*, 

and &* ; of d«*, 6<Mr, 8a«, 36ar», 3a«», 50a»x, and 24fl». 

3. Of 2(a + 6) and 3(««-^; of 4{a«~o) and 6(«« + a); of 

6(x» + «y), 8(a;y-y«), and 10(a;»-y«). 

4. Of 4 («* - a y), 12(fl6"+6»), 8(a'-o»5)j and of 6 (a!«y + ^y*), 



70. Every common multiple of a afzc? h is a multiple 
of their l. c. m. 

For let M be any common multiple of a and b, and 
wi their l, c. m.; and let M contain m (if possible) r times 
with remainder 8, which will of course be less than 
the divisor m; hence we should have 

M => rm + Sy and, therefore, s = M - rm: 

but since a and b measure both M and m, they would 
also (63) measure M-rm, or s; i.e. «, which is less 
than m, would be a common multiple of a and 5, 
contrary to our supposition that m was their letist 
common multiple. Hence M will contain m with no 
remainder, and will therefore be a multiple of m. 
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CHAPTER VL 



FRACTIONS. 

Algebbatcal Fractions are for the most part precisely 
similar both in their nature and treatment to common 
Arithmetical Fractions. We shall have therefore to 
repeat much of what has been said in Arithmetic ; but 
the Rules which were there shewn to be true only in 
the particular examples given, will here, by the use of 
letters, which stand for any quantities, be proved to 
be true in all cases. 

71. A Fraction is a quantity which represents a part 
or parts of an unit or whole. 

It consists of two members, the numerator and de- 
nominator, the former placed over the latter with a line 
between them. Now we have already agreed (8) that 
such an expression shall denote that the upper quantity 
is divided by the lower ; and, in accordance with this, it 
will be seen presently that a fraction does also express 
the quotient of the num' divided by the den'. 

The den' shews into how many equal parts the unit is 
divided, and the num' the number taken of such parts. 

Thus - means that the unit is divided into b equal parte, a of 
o 

which are taken. 

Every integral quantity may be considered as a frac- 
tion whose den' is 1 ; thus a is - . 

72. To multiply a fraction by an integer, we may 
either multiply the num' or divide the den' by it ; and, 
conversely, to divide a fraction by any integer, we may 
either divide the num' or multiply the den' by it* 



60 FRACTIONS. 

Thus - X a: = -— ; for in each of the fractions , , -r- , 



the unit is divided into b equal parts^ and x times 
as many of them are taken in the latter as in the 
former ; hence the latter fraction is x times the former* 

that IS -_- = - X «: and, by similar reasoning, -^ -^x^ ■=, 



Again t ^ a; = y- ; for in each of the fractions ^ , 7— 
bx b bx 

the same number of parts is taken, but each of the parts 
in the latter is -th of each in the former, since the unit 

X 

in the latter case is divided into x times as many parts 
as in the former ; hence the latter fraction is - th of the 

X 

former, that is, •;— = 7 -r a; : and, similarly, -— x a; = -r . 

bx b bx b 

73. If any quantity be both multiplied and divided 

by the same quantity, its value will, of course, remain 

unaltered. Hence if the num*^ and den' of a fraction 

be both multiplied, or divided by the same quantity, 

its value will remain unaltered. 

,j^ a ax a^ ^ ^ <fh a ac ^ 

Thus -. = -— = -- = &c. and -n- =-=-? = &c. 
o ox 00 arbc c <r 

74. Since a= - (71), and, therefore, a divided by b 

e --ri = - (72), it follows, as stated in (71), that a 
fraction represents the quotient of the num' by the denr. 

In fjEM^t, we may get jth of a units, (or a-^b,) by taking -th 

o o 

part of each of the a units, and this is the same as a such parts of 
one unit, which (71) is expressed by =-. 

Hence it is that, in Arithmetic, i of £3 is the same as f of £1 &c. 
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76 To reduce an integer to a fraction with a jgiven 
denominator^ multiply it by the given denominator, and 
the product will be the numerator of the required fraction. 

Thus Uj expressed as a fraction with den' x^h — ; or, with 

'^ , . ah-ac 

den' 6 - c, is -7 . 

o — e 

The truth of this is evident from (73). 

76. The signs of all the terms in both the num' and 

den' of a fraction may be changed without altering its 

1 xu df-^ax-cf. ., ^ , . , a* + 2a:c - a:* 

value : thus 5— is identical with — = — . 

Zax - ar a;' - %ax 

This follows also from (73), as the process is equiva- 
lent to that of multiplying both num' and den' by - 1. 

77. To reduce a fraction to its lowest terms, divide 
the numerator and denominator by their 6. c. m. 

Ex. 1. ^'^y* ^ g'^y* ^ <My 
c^xy + ory* axy (a + y) a\y* 

17 A «' + ^ (a + ar) (a" - a« + a:*) c? -ax-^-af 
a^ -or (a + «) (a - «) a-x 

Ex.3 ^ + ^ + ^ - (^ + ^)(^ + l)^^ + l 
' ar» + 6x + 6 " (a: + 3) (ar + 2) a; + 2 ' 

Ex- 4 ^ -^ ^ + ^^ - ^ - (^ - ^) (^ + 2x + 5) ar* + 2a; -H 5 
««-4ar + 3 (a;-l)(ar-3) "^ ar - 3 ' 

Of course, the student should consider for a moment whether he 
cannot obtain the G. c. M. as in (58) by mere inspection. 

Ex. ae. 

Reduce to their lowest terms 

axy-^x%^ cxj^ llm* +22ma? lAa^-lxy 5a'6-15fl*6" 
' axy ' a^^a^x' 33(m«-4«^' 10aa?-6ay' 20a^+10^' 

Gar'-lSay 4mV 3aVc» 9a;»y»-15ay 



2. 
3. 



Qa^y-nxy^' 2m«n+2mn«' a*bc^ab''c^'abd" 12a:*y"-21aiy** 

ode + 96c -5c* ac + 5 y -t- gy -f ^ aca:*+(ad-ftc)ar-&rf 

2ai4f + 18^- 10c4f ' qj^26a;+2aaj+&/' ?a^"6« 
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4. 



a^-l X* -a* a*-h* a?-Vx_ €^ - ab ■\- ax - bx 



g* - 4x + 3 a?U 2a; - 3 ^ o' - oft - 2y 

««-2a:-3' * ««+6a: + 6' ^'^-3ab + 2b'' 

6a*-lSaxiSs^ 6a* +7ax-3 g* g*+a?-12 

10^-9ii-9?* 6a*+llaa;+3a:«' * «*-6««+7a:-3 

* 6r'-18a;»y + ll;ry»-6y»* * a»a? + 2fl«a^ + 2a«* + a?* ' 

ar'+3a;"-4 - ar'~3a; + 2 

a;' - 1 a;* + 4a:* - 5 

x*-^(^a^ + a* -^ 3aV-2aa:«-l 

10. — . = = ;• Id. — 



+ aa:»-a*x-o*' ' 4fl»a:* - 2fl«a:* - 3aa:» + 1 



78. It the uum' be of lower dimensions than the 
den% the fraction may be considered in the light of 
a proper traction in Arithmetic ; if greater, in that of an 
improper fraction, which may be reduced to a mixed 
Jracttofiy by dividing the num' by the den% as far as the 
division is possible, and annexing to the quotient the 
remainder and divisor in the form of a fraction. 

Conversely, a mixed fraction may be reduced to an 
improper fraction, by a process similar to that em- 
ployed in Arithmetic. 

Ex.1. ?^±2^ = 3.-io+ « 



Ex. 2. a:* + a: + 1 + 



a: + 4 a; + 4 

«* + ! 



« - 1 ~ af-1 



Ex. 37. 

1. Reduce to mixed fractions 

3^+6£+5 c^-ax^a^ 2a:'f6 10a«-17aa?+10a:« 16(3a:*+l) 

a:+4 * a^-x ' a;-3 ' ba-x * 4ar-l ' 

2. Reduce to improper fractions 

• rt 5a:(3-a?) - _ ^ . Ba:* <^-ay^f/ 

af-Sx- — ^ - % a"-2aa:+4a:» , x-a+y-^- ^^-^. 

a:- 2 a-\-2x ^ « + a 
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Shew that 

a^ + V-i? (g + 6 + c ) ( g + 6 - c) , 

^- ^^ '2db~ ^2g& ' ^^ 

o* + £* - c* (g - 5 + c) (6 - a -f c) 
2g6 " Mi" 

, . /a« + 6*-c«Y (g + ft + c)(g + 6-c)(fl4c-6)(6 + c-a) 

79. To reduce fractions to a common den% multiply 
the num' of each fraction by all the den^' except its 
own, for the new num' corresponding to that fraction, 
and all the den" together for the common den^ 

The truth ot this rule is evident; since, the numerator 
and denominator ot each traction being hoih multiplied 
by the same quantities, viz. the denominators of the other 
fractions, its value will not be altered., though all the frac- 
tions will now appear with the same denominator. 

Ex. Beduce 7 , - , - to a common denommatorr 
oca 

For the num" ay.cy.d = aca 

bx hx d = b*d and the required fractions are 
c_x6xc = 6^ aca V'd h(? 

For the den"" hxc xd=hcd\ bed* bed* bed 

80. If, however, the original den"* of the fi actions 
have, any of them, common factors, this process will 
not give them with their least common den', which, as 
in Arithmetic, will be found by forming the l. cm. ot 
the given den": and the num' corresponding to any one 
of the given fractions will be obtained, by multiplying 
its numerator by that iactor, which is obtained by dividing 
the L. c. M. by its denominator. 

Ex. Reduce ttt- , -t-tl — , -; — to a common denominator. 
^x 6abxy Sacx 

Here the L. c. M. of the denominators heing ^cibexy, the fractions 

. , 3a«cy c» 2Vy 

required are — , — ; , — ~— , 

6abcxy 6aocxy Qabcxy 
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Ex. 88. 

Reduce to common denominatorBy 

- or y s _^ ^ ^ 2^ 3^ ^ 6xf^ 
• a' b* V 2a6' 3ac' IS?' 1?' 4a«6' So^' W * 

o X* y* a + ar o-a; 4aj* xy 

^^i^* a«-ft^' a"^' STi' 3(a + 6)' 6(a«-ft^')' 

3. ^ 1 ^ 



4a»{o + a?)' 4a»{a-a;)' 2aH«*-«")' 



81. To add or subtract fractions^ reduce them to 
common den", and add or subtract the num" for a new 
num', retaining the common den'. 

Ex.1. t^t^U^^^^^. 
a Q c abc 

Ex,2. Add,J-L?_.+ ^""^ 



l+a; + a:* l-aj + a^* 

^^ (l-fx)(l-g + a:«) + (l-a;)(l+a? + a^ _ 2 

(1 +« + «■) (1 -« + «•) "'l+a:» + «*' 

Ex. 3. From :; = take = -; . 

! + « + «* l-a: + jr 

. (1 -I- a?) (1 - a? + a:*) - (1 - a?) (1 + a; + a:*) 2a^ 

(1+ a? + «")(! -« + ««) °l+a^ + «*" 

Ex.4. Findthevalueof 2 + ^i?-^, 

2(a« ~ y) -f (o« + y) - (g - 6) (g - 6) 2o« + 2g6 - 2^ 
^'"- ?3y = g«_y • 

Ex. 89. 

Find the value of 

o^ (g-6) ^ (g^ft) 3g-4ft 2a>-6-c . 15g-4c 
2i"2(a+T)' 26''"3(g-6)' 2 " 3 12 * 

2 ** g 6 g 6 g - 6 gft 

' a-h ~'g + 6 g-6'g-6 g + 6'g + 6 a* -l^* 

3 f! (<w^-^)^ g' + y . a-h 2a:* - 2ay + y* ^ a? 

' c c (c + cte) * a* - b* g + 6* a? -xy x-y* 

. 1 1 g a-h c- a ^ b- c 

* 2 (g - a?) 2 (g + a;) a* i-a^' ab ~ac be 
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*-2(i^~2(Fri)~i*' '**2a + i 2a-5 4a' - V 

3 3 1 _ 1 - « 

^^' 4(1 -«)»'*' 8 (l-z) "^8(1+0:) "4(1 + a:*)' 

82. To multiply one fraction by another, multiply 
the numerators together for a new numerator, and the 
denominators for a new denominator. 

fl c 

Suppose that we have to multiply t ^7 3 • 

let - = a;, ^«y; /.a -6a;, c = rfy, and ac^bdxy; 
b d 

uc 
hence, (dividing each of these equals by hd), T3 ° ^ * 

a c J (zc a^ c product of num" 
but a^y = j X - , and ^ = j^ - product of den" ' 

whence the truth of the rule is manifest. 

Similarly we may proceed for any number of fractions . 
_. a + 6 a-b 3_ S(a + b){a-h ) _ 3 (a' - h* ) 
*'^- ^T^"" o"^ "" 2 " 2(c + d) (c - d) " 2(o« - a»)' 

83. To divide one fraction by another, invert the 
divisor and proceed as in Multiplication. 

Suppose that we have to divide -j^7 "y 

let ? = a;, ^ = y ; /. o = to, c = dy; 
b d 

ad hdx X 
hence arf= bdx, be = bdy, and j^ " j^ * y * 
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i.ic a c ^ ad a d 

but--a;Ty---f-, and ----x-, 
y ha he c 

whence the truth of the rule is manifest. 

^ c + <i • 2a - 3& " (c + (i) (c - <i) " c* - d« • 

In mult'^ and di^*^ of fractions, it is always advisable, before 
multiplying out the factors of the new num' and den^ to see if 
some of them do not exist in hath the num' and den', in which 
case they may be struck out, and the result will be more simple. 

_ a ex _a c _ae 

' hx d h d hd* 

p, ^cuc an/^-y* 6a {x^ y) _ 6(ix + day 

dcy s^'^xy " 3c (a: - y) " 3c (a: - y) 

_ 4ax a* - «* he ^bx _^ {a+jp) ^ 4aa: + 4«* 

3^ c*-** a* - ax 3y {c - x) 3y(c-ar)* 

ar-y ' (x-yf x-y a:*-y* a:* + y** 

The student should leave the denominators of fractions with their 
factors unmuUiplied, as in Ex. 2 and 3; unless they happen to 
combine very simply, as (a + ar) (a + «)• into (a + xf, or (a + x) (a - x) 
into c? - 3^. The convenience of this will be found in practice. 

Ex. 40. 

Find the value of 

2x 3a6 3ac ax a*-s? a /, hx\ (^ a \ 
a c 2b (a-ar)* ab ' bx \ a / V a+ary 

\ «/\i «/' ""^^ («-«)«' ftc " (x-y)(x^yr 

c^a^^dbj^ ax 

X 



oar + l a*-b* 



^ a«+2a6 a£-2y a^-t-ay Qc-yy / 4_£\ 
^- aHT6«''?^:46'»' x-y x*-y* ' V ^7 



o»-3a^+^a2^-6' ^ 2a6 - 2^ a» + a5 
i« - V ~ • 3 "" a-b 



aj* _ 6* . «« + 6ar a;" - 5 V ^ x* - 2bx' + ya:» 
^' ?"26a; + &• "^ «^^ ^a^^ + ft** a^-bx + b* 
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84. A complex iraction^ ue. one in which the num^^ or 
den'^ or both, are fractions, may be simplified as follows. 

2 2 2-a? 1 2-a? 

4^; 4a; 2 4x Sx 

i 

Hence observe that, when a complex fraction is put into the form 

n*&ctiioii 
of a ^—p — > the simple expression for it wiU be found by taking 

the product of the upper and lower quantities, or extremes^ for the 
num', and that of the two middle ones, or meanSi for the den^; 
and that any factor may be struck out from either of the extremes, 
if it be struck out also from one or other of the means. 

Ex. 2. Ex. 3. 

2x ??^ 

2a; _ 1 _ 6g 6-\z ~4~ _ 60 - 3ar 

1° 3a;-l"'3^^i* a?+ Ij'' 3a; + 4 ^ 4(3a: + 4)' 

3 3 3 

Ex.4. 

a; 4^2 _ a; + 2 ( a; + 2) (2a; - a;* ^- 3) 6+7«-^ 

- 1 ~ - X ^ (1 - x) {2x^0*^ 3)+a; '^ 3- 3a;"+a;' 

; 3 ^""^+2^35^73 

2-a;+ - 

X 

Simplify Ex. huu 

1 ^~a^ a? 3-a; 3a; +2^ 2J-Jx a;-3i 

• 5 ' 5-ia;' a; + 2i' ""sT" ' f^-lj' 2f-Ja;' 

2 a: - j (3a; - 2 6a;-i(3 + 5a;) 2i-J(x-2) If - f (a; 4- 2) 

3 ' 2J • i>+l)-4i' A(^ + l) • 

1 1 , X o' + J* 2J* o + a;rt-i; 

o 1 •<- a? 1 -f a; 1 - X 2a* c^ + h* a- x a ^ x 

' !__!_' _1 ^' J -f y l^fl' '^ g-fa; q-a-' 

1+a; 1-a; l+a; 2J* o' + J* o-a; a Ta; 

a? -y 

X '- 

. 1 + a;y 1 x 



l-f ; "' a;-l+ 1- 

1 +*y - . a; - a: 

1 + 2 1 + a; + . 

4-a: 1 -a;i a;* 
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85. The following results should be noticed. 

If r = J , then 
a 

l-r=l-3»or -=- (i), -X -=-x--, or - = 3 (ii); 
o a a e e e d e d ^ 

^ + 1 = ^+1, or _= — (lu), j:-l = 5-l, or _=_ (xy): 

, a±6 h c±d d a±h c±d ,. 

hence — r— x - = — r— x - , or = (v), 

hade a c 

.a + 6 h e i d d a + h e + d . .. 

and — - X = = —-5- x -, or = -. (vi): 

h a-h d e-d a-h c-rf 

and any of these last may be inverted by (i), or aUemated by (ii) ; 

^, a e a a±h a ^h a-h ^^ 

thus — r-x = — 1— ,> - = — r-j» "\j= j» ^^ 

a±h e±d e e± d c+a e-d 

So that^ i/* any two fractions are equal, we may combine 
by Addition or Subtraction, in any way, the num^ and denr 
of the one, provided that we do the same with the other, 

86. The above results may be yet further generalized. 

■n 'tf ^ c ^, m a m e ma me 

For, if T = :5, then _ x - = - x - , or -^ = — 1; 
b d n b n d no nd 

and, therefore, by what has been above shewn, 

ma±nb me±nd , ma±nb me±nd , ma±nb me±nd 

= , whence = , and = • 

ma me a e pa pc 

ma±nh me±nd ma±ne nA±nd ma±ne mb±nd 

so also i— ss -— , = , s — , 

pb pd pa pb pe pa 

ma -\- nb mc -k- nd ma + «A __ ma - nb „ 
ma -nb me - rvd^ mc -{^ nd me- nd* 

^ . . ma±nb mc±nd jP«±5& pc±qd 
Airain, smce = ♦ and -^ * =-^ ^, 



a e 

ma±nb me±nd 



, &c. 



' pa± qb pe±qd 

Hence we see that the statement of (85) is true of any muliiples 
whatever of the numerators and denominators of the fractions. 

87. Further, if j = ^, then-^=^„ ^^jii&c. -^ = ^ . 
Hence the preidous results hold with a", 6", c*, rf", instead of a, ft, c, d. 
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ooT/«« c e^i « a + c + e ma + nc +pe 
88. If - = - - -, then - = ^ — 3— ->= —7 :j-^^- 

For let -c=a? = 3a -; then a = &r, b-dx^ «=/«; 

.'. a + c + e = 6a? + cte+/a? = (ft + rf+/)a?; .*. « or ^ = ^-j-^— ^: 

again, itia = mbxt nc = m2ri ^e =iifx ; 

/. ma + nc + |)6 = (m6 + nrf + p/)a?, and a? or 2 = ^-j-^j^^-^ 

a» c* «* tf|_a'' + c» + e" ma* + nc»» + jw* 

Bo also J- = ^^ = -, .-. ^ - jn + ^« +y.« = m6" + m;'*+|j/- 

N.B. The above method of proof will evidently serve, whatever 
be the number of equal fractions. 



89. We know by Division that the fraction 

1 «^ 

= ! + « + «• + «• + &o. + a"-* + 



- X 1 -x 

ic" 1 

so that :; will be the difference between and the first 

1 -X 1 - X 

n terms of the series : and this difference, if x be < 1, becomes less 

and less by increasing it, that is, by taking more terms of the 

series ; whereas, if x be > 1, it becomes greater and greater. Hence, 

when « < 1, the fraction r expresses approximately, and with 

more and more of accuracy, according as we take more terms, the 
value of the series 1 + x + d:* + &c.; whereas, when x>l, it does 
not at all express the value of the series, unless we take account 

alsoofther«m«n*r^. 

I "X 

Thus, if a? = J, we have | — r- ^^ 2 = 1 + J- + i + -|- + &c., the sum 

of which series approaches more and more nearly to 2 as its 
Limit, without ever actually reaching it But if a; = 2, we have 

r — jr or -1 = 1 + 2 + 4 + 8 + &c., the sum of which series departs 
1 — 2 • 

more and more from - 1 : the error, however, will be corrected, 

if we introduce the remainder at any step; thus 

1 + 2 + 4 + j-i-g = 7 - 8 = - 1. 
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In all such cases we may consider the sign = as expressing, 
not the actual equality of the two quantities, but merely that 
the fraction can be made to assume the form of the series, and 
therefore may be used as'an abridgment for it. 

90. If a? = 1 in the above, then - — ^ = 1 + 1 + &c., that is, 

- = an infinite number of units, which is, of course, an infinitely 

great quantity, and is denoted by oo, (read infinity). 
The meaning of this result may be thus explained. If a; = 1 

very nearly, so that 1 - « is very emaU, then — will be, of 

course, very great, and may be made as great as we please by 
still fariJber diminishing \ - x, that is, by taking x still more 

nearly = 1. When, therefore, we write jr = * , we are not to 

suppose the denominator actually z£ro, (in which case the division 
by which we obtained the series would be absurd), but only a 
very small quantity; and by using the sign oo, we mean that 

there is no Limit to tiie magnitude which the fraction may 

be made to attain, by sufficiently diminishing the denominator. 

In the same sense, we may say that ^ = QO , where a represents 
any finite quantity whatever. 
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CHAPTER VIL 



SIMPLE EQUATIONS CONTINUED. 

91. The following equations, involving algebraical 
fractions, may now easily be solved, by help of the 
preceding chapter, after the methods in Ex. 18, 19. 

Ex. 42. 

. bx ax-b* ^ a b d ^ ^ x x 

1. a = . 2. - + = 0. 3. - + - = c. 

a c X c e a b 

. ax-\^b a cx-\- d ^ a(cP + oi^) , ax 

4. = . 6. —^ = oc f — . 

c b e ax a 

n ^ ^ SIS ^ ax ex 1/AT V 

bx ax b f f^ 

8. J{4a(l+a:)-f(a-a:)} = i{3a(l-x)-J^(a + a?)}. 
2a: + 3 4a; _ 1 6^ + 2 x + 1 



■«'-f('-i)=i('-l)*«*- 



92. Complex fractions in an equation should first be reduced by 
(84) ; and if, in any case, the denominators contain both simple and 
compound factors, it is best to get rid of the simple factors first, 
and then of each compound factor in turn, observing to simplify 
as much as possible after each multiplication. 

25 -ia; 16a; + 4J ^ 23 



Ex. 1-+ -—1-^=5 + ^. 

x^-1 3a; + 2 a? + l 

Here, first simplifying the complex fractions, we get 

75-x 80a; + 21 , 23 

+ , .» ^. = 5 + 



3(ar+l) 5(3a;+2) «+l' 

. . . , . , -. 375- 6ar . 240ar + 63 ^^ 345 

then, muluplymg by 15, ^^^-3- + -^^^- = ^^ + ^' 

u V i o^c e 240a;* + 303a? + 63 ^^ ^^ «^^ 
.•.,mult. by « + !, 375-5ar-i- _ j, = 76a; + 75 + 345 ; 

oX •\- Z 

. ,.-. 240a;*^303a;+63 ^, ^ ^« o^c o»tc o/. ^e 
.•.,smiplifying, ^r =75ar+5a;+75+345-375=80a;+45; 

oX + A 

.-. 240a;« + 303a; + 63 = 240a;» + 295a: f 90, and 8a; =27, or « = 3{- 
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Ex. 43. 

8a;-)-5 7« -_3 _ 4« + 6 2 (4g + 3) 3 _^ 

14 ^6a: + 2""7~'- *" a? + 3 ^JTl" 

ax bx x-3 1x-S 

b(x + o) a(x + c) a? + 2 2 2a?-l 

6a; + a_3a?-5 g-i(ar-l) 31 3-i(x-2) 

4x + b 2x-a' ^' 3 ^36" 6 

9. :r-r:;^ : + zrrz r = li. 10. 



3(3-ar) 2(l-«) " ab-^ax be-bx ac-ax 

(ar + 3)ar 1 2a? + a 3ar-a 

^^- ~2iTl ^SJ-'^^^- ^2-3(ar'-a)^2(JT;i)"^«- 

13.i{3..i(U.)}.l^=?il-'^;|^>. 

14. a? _ g + d? 2a -6 -- a? + 4 ,n. _ 3a; ■{- 8 

• ^7^""^ 2^' 3a: + 6^^«"'2* + 3* 

16. A (11a: - 13) + 1 (19a? + 3) - i (6a? - 25i) = 28f - A (17ar + 4). 

17 1!?^'^ 12a?-h2 _ 5a?-4 ^ a;+ U 10-a; ^ 4-fa? 1 
^' 18 "13a:- 16"" "9 3 3f 11 ll" 

,/ 19. i(a?-lf|)- A(2-6a?) = ar-.S{5aj|H10-3a?)}. 

/ „^ 6a?+13 3a? + 6 2a? ^, «-7 2ar-15 1 



15 6a?-25 5 « + 7 2«-6 2(a; + 7) 

3a? + 1 a?-l a?-l 9a? + 2 



6a?+17 3a?-10 l-2a?' * 12a? + ll 6a? + 6 4a? + 7' 

i(2a?>3)-i(3a?-l) 3 a?«-J^ 

^^•*'' i(^:rij =2- ~3ir:2"- 

27. /b(7a?+6i)+ i^{lla?-i(a?-li)}=J(3x+l)+ A{43a?-i(3-8a?)}. 

13^ 2a? 24 " 3 

29. 4a?- i(a? - 2) - [2« - (Ja? - A U^ - i(a; + 4)})] = } (a; + 2). 
30 ^-ga ? 7-2a?» 1 + 3* 2£-2| J_ 
' 16 14(a?-l)"' 21 6 ^106' 
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93. The following are additional Problems in Simple 
Equations^ presenting somewhat more of difficulty than 
those given under (41). 

■ 

Ex. 1. A fish was caught whose tail weighed 9 lbs.; his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and taiL What did the fish weigh ? 

It is sometimes convenient to take x to represent, not the quan- 
tity actually demanded in the question, but some other unknown 
quantity on which this one depends. It is only experience, 
however, and practice which can suggest these cases; but this 
example is one of them. 

Let X = weight of body ; 

.*. 9 + I a; = weight of tail + ^ body = weight of head ; 
but the body weighs as much as head and tail ; 

/. a? = (9 + J a:) + 9, whence x = 36, weight of body j 

.*. 9 + i a: = 27, weight of head j 
and the whole fish weighed 27 + 36 -f- 9 = 72 lbs. 

Ex. 2. A gamester at one sitting lost \ of his money, and then 
won 10« ; at a second he lost | of the remainder, and then won 3« ; 
and now he has 3 guineas left. How much money had he at first ? 

Let X - number of shillings he had at first ; 

having lost \ of it, he had f of it, or f a; remaining; 

he then won 10«., and had, therefore, f ar -(r 10 in hand ; 

losing \ of this, he had f of it remaining, that is, f (f a; + 10) ; 

and he then wins 3«., and so has f (^ x + 10) + 3 shillings, 

which, by the question, is equal to 3 guineas, or 63«; 

hence f (f a: + 10) + 3 = 63, whence x = 100» = £5. 

Ex. 3. Find a number such that if f of it be subtracted from 20, 
and fi of the remainder from i of the original number, 12 times 
the second remainder shall be half the original number. 

Let x = the number ; 
.*. 20 - f a: = 1st remainder, and i a? - A (20 - {«) = 2hd remainder ; 
.•.12{}a;- A (20-f a?)} = J a:, by the question; whence « = 24. 

Ex. 4. A certain number consists of two digits whose difierence 
is 3 ; and, if the digits be inverted, the number so formed will be f 
of the former : find the original number. 
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Let X B= lesser digit, and .*. a; -f 3 = the greater : then, since the 
value of a n"* of two digits = ten-times the first digit + the second 
digit, (thus 67 = 10 X 6 + 7), the n' in question « 10 (a? + 3) + « ; 
similarly, the n° formed by the same digits inverted = 10a; 4- (a; + 3) ; 
hence, by question, \0x + (a; + 3) = f {10 (a; + 3) + x}^ whence a; = 3, 
a; + 3 3 6, and the n"* required is 63. 

Ex. 5. A can do a piece of work in 10 days ; but after he has 
been upon it 4 days, B is sent to help him, and they finish it 
together in 2 days. In what time would B have done the whole P 

Let a;=n° of days B would have taken, and 7F denote the work : 

WW 
.'. TTT, — , are the portions of the work, which A^ B would do in 

4Tr 
one day; hence in 4 days, A does -^^ and in 2 days, A and B 

^ ^, , 2W 2W , ^W 2W 2W ^ . 

together do -rrr- + : .% -rr- + —— + = Wi whence a? = 5. 

10 « 10 10 a? 

It is plain that in the above, we might have omitted W al- 
together, or taken unity to represent the work, as follows ; 

^, -B do — r , -• of the work respectively in one day, and therefore, 

4 2 2 
reasoning just as before, tt: + 77; + - = the whole work = 1. 

[In aU such questions the student should notice that, if a person 

m. 11 

does — ths of any work in 1 day, he will do -th of it in — th of a 
» ' '' n m 

n 
day, and therefore the tohole work in — days. 

Thus if he does f in one day, he will do -f in i of a day, and 
therefore the tohole in |> = 2^ days.] 

Ex. 6. A cistern can be filled in half-an-hour by a pipe A, and 
emptied in 20^ by another pipe B: after A has been opened 20', 
B is also opened for 12^, when A is closed, and B remains open 
for 5' more, and now there are 13 gallons in the cistern: how 
much would it contain when full P 

Let X - number of gallons that would fill the cistern : then, in 1', 
A brings in ^qX gals, and B carries out ^^x gals ; but A is opened 
altogether for 32', and B for 17'; .-. fja; - iJa: = 13, whence 
« = 60 
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Ex. 7. Fmd ^ time between two and three o'clock, at which 
the hoixr and zmnute-hand of a watch are exactly opposite each 
other. 

Let X = number of minutes advanced by &e Aour-hand since two 
o'clock: then 12a; = number of minutes advanced by the minute- 
hand, since it travels GO^ while the other travels 5'; but, by ques- 
tion, the minute-hand will have advanced (10 + a;) + 30 b a; -f 40 min.; 
/. 12a; = a; + 40, whence x = Zfi, and the time is 2h A^h!' 

Ex. 8. There are two bars of metal, the first containing 14 oz. 
of silver and 6 of tin, the second containing 8 of silver and 12 of 
tin; how much must be taken from each to form a bar of 20 oz. 
containing equal weights of silver and tin P 

Let a; = n^ of oz. to be taken from first bar, 20 - a; from second; 
now ^ of the first bar, and therefore of wery oz. of it, is silver; 

and, similarly, s^ of every oz. of the second bar is silver ; 

and there are to be altogether 10 oz. of silver in the compound; 
.-. ^x + /o (20 - a?) = 10, whence a? = 6f , and 20 - a; «= 13}. 

Ex. 44. 

1. The stones which pave a square court would just cover, 
a rectangular area, whose length is six yards longer, and breadth 
four yards shorter, than the side of the square : find the area of 
the court 

2. Out of a cask of wine, of which a fifth part had leaked away, 
10 gallons were drawn, and then it was two-thirds full : how much 
did it hold? 

Z, A person bought a chaise, horse, and harness for £60 ; the 
horse cost twice as much as the harness, and the chaise half as 
much again as the horse and harness : what did he give for each ? 

4. The value of 50 coins, consistiog of half-guineas and half- 
crowns, is £16 68 : how many are there of each ? 

6. A, after spending £10 less than a third of his yearly income, 
found that he had £45 more than half of it remaining: whai was 
his income P 

6. A boy, selling oranges, sells half his stock and one more 
to A, half of what remains and two more to B, and three that still 
remain to C: how many had he at first P 

e2 
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7. In a garrison of 2744 men, there are two cavalry soldiers to 
twenty-fiye infantry, and half as many artillery as cavalry : find the 
numbers of each. 

8. A person dies worth £13,000: some of this he leaves to 
a Charity, and twelve times as much to his eldest son, whose share 
is half as much again as that of each of his two brothers, and two- 
thirds as much again as that of each of his five sisters : find the 
amount of the bequest to the Charity. 

9. A farm of 270 acres is divided among A, B, C: A has 
7 acres to 11 of B, and C has half as much again as A and B 
together : find the shares. 

10. Divide 150 into two parts, such that if one be divided 
by 23 and the other by 27, the sum of the two quotients may be 6. 

11. ^ had 18« in his purse, and B, when he had paid A two- 
thirds of his money, found that he had now remaining two-fiiths of 
the sum which A now had : what had B at first P 

12. The first digit of a certain number exceeds the second by 4, 
and when the number is divided by the sum of the digits, the 
quotient is 7 : find it 

13. The length of a fioor exceeds the breadth by 4 ft; if each 
had been increased by a foot, the area of the room would have 
been increased by 27 sq. ft : find its original dimensions. 

14. A met two beggars, B and (7, and, having a certain sum 
in his pocket, gave ^^ of it to B, and f of the remainder to C: 
A had now 20d left ; what had he at first ? 

15. In a mixture of copper, lead, and tin, the copper was 5 lb 
less than half the whole quantity, and the lead and tin each 5 lb 
more than a third of the remainder : find the respective quantities. 

16. A sum of money was left for the poor widows of a parish, 
and it was found that, if each received 4« 6J, there would be Is 
over; whereas, if each received 5«, there would be 10« short: how 
many widows were there ? and what was the sum left ? 

17. A horse was sold at a loss for 40 guineas; but, if it had 
been sold for 50 guineas, the gain would have been three-fourths 
of the former loss : find its real value. 

18. A can do a piece of work in 10 days, which B can do in 8 : 
after A has been at work upon it 3 days, B comes to help him; in 
what time will they finish it? 

19. There is a number of two digits, whose difierence is 2, and, 
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if it be diminiahed by half as much again as the sum of the digits^ 
the digits will be inverted : find it. 

20. A and B have the same income : A lays by a fifth of his » 
but B^ by spendmg annually £80 more than A^ at the end of 

4 years finds himself £220 in debt. What was their income P 

21. A number of troops being formed into a solid square, it was 
found there were 60 over ; but, when formed into a column with 

5 men more in front than before and 3 less ia depth, there was 
just one man wanting to complete it Find the number. 

22. A person has travelled altogether 3036 miles, of which he 
has gone seven miles by water to four on foot, and five by water to 
two on horseback : how many did he travel each way P 

23. A and B can reap a field together in 7 days, which A alone 
could reap in 10 days : in what time could B alone reap it P 

24. A cistern can be filled in 15' by two pipes, A and B^ 
runniDg together : after A has been running by itself for 5', B is 
also turned on, and the cistern is filled in 13' more : in what time 
would it be filled by each pipe separately P 

25. What is the first hour after 6 o'clock, at which the two 
hands of a watch are (i) directly opposite, and (ii) at right angles, 
to each other P 

26. A person played twenty games at chess for a wager of 3« to 
2«, and upon the whole he gained 5«: how many games did he winp 

27. I wish to enclose a piece of ground with palisades; and 
find that, if I set them a foot asunder, I shall have too few by 150, 
whereas, if I set them a yard asunder, I shall have too many by 70: 
what is the circuit of the piece of ground P 

28. A and B began to pay their debts : ^'s money was at first 
f of ^s ; but after A had paid £1 less than f of his money, and B 
had paid £1 more than \ of his, it was found that B had only half 
as much as A had left. What sum had each at first P 

29. A can biiild a wall in 8 days, which A and B can do 
together in 5 days : how long would B take to do it alone P and 
how long after B has begun should A begin, so that, finishing it 
together, they may each have built half the wallP 

30. A person wishing to sell a watch by lottery, charges 6« each 
for the tickets, by which he gains £4; whereas, if he had made a 
third as many tickets again and charged 5« each, he would have 
gained as many shillings as he had sold tickets : what was the 
value of the watch P 
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3L A mass of copper and tin woigfai 80 Ibi, and for every 7 lbs of 
copper there are 3 lbs of tin : how much copper must be added to 
the mass, that for every 1 1 lbs of copper there may be 4 lbs of tin ? 

32. A does ^ of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it : in what time 
would they have done the whole, each separately, or both together? 

33. A cistern can be filled by two pipes, A and B, in 24! and 3(y 
respectively, and emptied by a third C in 20' : in what time would 
it be filled, if all three were running together? 

34. A and B were employed together for 50 days, eadi at 5s 
a day, during which time A, by spending 6^ a day less than By 
had saved three times as much as B^ and 2| days pay besides : 
what did each spend per day ? 

35. Divide £149 among A^ B, C, D, so that A may have half 
as much agam as B, and a third as much again as B and C to- 
gether ; and D a fourth as much again as A and C together. 

36. There are two silver cups and one cover for both. The first 
weighs 12 oz, and, with the cover, weighs twice as much as the othor 
cup without it; but the second with the cover weighs a third aa 
much again as the first without it. Find the weight of the cover. 

37. A man could reap a field by himself in 20 hrs, but, vnth his 
son's help for 6 hrs, he could do it in 16 hrs : how long would the 
son be in reaping the field by himself? 

38. A horsekeeper, not having room in his stables for 8 of his 
horses, built so as to increase his acconmiodation by one half, and 
now has room for 8 more than his whole number : how many 
horses had he ? 

39. A grocer bought tea at 6s 6c? per lb, and a third as many lbs 
again of cofiee at 2« 6c2 per lb ; he sold the tea at 8s, and the coffee 
at 2« 3J, and so gained five guineas by the bargain : how many lbs 
of each did he buy? 

40. Find a number of three digits, each greater by unity than 
that which follows it, so that its excess above one>fourth of the 
number formed by inverting the digits shall be 36 times the sum 
of the digits. 

41. A man and his wife could drink a cask of beer in 20 days 
the man drinking half as much again as his wife : but, Hofti gallcm 
having leaked away, they found that it only lasted them together 
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for 18 days, and the wife herself for two days longer:, how much 
did it contain when full ? 

42. A and B have each a sum of money given them, which will 
support their families for 10 and 12 days respectively; but A^ 
money would support J^s family for 15 days, and ^s money 
would support A*% family for 7 days, with 2s 6J over * what were 
the siuns? 

43. A person being asked how many dUcks and geese he had in 
his yard said, If I had 8 more of eaeh, I should have 8 ducks for 
7 geese, and if I had 8 less of each, I should have 7 ducks for 
"6 geese : how many had he of each ? 

44. A man, woman, and child could reap a field in 30 hrs, the 
man doing half as much again as the woman, and the woman two- 
thirds as much again as the child : how many hours would they 
each take to do it separately? 

45. If 10 lbs of gold weigh 18 lbs in water, and 10 lbs of silver 
weigh lbs in water, find the quantity of gold and silver in a mass 
of gold and silver, weighing 106 lbs in air and 99 lbs in water. 

46. From each of a number of foreign gold coins a person filed 
a fifth part, and had passed two-thirds of them, gaining thereby 
35«, when the rest were seized as light coin, except one with which 
the man decamped, having lost upon the whole half as much as he 
had gained before : how many coins were there at first ? 

47. A and B start to run a race : at the end of 5', when A has 
run 900 yards .and ha s outstripped B by. 75 yards,, he fidls; but, 
though he^ loWo growid by tho accident, and for the rest of the 
course makes 20 yards a minute less than before, he comes in only 
half-a-minute behind B. How long did the race last P 

48. A and B can reap a field together in 12 hrs, A and C in 
16 hrs, and A by himself in 20 hrs : in what time could (i) B and 
C together, (ii) A^ B, and C, together, reap it? 

49. Fifteen guineas should weigh 4oz: but a parcel of light 
gold, having been weighed and counted, wag found to contain 
9 more guineas than was supposed from the weight, and it appeared 
that 21 of these coins weighed the same as 20 true guineas : how 
many were there altogether P^<<k..^ u^a.'^ka^ /^ ^t^/ t/ * xcX . 

60. A^ Bf C travel from the same place at the rate of 4, 5, and 6 
miles an hour respectively, and B starts two hours after A : how 
long aftw B must C start, in order that they may both overtake 
A at the same moment? 
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SSmuUaneotM Equations of one Dimension. 

94. If one equation contain two unknown quantities^ 

there are an infinite number of pairs of values of these 

by which it may be satisfied. 

Thus in iP = 10 - 2y, if we give any vaXm to y, we shall get a 
corresponding value for x, by which pair of values the equation 
will of course be satisfied, if, for example, we take y = !> we shall 
get a? = 10-2 = 8j if y = 2, « = 6; if y = 3, a? = 4; &c. 

One equation then between two unknown quantities 

admits of an infinite number of solutions; but if we 

have as many different equations^ as there are quantities, 

the number of solutions will be limited. 

Thus, while each of the equations ip = 10 - 2y, 4ar + 4 = 3y, 
separately considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common to 
both, viz. d; s= 2, y = 4, which are therefore the roots of the pair of 
equations, jr = 10-2y, and 4a; + 4 = 3y. 

Equations of this kind, which are to be satisfied by 
the same pair or pairs of values of x and y, are called 
simtdtaneous equations. 

If there be three unknowns, there must be three equa- 
tions, and so on: and moreover, these equations must 
all be different from one another ; t. e, must aU express 
different relations between the unknown quantities. 

Thus, if we had the equation a; = 10 - 2y, it would be of no use 
to join with it the equation 2ic = 20 - 4y, (which is obtained by 
merely doubling it), or any other, derived, like this, immediately 
from the former; since this expresses no new relation between 
X and y, but repeats in another form the same as before. 

It may be observed, that if any two or more equations 
be given, any equations formed by adding or subtract- 
ing any multiples of these equations, will be also truey 
though expressing, in reality, no neuo relations between 

the quantities. 

Thus if a; + 3y + 4z = 9, and 3d; - 2y + 17s = 25 ; then, subtracting 
the second from three times the first, we have lly - 52 = 2. 
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95. There are generally given three methods for 
solving simultaneous equations of two unknowns ; but 
the object aimed at is the same in each, viz. to combine 
the two equations in such a maimer as to expel, or, as 
the phrase is, diminate from the result one quantity, 
and so get an equation of one unknown only. 

96. First method. — Multiply, when possible, one 

equation by some number, that may make the coeff. of 

^z; or y in it the same as in the other ; then, adding or 

subtracting the two equations, according as these equal 

quantities have different or same signs, these terms will 

destroy each other, and the elimination will be effected. 

Ex.1. 4ar + y = 34l (i) 

4y+ir=16/ (ii) 

Here mult, (ii) by 4, 16y + 4x = 64, 

but y + 4a? = 34 ; (i) 

/. subtracting, 16y =30, and ." ye25 \ 

and(ii) ar= 16-4y = 16- 8 = 8. 

Ex.2. 4a?- y= Tl (i) 

3ar + 4y = 29J (ii) * 

Here 3a; + 4y = 29, ' 

and, mult, (i) by 4, 1 6a;-4y = 28 } \ 

,\ adding, 19ar = 67, and ,\ a: = 3 j 
and(i) y = 4*- 7 = 12 - 7 = 6. 

Sometimes we cannot make the coefEcients equal by 
multiplying only one of the equations ; but shall have to 
multiply both by some numbers, which it will be easy 
to perceive in any case. 
Ex.3. 2aj + 3y= 41 (i) 

ar-2y = -7J (ii) 
Mult (i) by 3, 6« + ^= 12 
— (ii)by2, 6x-4y = -14 

subtracting, 13y = 26, and .*. y = 2 ; 

and(i) 2a?»4-3y = 4-6 = -2; .•.«=-!. 

£5 
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97. Second mMod, — Express one of the unknown 

quantities in tenns of the other by means of one of the 

equations, and put this value for it in the other equation. 

Ex.4. 7« + i(3y+4)«16^ or reducing, 3&r + 2y = 761 (i) 
8y-i(« + 2)= 8/ 12y- « = 84/ (n) 

Here from(ii) ««:12y-34, and from (i) 3d (12y - 34) -^ ^ = 76, 

whence y = 3, and .*. x = 2, 

98. 7%trc^in^^Ao(f.— -Express the tfom^ quantity in terma 
of the other in bodi equations, and put these values equal. 

Ez.d. &r-i(5y + 2) = 32l or reducing, 20:r - 5y = 1301 (i) 
3y+i(« + 2)= 9/ %+ «= 25/ (ii) 

Here in (i), y » i (20jr - 130), in (ii) y -= i (25 - a;); 
/. i (20a? - 130) = i (25 - x), whence a? = 7, y = 2. 

The first of these methods is generally to be preferred; but the 
second may be used with advantage, whenever either x or y has 
a coefficient unity in one of the equations. 



1. 2ar + 9y=in 
4ar+ y= 5/ 

4. ar+ y = 6l 
X'\-by=:aj 

7. 2a; + 3y - 8 = 



7aj - y - 5 



:} 



10. a;(y + 7)=y(a?+l)T 
2a:4-20 = 3y + l J 

13.?.^=m 
a 

- + 5 = n 
e d 



Ex.44. 

2. x^ y^a\ 
ax^-hy^v] 

5. 2«- 9y = in 
ar - 12y = 15J 

8. ax = hy\ 
x-{^y = c f 

11. ia?+iy = 13l 
J* + iy= 5J 

14. 2«-?^=4 
5 



3. 2a;-y = 8'l^ 
2y + a? = 9J 

6. hx-^ ay = b 
ax 



+ ay = 61 
-by = aj 

+ ^ = 58l 
+ 7y = 67/ 



9. 5a; + ^ = 58] 
3ar 



12. i« + iy = 43l 

ia: + iy = 42/ 



15.5-.y=l 
c 



ax 
e 



by 

a 







16. 



ox + 5y = e'-x 
+ y a + a? -^ 



a 6 
o a 



18.^ + ? = l-f- 
a I 

a 6 c 



19. i(2a; + 3y) + ia?= 8^ 
J(7y-3a:)- y = ll/ 



20. i(2a;-y)+l = J(7+«) ^ 
i(3-4a;) + 3 = i(5y-7)/ 



\ 
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21. «-i(y-2) = « 



4y-i(« + 10) 



::} 



22. Wy+i(«-«y+i)=i(«-8)\ 

i(x-6y+8)=.^(3«-13y)+ii; 



23. iS(3« + 4y + 8)- A(8«-y) = « + i(y-8)1 

A(?y + fe-8)-i(x + y)-A(7« + «) J 






25. a:- 



20- 



fl9-ar. 



2y-a? 
23-x 



ar-18 



3~"J 



99. Simultaneous equations of three unknown quan- 
tities are solved by eliminating one of them by means 
of any pair of the equations, and then the same one by 
means of another pair : we shall thus have two equations 
involving the same two unknown quantities, which may 
now be solved by the preceding rules. 

Similarly for those of more than three unknowns. 

£x.l. X'2y + Zz^%^^ (i) 

2x-^^ eslwii) Agam(i) Sx-Gy-^ dz^6 
3a?- y + 28=9J (iii) (iii) Sg- y-h 28 = 9 

From(i) 2«-4y + 6«=4 ,'. -5y+ 7«=-3 (/3) 

(ii) 2a?-3y-t- g^l but -5y-t-26z= 15 (a) 

- y + 52»3 (o) /. -18«=-18, anda=l: 

hence (a) y = 5e - 3 = 2, and (i) x= 2 + 2y - 32 = 3. 



Ex.2. ? + * = l^ 
X V r 



a e 

-+ - 
X z 



9 

y 'z^pj 



(i) 

(ii) 

(iii) 



From (ii) and (iii) = 

and (i) - + - =s - 
X y r 

... ^^ , ^ -^ ^ 1 ^ ( g + r)i> - gr 
*' « 9 f P P9T * 



and a;s 



2p9ra 



J 80 y = 



2pqrh 



2pqre 



(j + r)p-jr' ""^ ' CP + r)9-|>r' (;> + g)r-j»j' 

whicb latter values may be "written down at once from the Sym- 
metry of the equations, since it is obvious that the values of y and z 
will be of the same fimn as that of x^ only interchanging (for y) 
a with hf and p with ;, and (for z) a vdth e, and p with r. 



n 
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Ex.46. 

3a; + 4y + 5« = 26l 2y- a = lll 2a? + 3y + 6s = 70V 

3a; + 6y + 62 = 31-' 3af + 4« = 67J ar- y + 6a = 4lJ 

4. aj + y + a = 6'| 5. a;+2y = 7 -. 6. a=y + z^ 7. xy^x-\-y ^ 
a; + y = z-7> y + 2«=2 > 6=jj + 2> a:a=2(a;+8)> 

a:_3 = y + j5J 3ar + 2y=«--lJ c = a;+yJ yz=3(y-f-«)J 

8. 2(a:-y)=3«-2^ 9. Ja;+iy=12-iax 10. y+i«=ia;+6 ^ 

ir+l = 3(y+a) I }y+l«= 8-fia:l \{x-\y^{y-2)^ h{^^Z)\ 
2ar432=4(l-y)J ix\iz^\0 i x-^{2y-6)^\i-}^zJ 

Ex. 47. 

1. What fraction is that, to the numerator of which if 7 be 
added, its value is f ; but if 7 be taken &om the denominator its 
value is f ? 

2. A bill of 25 guineas was paid with crowns and half guineas; 
and twice the number of half guineas exceeded three times that of 
the crowns by 17 : how many were there of each ? 

3. A and B received £5 17« for their wages, A having been 
employed 15, and B 14 days ; and A received for working four days 
11« more than B did for three days : what were their daily wages ? 

4. A farmer parting with his stock sells to one person 9 horses 
and 7 cows for £300 ; and to another, at the same prices, 6 horses 
and 13 cows for the same sum : what was the price of each ? 

5. A draper bought two pieces of cloth for £12 13«, one being 
8« and the other 9« per yard. He sold them each at an advanced 
price of 2» per yard, and gained by the whole £3. What were the 
lengths of the pieces ? 

6. There is a number of two digits, which, when divided by their 
sum, gives the quotient 4; but if the digits be inverted, and the 
number thus formed be increased by 12, and then divided by their 
sum, the quotient is 8. Find the number. 

7. A rectangular bowling-green having been measured, it was 
observed that, if it were 5 feet broader and 4 feet longer, it would 
contain 116 feet more; but, if it were 4 feet broader and 5 feet 
longer, it would contain 113 feet more. Find its present area. 

8. Find three numbers A^ Bf C, such that A with half of B, 
B with a third of C, and C with a fourth of A, may each be 1000. 
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9. A train left Cambridge for London with a certain number of 
passengers, 40 more second-class than first-class; and 7 of the 
former would pay together 2« less than 4 of the latter. The fare 
of the whole was £55. But they took up, half-way, 35 more 
second-class and 5 first-class passengers, and the whole fare now 
received was i as much again as before. What was the first-class 
fare, and the whole number of passengers at first? 

10. A person rows from Cambridge to Ely, a distance of 20 miles, 
and back again, in 10 hours, the stream flowing uniformly in the 
same direction all the time; and he finds that he can row 2 miles 
against the stream in the same time that he rows 3 miles with it. 
Find the time of his going and returning. 

11. The sum of the two digits of a certain number is six times 
their difference, and the number itself exceeds six times their sum 
by 3 : find it 

12. A grocer bought tea at 10« per lb, and coffee at 2« Qd per lb, 
to the amount altogether of £31 5« : he sold the tea at 8«, and the 
coffee at 4« 6d, and gained £5 by the bargain : how many lbs of 
each did he buy? 

13. A and JB can do a piece of work together in 12 days, which 
B working for 15 days and C for 30 would together complete : in 
10 days they would finish it, working all three together ; in what 
time could they separately do it? 

14. A sum of £12 18« might be distributed to the poor of a 
parish by giving i a crown to each man and la to each woman and 
each child, or ^ a crown to each woman and la to each man and 
each child, or :]t a crown to each child and la to each man and each 
woman : how many were there in all ? 

15. Divide the numbers 80 and 90 each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30. 

16. Some smugglers found a cave, which would just exactly 
hold the cargo of their boat, viz. 13 bales of silk and 33 casks 
of rum. While unloading, a revenue cutter came in sight, and 
they were obliged to sail away, having landed only 9 casks and 
5 bales, and filled two-thirds of the cave. How many bales 
separately, or how many casks, would it hold? 

17. A person spends 2a 6d ia apples and pears, buying the 
apples at four, and the pears at five a penny; and afterwards 
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acoommodatet a neighbour with half his apples and » third of hii 
pears for 13dL How many of each did he buy P 

18. A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was observed 
that there were left just half as many men again as women : they 
came back, however, with their husbands, and now there were 
only a third as many men again as women. What were the 
original numbers of each? 

19. A and B play at bowls, and A bets B 3s to 2« on every 
game : after a certain number of games, it aiq>ears that A has 
won 3s ; but had he ventured to bet 5s to 2s, and lost one game 
more out of the same number, he would have lost 30s. How 
many games did they play? 

20. A person, being asked how many oranges he had bought, 
said ' These cost me Is 6<i a dozen ; but if I had got the five into 
the bargain which I asked for, they would have cost me *l\d 
a dozen less.' How many had he? 

21. Having 45s to give away among a certain number of per- 
sons, I find that if I give 3s to each man and Is to each woman, 
I shall have Is too little, but that, by giving 2s 6<^ to each man and 
Is 6<f to each woman, I may distribute die sum exactly. How 
many were there of men and women ? 

22. Find a number of three digits, the last two aljke, such that 
the number formed by the digits inverted may exceed twice the 
original number by 72, and twice the number formed by putting 
the wngU figure in the midst by 18. 

23. A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman ; but, a man and his 
wife having gone off without paying their share, 10<^, the rest had 
each to pay %d more. What was the reckoning ? 

24. A^ B, C, sit down to play : in the first game, A loses to 
each of B and C as much as each of them has, in the second 
B loses similarly to each of A and C, and in the third C loses 
similarly to each of A and B ; and now they have each 24s. What 
had they each at first? 



( 87 ) 
CHAPTER VIII, 



INDIOB89 AND StTBBS. 

100. It was stated in (45), that, when any root of a 
quantity cannot be exactly obtained, it is expressed by 

the use of the sign of Evolution, as V3, V2a(j, Vo* + c', 
and called an Irrational or Surd quantity. 

It was also stated in (46) that there cannot be any 
even root of a negative quantity ; but that such roots may 
be expressed in the form of surds, as V - 3, V - «*> 
V-(a' + b^X and are then called impossible or imaginary 
quantities. 

These we shall consider more at length in this chapter. 

It was seen in (20), tliat powers of the same quantity were 
multiplied by adding their indices; we shall now prove this rule 
to be generaUK true, which was there only shewn to be true in 
particular instances. 

101. To prove that (f-KcC"^ a"*", tohen m and n are 
any positive integers. 

Since by (9) ^T ^ ax a x &c. (m factors) 

and a"" t>t a X ax &c. (n factors), 
it fcUows that 

a"* X a" :» ax ax &c. (m factors) xax ax &c. (n fEictors) 

^axax &C. {m^-n factors) « a*"**, by (9). 

102. Hence («"*>• = a«» - {(^T ; 

for («"•)" = a"*.a"'.a*.&c. n factors « a***^**®- " *•'"*• = a"*", 
and (a"7" « a". a».a*.&c. m factors « a»*»^^c. m tem. ^ ^«m . 

.*. since a*" « a"*, we have (a"*)" « a"*" = (a")": 
that is, ^Ae n*^ power of the m*^ power of a, = the m^ 
power of the n^ power of a, and either of them is found 
by multiplying the two indices. 

103. Hence also 7a"* = (7a)"': 

for let Vo*" = ar, then a*" = {aTf = (af)- by (102); 
hence a = a;", and .-. ^^Ja ■ a:, and (^af « a:*; 
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but also, by otir first assumption, ^a"* » a^; 

hence we have ^cT = C/a^; 
that is, the n^ root of the wH^ power of ^l^^ the m*^ power 
of the n^ root of 9l. 

104. These results refer as yet only to positive in- 
tegral indices, which (9) were first used to express 
briefiy the repetition of the same factor in any product. 

But now, suppose we write down a quantity, with a 



p 



positive ^oc^n for an index, such as a^, and agree that 
such a symbol shall be treated by the same law of Mul- 
tiplication as if the index were an integer y viz. a"*.a*=a"***: 
— what would such a symbol, so treated, denote ? 

Since it follows firom this law, in the case of positive 

integers, that (a"*)" = a"**, we should have here also 

p pf p 

(a')« a a * 88 ai» • and hence it appears, that o* would 

denote such a quantity as, when raised to the q^ power, 

becomes equal to (f. But that quantity, whose j* power 

p 
= a", is (10) the q*^ root of c^; and, therefore, a' « l/a^, 

or = (Vay by(103). 

Hence, when a firactional index is employed with 

any quantity, the numerator denotes a power, and the 

denominator a root to be taken of it. 

Thus a^ - 2nd root of !■* power of a = V<»» <* "* ^^f «* "= ^ «» &c. 

<r = cube root of square of a = Va', 
or = square of cube root of a = (V«)^; 

so a* « Vo* or Cv'a)^; a« = a* = a^ = &c., or V« = Vo* « Vt^ = &c 

105. Again, if we write down a quantity with a 
negative index, as a"^ (where p may now be integral 
or fractional), and agree that this symbol shall be 
treated by the same law of Mult» as if the index were 
positive, what would such a symbol, so treated, denote ? 
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By this law we should have a*"* x a"* » a'^'^p - a* ; 



but we have also a"*^ 40" = — — =» — r— » «■ 

so that^ to multiply by a~'> is the same as to ditide by €F\ 
and, therefore, 1 x a"' = 1 -=- a", or a"" = — . 

Hence, any quantity with a negative index denotes 
the reciprocal of the same with the same positive index. 



Thus a-* = - , a-* = -r , a"* = — = -r- , or = V«"* = \/ - » 

4 ^/i« V «" 



Hence .»„;;ow»i. .He ...e^.«e.^«., 
may be removed into the denominator, and vice versd, 
by merely changing the sign of its index. 

Thus «-»6V» = ?-?-=^ = ?^ = &a 

106. Lastly, if we write down a quantity with zero 
for an index, as a\ and agree that this symbol shall be 
treated as if the index were an actual number, — what 
then would it denote? 

Since, by this law, a^ x(f^ d^^ « a", it follows that 

0° is only equivalent to 1, whatever be the value of a. 

In actual practice, such a quantity as a® would only occur in 

certain cases, where we wish to keep in mind from what a certain 

number may have arisen: thus (a'+2a'+3a+&c.)-ra^a+2+3a-*+&c., 

where the 2 has lost all sign of its having been originally a coe£ of 

some power of a ; if, however, we write the quotient a+2a'*+3a~^&c., 

we preserve an indication of this, and have, as it were, a connecting 

link between the positive and negative powers of a. 

p 
The quantity cfi is still called a to the power of^^ and similarly 

in the case of a'"*, a^\ but the word /K>tr6r has here lost its original 
meaning, and denotes merely .a quantity with an index, whatever 
that index may be, subject, in all cases, to the Law, a^.o^^^ a"*-^. 
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Ex. 4a. 

Express, with^oc^tbfia/ indices, 

1. V«* + \/*'+(V«)* + (Var)"; ^ 5? + VSf* + v^"S6» + V^S*". 

2. aVy + (Vay + V«*ft + Va^; %^c^ -^ a{VVf ^-Vc^"^ ■^'J'i?b\ 

Express, with negative indices, so as to remove all powers, 
(i) into the numerators, and (ii) into the denominators, 

o 1 2 3 4a 56 «^ 3a' 6a 46 26* 

. a" 4(j« 2Jc 1 ab 2^6" 3 6e 



3yc» a»6 a 3aAc' 2\^c ^Vo* 4Va^ av^y* 
Express, with the sign o/EvoluHonf 

6. a« + 2a' + 3a* + 4i^ + a*; — + + + — + — . 

h* 2c* 36* 4ai 5ai 

Express, wiih patitioe indices, and with the sign of Evolution, 
6. a'he + <a'*e + a-'i'V* + a'^i'V; a"* + a**" * + a'h^ + 6"^. 

a-*6-" 2a 36-*c-' 1 a"* 6"* 6"? a"* 

c* 6 *c * a' a *6 'c^ ..i .a .i o* 

6 I a * a » 

107. It follows^ then, that, tohatever be the indices, 

o* 1 

a" a" 

so that (i) to multiply any powers of the same quantity, 
we must <idd the indices, (ii) to dimde any one power 
of a quantity by another, we must subtract the index of 
the divisor from that of the dividend, and (iii) to obtain 
any power of a power of a quantity, we must multiply 
together the two indices. 

Thus o^xa-'^o^^^a, «^-fa"i = a'** = ai, a~*-ra"iBa'i*^=aA, 

(«•)-• = a^, (a-) -i = ^, {(a-i^}-" = a\ 

{/iW5}*={«i6-.ai6ir = (aU-Jy=a»6->. 
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Ex. 1. Mult^sHeation^ 

a4+ (1^1^ + ah^-^ ah +aU' + ft^ 





t^ + aU* 


+ a«6J 


f a*6-f 


ab^ + 


M 






-aM 


-a«6* 


-a*6- 


-0^ - 


. aij* - y 






<^ ♦ 


• 


• 


• 


♦ -y 




Ex, 2. 


Division^ 












a.*. 


W + 2a*)«*- 


ai«»- 


4aaf^4 


6a* a? • 


-2a*«iG- 


a««* 




;^ 


— 


4aa^-j 


2a*a; 








,» 


a*«» 


+ 


4o*«- 


-20^ 






^ 


a*«» 


•f 


• 4a*a; - 


.2a««* 





It is well to obsenre that no algebraic operation with homogene- 
ous quantities can destroy the homogeneity (59), which will be 
found existing throughout in all the products, remainders, quo- 
tients, &c. Moreover, in all such products and quotients, the Law 
of Dimensions will be observed, as indicated by the formulae, 
a* X rf* = a"**^", a^-fiTsa*'": thus, in Ex. 2, the quotient is 
of f- f - 1 dimension, and all the products of f + 1 =1- dimensions. 
This observation will often help us to detect errors in Mulf^, Div", 
&c., especially in dealing with fractional indices. 

Ex. 49. 

1. Simplify {(fl-»60V*. ?^?V«^S ^-*V?V«^, {f^hViW'f. 

2. Simplify {ar-ty . (a3r')-*.(a?'V )"^', V{a;*y'^ V (ar V ^y^Jf. 

3. Shnplify^^^fayVayjj^V^yV^)", 7a*-«6*-->c^x7a*ft-'c-%'. 

4. Multiply a? + 2y* + 38* by ar - 2y* + 3«i 
6. Multiply i^-\^4i^}h + a*5 + 5* by a^ - hK 

6. Multiply a*-2a*6i + 4tfi6i-8aft + 16aM-326*bya* + 2^. 

7. Multiply «*-al + a"*-a"* by <^ -^^ ^ - a^ - a'K 

8. Multiply a;t +'«*y"i + a^y'^ + x^y'^ •»- »^y"i + y'^ 

by ^^-ar^y't + a^y'-y"". 
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9. Divide Iftc-y* by 2x^-y\ and x'^-y'^ by x'^-y'K 

10. Divide a-»- 646" by a"* + 25*, an(d«-2a:i + l by ar* - 2a;i + 1. 

11. Divide 8a* + ft-* - c + 6a*6"ici by 2cS + 6"* - A 

12. Find the cubes of aU"* + a'H and far^y"* - ix'^y^. 

13. Find the cube of a* - 2a*ft4 + 36*. 

14. Write down the square of a* - 2a5 + 3 - 2a'* + a'*. 

16. Find the fourth and fifth powers of a;* - y*, and a^6"« - a"i6«. 

16. Find the square root of a'6"« + 2a6"* + 3 + 2a"*6 + a'*l^, 

17. Find the square root of 

a* - 3a + ^ - 21a* + 46 - 63a"* + 90a"* - lOSa"* + 81a"^. 

18. Find the cube root of 

a"M - 3a-*a; + 6a"ia;* - 7 + 6aia:"* - 3aar* + a*«"*. 

19. Find the fourth root of a;V"*-4a;*y"* + 6a!y*-4a;"*y* + a:""yi 

20. Find the fourth root of 16«»- 96a^* + 216ic*y* - 216a?V* + Sly*. 

108. Since every fractional index indicates by its 
denominator a root to be extracted^ all quantities having 
such indices are expressed as surds. 

When a negative quantity has the denominator of 
its index (reduced to its lowest terms) even (46), the 
expression will be imaginary. 

Thus V-3 or (-3)*, V-9 or (-9)*, are imaginary quantities; 

but (-4^ is not so, since it is the same as (-4)^, where the root to 
be taken is odd, 

109. In the case of a numerical surd, expressed with 
a fractional index, should the numerator be any other 
than unity y we may take at once the required power, 
and so have xmity only for the numerator, and a simple 
root to be extracted. 

Thus a* = (2«)* = 4* or \^4, 3"» = (3-«)* = (A)* or v'aS. 
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110. Quantities are often expressed in the /orm of 
surds^ which are not really so, i.e. when we can, if we 
please, extract the roots indicated. 

Thus V«> V7, (a*-\-ab-\- 6*)* are actuaUy surds, whose roots we 
cannot obtain; but V«", "/ST, (4a" + 4a6 + 6')* are only apparently 
so, and are respectively equivalent to a, 3, 2a + &. 

Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power in- 
dicated by the denominator of the surd-index. 

Thu8 2 = 4*=V8 = &c., a^Va\ fc=(f<^)*, a + a; = (a*+2aa? + a:")* 

111. In like manner a mixed surd, i.e. a product 
partly rational and partiy surd, may be expressed as an 
entire surd, by raising the rational factor to the power 
indicated by the denominator of the surd-index, and 
placing beneath the sign of Evolution the product of 
this power and the surd-factor. 

Thus 2V3 = V4 X V3 = V12, 3.2* = 3v^4 = \^27 x v^4 = Vl08, 

Conversely, a surd may often be reduced to a mixed 
form, by separating the quantity beneath the sign of 
Evolution into factors, of one of which the root required 
may be obtained, and set outside the sign. 

Thus V20 = V475 = 2 V5, ^24 = v'sTs = 2 V3, 
viKi = ^aV3a^, VffoW = |a6 VW. 

112. A surd is reduced to its simplest form, when 
the quantity beneath the root, or surd-factor, is made 
as small as possible, but so as still to remain integral. 

Hence, if the surd-factor be ^fraction, its num' and 
den' should both be multiplied by such a number, ais 
will allow us to take the latter from under the root. 

_. /2 /2.3 1 ,. 5 3/24 ^3/3 _ 3/3.6" 3.^. 
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These latter formB allow of our cabulating more easily the 
numerical values of the surd quantities. Thus to find that of Vf > 
we should have had to extract both ^2 and V3» and then to divide 
the one by the other, a tedious process, since each would be 
expressed by decimals that do not terminate ; whereas in ^ V^, we 
have only to find V6> and divide this by the integer, 3. 

Similar surds are those which have, or may be made 
to have, the same surd-factors. 

Thus, 3 -Ja and ^Ja, 2a Vc and 35 Vc, are pairs of similar surds ; 
and V^» V^^> VI ^ ^6 also similar, because they may be written 
2V2, 6V2, 3V2. 

Ex. 50. 

1. Express 4*, 9^, 3"*, 2"^, (f)"i, (i)"* with indices, whose 
numerator is unity. 

2. Express 5, 2|, fa, |a', \{a-\-h), as surds, with indices ^ and ^. 

3. Express 3"', (3 J)"*, a'", oJ'V*, with indices J and -J. 
Reduce to entire surds 

4. 6V5, 2Vf, iA f VU, Hiy\ 25(li)-l 

5. 3^2, 8.2-i^4.2S 3.3"*, id)"*, i(f)*. 

6. 2Va, ^flVar, a (oft)-', (a + 6)(a»-yr*, (a - 6) (a» - y)-». 

Reduce to their simplest form 

8. V46, V125, 3V432, Vl35, 3^432, Vf, 2Vf, sVf, 4V3f. 

9. as 32* 72^, (\\yK (20i)-*, (3(>t)-*,fV¥,6V4iS,fV9f. 

10. Shew that V12, 3V75, tV147, *V^«» VA, and (144)"* are 
similar surds. 



113. To compare surds with one another in mag- 
nitude, express them as entire surds, and then reduce 
their indices, if necessary, to a common denominator^ 
simplifying as in (109): their relative values will be 
now apparent. 
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ThuB 3 V2 and 2 V3» expressed as entire surds, are '\/lS and Vl% 
and it is at once plain which is greatest: but 8V2 and 2 V3, or 
their equivalents V^^ c^<^ V^24, in which different roots are to be 
taken, cannot be at once compared ; here then 18* » 18^ = V5832, 
and 24^ = 24^ = V^76, and now their comparative values are evident 

114. To add or subtract surds^ reduce them^ when 
similar^ to the same surd-factoi, and add or subtract 
their rational factors. 

Thus ^/S ■\- V50 - V18 « 2^2 + 6 V2 - 3 V2 = 4^2, 
4o V^HftVSo^- VT26a»6* = 4a*6 V*+ 2fl«ft V&- ««•* Vi-a** 'A 

Dissimilar surds can only be connected by their signs. 

115. To multiply surds, reduce them (113) to the 
same surd-index^ and multiply separately the rational 
and surd j&ctors, retaining the same surd-index for the 
product of the latter. 

Thus V8x3V2 = 3V16 = 12, 2V3x3 V10x4V6 = 24V180 = 144V6> 

2 V3x3V2 = 2^27x3^4 = 6^108. 

Compound surd quantities are multiplied according 
to the method of rational quantities. 

Ex. 1. (2 ± V3)' = 4 ± 4 V3 + 3 = 7 ± 4 V3. 

Ex. 2. (2 + V3) (2 - V3) = 4 - 3 = 1. 

Ex. 3. (2 + V3) (3 - V2) = 6 + 3 V3 - 2 V2 - V^. 

Ex. 4. (1 + V2)* = 1 + 4 V2 + 12 + 8 V2 + 4 = 17 + 12^2. 

116. Division of surds is performed^ when the diyisor 
is a simple quantity^ by a process similar to that for 
multiplication. 

Thus (8V2-12V3 + 3V6-4)f2V« = 4Vf-6Vf + f- ^ 

=iV3-3V2+f-iV6. 

(2V3-eV2)fV'6 = 2VI-«VTfc=V2-V864. 
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117. But, if the divisor be compound^ the division is 
not so easily performed. The form, however, in which 
compound surds usually occiur, is that oi 2ihinomial quad^ 
ratio BUT Ay i.e. a binomial, one or both of whose terms 
are surds, in which the square root is to be taken, such 
as 3 + 2 V5, 2 V3 - 3 V6, or, generally, Va ± VJ, where 
one or both terms may be irrational; and it will be easy, 
in such a case, to convert the operation of division into 
one of multiplication, by putting the dividend and divisor 
in the form of a fraction, and multiplying both num' and 
den' by that quantity, which is obtained by changing the 
sign between the two terms of the den'. By this means 
the den' will be made rational: thus, if it be originally 
of the form Va ± Vi, it will become a rational quantity, 
o - J, when both num' and den' are midtiplied by Va T VA. 

Ex.1 ^ + V3 ^(2 4-V3)(3>-V3) 6 + 3V3-2V3-3 _ 3 + V3 
• 3 + V3""(3 + V3)(3-V3)~ 9-3 ^ 6 * 

1 2V2 + V3 2V2 + V3 

^'^ 272^=73'" 8-3 ' 5 

Fractions thus modified are considered to be reduced 
to their simplest form, for the reason mentioned in (1 12). 

Ex. 51. 

1. Compare 6V3 and 4V7; 3V3 and 2V1O; 2^15, 4^2, 
and 3 V5; ^/5 and Vn ; i V2 and it/21; V6, 2 Vf, and 3(4J)'i. 

2. Simplify V128 - 2 V^O + ^12 - V18, V40 - i V320 + ^135. 

3. Simplify 8Vi-iV12 + 4V27-2VA, V72-3Vi + 6V21J. 

4. Multiply 3 V8 by 2V6, 3 V15 by 4V20, and 2^4 by 3^/64. 

5. Find the continued product of 3^8, 2V6, and 3V^; and 
of 2V24, 3VI8, and 4^24. 

6. Multiply 3 V3 + 2 V2 by V3 -V2, and 2 Vl^ - ^/Q by ^/6 + 2^2. 

7. Find the continued product of 4 + 2 V2, 1 - V3> 4-2 V2, 
V2 + V3, 1+V3, and V2-V3. 

8. Div. 2V3+3V2+V30 by 3^6, and 2V3+3V2+V30 by 3V2. 
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9. RationaluEe the denominators of 

14 3 8-6V2 3 + V5 4V7 + 3V2 
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2V2-V3' V5-1' V5 + V2' 3-2^2' 3~V5' 5V2 + 2V7 

10. Divide 2 + 4V7 by 2V7-1, 3 + 2V6 by 2V6-1, and 
6-2V6 by 6-2V6. 
Simplify 

' Ja^-x^-'Ja^ 1 1 a;+Va;*-l g-Va:'-! 

VaTa;-Va-a;' a-^a*-a^ a + Va*-*'* x-^a^-1 « + Vi*-l 

,„ V;?+l+V?^ V?+i-V;?^ ,1 1.1 

12. . — ; + -7== — - , and 



11. 



V:^^-V?ri V^7l+V?=l 4(1+Va:) 4(1-V«) 2(l+a:) 



118. The following facts should be noticed^ 
(i) 2%c product of two dissimilar surds cannot be 
rational. 

Let Va; X Vy = w, a rational quantity ; /. xy = m^; 

hence y = — = -r ^p^ and vy = — va?, 

X 2r X 

or Vy may be made to have the same surd-factor as Va? ; 
that is, Va; and Vy must be similar surds (112). 

(ii) ^ ^rcf cannot eqtml the sum or difference of a 
rational quantity and a surd, or of two dissimilar surds. 
For let Va = a; ± Vy, :,a = a? t^x^^y + y; 

whence ± 2a: Vy = a - a;* - y, and ± Vy = r , 

^a: 

or a surd = a rational quantity, which is absurd. 
Again, let ^a = y/x± Vy, .*. a = a; ± 2 '^xy 4 y, 
whence ± 2 ^^ary = a - a; - y, and ± ^xy = g (a - a: - y), 
or the product of two dissimilar surds » a rational 
quantity, which is impossible. 

(iii) i/* a + Vb s= X + Vy, then a *« x, and Vb = Vy. 
For since a + y/b'^x + '^y, we have V4 = (a;-a)+ Vy; 
so that, if X be not equal to a, we shall have V& = sum 
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of a rational quantity and a surd^ which is impossible ; 
hence a; « a, and /. *Jb » Vy. 

Hence also, if a + V4 « a: + Vy, then a^^h^z-^^yi 
and, if a + Vi » 0, we most have separately a = 0, and 
i = ; otherwise we should have ^h^ ~a, or a surd 
- a rational quantity. 

(iv) If VaTTb = X + Vy, ihm A - Vb = x - Vy. 

For since '^a-^^h^z-^ Vy, we have, squaring, 

a + VJ = a:' + 2a;Vy + y; :.a^3?-\-y, and VJ'=2a:Vy; 

whence a- VJss^*- 2a:Vy + y, zxiA. ^Ja-'^b^x-^Jy. 

So also, if "v^a + V4 = Va: + Vy, then ^^a- VJ = *Jx- Vy. 

119. To extract the sqtmre root of a binomial surd, 
one of whose terms is rational ^ the other a quadratic surd* 
Let a-hVb represent the given surd ; 

assume ^a + VJ = Va: + Vy, .". '^a - VJ = Va; - Vy ; 

hence, multiplying these equations, Va^ - J » a? - y ; 

but, since a + Vi = a: + y + 2^5^,.-. also (118, iii) a^x-^yi 

/., adding and subtracting, a+'^a'-4=2a?, a-v'a'-4=2y ; 

andVa±Vi=:Va:±Vy=V{K« + ^«^)}±V{K«-^«^)}- 

Ex. Find the square root of 7 ± 2 VIO. 

Let V7 + 2Vio=v«+Vy» /. V7-2Vio=V«-Vy; 

and V49-40 = a:-y, whence 3 = a?-y; 

butjsince 7 + 2V10 = a? + y + 2Vajy, /. also 7 = a: + y5 
.-. 10 = 2«, 4 = 2y, or a? = 6, yc=2j and V7±27lO = V^ ± V2. 

Ex. 52. 

Find the square roots of 
1. 4 + 2V3. 2. 11 + 6V2. 3. 8-2V16. 4. 38-12V10. 

5. 41-24^2. 6. 2i-V5- -^^ H-fVS. 8. Hi-iV2. 

Find the fourth roots of 
9. 17+12V2. 10. 66-24V* H- iV^-H* 12. 48A+Vyi6. 
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CHAPTER IX. 



QUADRATIC EQUATIONS. 

120. Some equations involving surds are reducible 
to simple equations, as in the following examples. 

Ex. 1. VuTx = 2 + V«. 
Squaring, we haye 12+a?«=4+4V«+ar; .'. 4 V«=8, and ^/x=2, or a;=4. 

Ex.2. 3 + a:-V?+~9=t2. 

Here V«*+9=l+a?: [observe in other similar cases to take this 
step, when possible, by which we get the siurd by itself on one side, 
and so it will disappear upon squaring :] 

hence «* + 9 = l-H2a? + a:*, anda; = 4. 

Ex. 53. 

1. V5(« + 2) = y6i + 2. • 2. V«-V'a+i = -c/-. 

3. Va6 + Vj(a -«) = «. 4. Via; + «■ = 1 + a?. 

6. iVl7a?-26 + | = l.\. 6. a + ar-V'?+V = 6. 

7. 'Jx-a-'^z-v'Jb-vx. 8. '^x\'^a-'^ax\Q^-^a. 
9. a + a;-V2a«T?=6. 10. a + « + Va* + to + «* = 6. 

121. Qt^ra^io Equations are those in which the 
square of the unknown quantity is found. Of these 
there are two species: 

(i) Pure QuadraticSji in which the square only is 
found, without the first power, as «* - 9 « 0, &c.; 

(ii) ^^ec^{^ Quadratics, where the first power enters 
as well as the square, as a:* - 3:r + 2 » 0, &c. 

122. Pure Quadratics are solved, as in simple equa- 
tions, by collecting the unknown quantities on one side, 
and the known quantities on the other. We shall thus 
find the value of ^y and thence the value of x^ to if hich 

we must prefix the double sign (±). 

f2 



> J 
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Such equations therefore will have two equal roots, 
with contrary signs. 

Ex. 1. iT* - 9 = 0. Here «• = 9, and « = ± 3. 

If we had put ± a; = ± 3, we should still haye had only these ttth 
different values of x, viz. a: = + 3, a? = -3j since - a? = + 3 gives 
a; = - 3, and - a? = - 3 gives a? = + 3. 

Ex.2. J(3«» + 6)-i(«« + 21) = 39"6«». 

Reducing, 121«" = 1089; /. a* = 9, and a; = ± a 

Ex. 3. — = -. Here (86. vi) = t ; 

. ?^±^_(^Y and^-(*^ orT-±^(^-"> 

The above method of reduction from (85. vi) may always be applied 
with advantage to an equation of the above form, when the 
unknown quantity does not enter in both sides of it. 

Ex. 54. 

1. Ja;"=14-3a». 2. «* + 5 = Ya^-16. 3. (a;+2)«=4«+6. 

^•rTJ^r^=^- ^•4?-6?=3- 6-8^+i=— • 

4 o 5 lo 25 

3^-27 90 + 4«« 4g» + 5 2^-5 7^-26 

^- ""^TS" "^^ "F+"9~ " ^' ^"- "10 15 20~* 

10a:«4l7 12a;«+2 _ 5a:*-4 14g»-Hl6 2a:»+8 2^ 

18 lla;"-8" 9 ' ^' 21 "8«»-ll° 3 * 

iQ 2 2 1 1 g 

,^ Vrt* - a:* - Vft" + ;b" c ,_ ^/-= — -r no* 

12S. An udfected quadratic may always be reduced 
to the form, a:' +/>«? + 5' = 0, where the coeff. of a:* is + 1, 
and p, q, represent numbers or known quantities. 

Now, in this equation, we have a? +px = - y, and, 
,^tii44injg (IpJ to each side- we get a^^-^px + Jjp* « {p* - g : 
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by this stepi the first side becomes a complete square ; 
and taking the square root of each side, prefixing, as 
before, the double sign to that of the latter, we have 

a? + 2i» = ± '^iP^ - ?, and ar^-^t^i^-yj 
which expression gives us, according as we take the 
upper or lower sign, two roots of the quadratic. 

124. From the preceding we derive the following 
Kule for the solution of an adfected quadratic : 

Eeduce it to its simplest form; set the terms involving 
^ and:r on one side, (the coeff. of a? being + 1,) arid the 
known quantity on the other; then, if we add the sqtuire 
of half (he coeff. ofnto each side, the first will become 
a complete square ; and taking the square root of each, 
prefixing the double sign to the secorid, we shall obtain, 
as above, the two roots of the equation. 

Ex. 1. «• - 6a; = 7. Here a:*-6x + 9 = 7 + 9=16; 
whence a? - 3 = ± 4, and « = 3 + 4 = 7, or« = 3-4 = -l; 
80 that 7 and - 1 are the two roots of the equation. 

Ex. 2. «• + 14a; = 96. Here «"> 14ar + 49 = 96 + 49 = 144; 
whence a; + 7 = ± 12, and a;= - 7 + 12 = 6, or a; = - 7 - 12 = - 19. 

Ex. 53, 

1. a:» - 2a; = 8. 2. a;» + 10a; = - 9. 3. a;» - 14;r = 120. 

4. a:* - 12ar = - 36. 6. a;" + 32x = 320. 6. a;* + 100a; = 1100. 



125. If the coefficient of z be odd, its half will be 
a fraction. In adding its square to the ^rst side, we 
may express the squaring, without efiecting it, by means 
of a bracket. 

Ex. 1. a;»-5a;=-6. Here a;*-6ar + (f)"=-6fV=i(-24+25)=--i; 
whence a?-| = ±J, and a? = f + J = f = 3, or a; = f-} = J = 2. 

Ex. 2. a;* - a; = f. Here a;*-a; + (J)* = } + J«l; 
whence a; - } = ± 1 and a; = } + 1 = 1 J, or a; = J - 1 = - J. 
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Ex. 5«. 

1. a» + 7««8. 2. «»-13««68. 3. d^ + 2te « - 100. 

4. d^+iaee-12. 6. a:* + 19j; = 20. 6. d^ + lllx = 3400. 



126. If the coefficient of ^ be a fraction^ its half will^ 
of course, be found by halving the numerator, if pos- 
sible — if not, by doubling the denominator. 
; Ex. 1. «» + V«=19- Here a:« + ¥aJ + (f)P=19 + V = A4A. 
j whence « + f « ± V> a°d a? » - f + ^ - 3, or «= - f- ^^ = - 6J. 

Ex.2. a:« + iJ^r = 74. Here «» + V« + (i*y=74 + ifJ«i^; 
whence a?+i* = ±iii wid«=-iA + fJ = 7f, or « = -H-fi=-10. 

Ex. 57. 

1. a* - Ja; = 34. 2. «» - fa: = 27. 3. «" + |a; = 86. 

4. «» - V^« = 144. 6. «» + Aa? = 145. 6. «• - a|« = 147. 



127. In the following Examples the equations will 
first require reduction ; and since the Rule requires that 
the coeff. of ol^ shall be + 1, if it have any other coeff., 
we must first divide each term of the equation by it. 

Ex. 3«»-20a: = 5. Here «»-V« = f. and ««-^ + J^= Aft; 
whence x=^\ (10 ± ^JWS)^ the roots being here wrd quantities. 

Ex. 58. 

1. « = f + A«». 2. 2a?«4 + -. 3. A«»-fa;=3J^(lla?+18). 

X 

4. ll«"-9a?=:ll}. 5. f (a:*-3)=i(«-3). 6. 2a:»+l=ll(a?+2). 

^« * - 3 — -k = 2. 8. 5 + + - — ^ =0. 

a^ + 6 3 3 + a? 3 + 2a: 

a; + 22 .4_9a:-6 ar + 2 4-a: „^ 

oa?2 a?-12a? 

X^.^,A.^^ 12. * +^ = ?. 

5-a:4-afa? + 2 a?+l x 6 



128. An equation of the form oa:" + (a? + c = 0, or aa^-'thx^-c^ 
(where a, 6, c, are any quantities whatever) may, howeyer, be 
solved as follows, without dividing by the coefficient of a:*. 
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Multiply every term by 4a, and add V to each side ; 

then 4a"«* + 4aft« + 6^ = y-4(ic, whence « = s • 

Za 

Ex. L 2«*-7a: + 3eO, orar*-7a;=-3. Here, mult by 4x2=8, 
and add7'=49 to each side; then lea:* - 660; + 49 « 49 - 24 = 25 ; 
.-. 4a?-7 = ±6, and « = i(7±6) = 3 or J. 

The advanced student will find it well to accustom himself to 
apply at once (by memory) the formula above obtained for x, 

Ex. 2. (3a? - 2) (1 - a?) = 4, or 3aj« - 6a; + 6 = 0. 

Here a? = J (5 ± V25 - 72) = i {5 + V- 47}, the roots being impossible, 

Ex. 59. 

1 Jl. J_ = i 2 JL-J?^-6 

ar-l"a: + 3 35* •ar + 3"a: + 10'' 

^a: + 4 7-ar 4a? 4-7 - .3a;-7^4ar-10 

o. — = — 1» 4. + — = oi. 

3 a;~3 9 x x + 6 

^ 2a? . 2ar-6 ^i tf2a? + 9 4af-3 ^ 3ar- 16 

^'^rr^^-jzs-^^' ^-9--'4?Tl'^+"l8— 

«7 ^^ 3a?- 2 2 ft If "tl 5-a: ix 
xVi''2x^^ ""19'^^3+a?* 9 ' 

129. The roots of «'+/?a:+2«0 are(123) -J/>±Vj/-y: 
hence, (i) if J/?* > y, we shall have }/>' - y positive, and .*. 

*^\p^ -q 2l possible quantity: and since, in one root, it 
is taken with -f^ and in the other with -, the two roots 
will be real and different in value ; 

(ii) if \p^ = qy we shall have Ip^-q^ 0, and, there- 
fore, the two roots will be real and equal in value ; 

(iii) if ip' < y, we shall have {p^-q negative, and 
Vj^'- q impossible, and so the two roots will be impossible. 

Hence, if apy equation be expressed in the form 
a:* + jt)a: + y = 0, its roots will be real and different, real 
and equal, or impossible, according as p* >, «=, or < 4y. 

So also in the more general equation, 0:1^+ £2? + c » 0, 
the roots will be real and different, real and equal, or 
impossible, according as V >, =, or < 4ac. 
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180. If a> j3 represent the two roots otsf-vpx-^-q^O, 
then -jp«a + /3, and q^afi. 

For a^-\p-^yl\^q, fi ^ - If - Ap" - q ; 

.-. a + /3 » -jp, and aj3 = \p^ - (Jjo* -?)«?. 

Hence^ when any quadratic is reduced to the form 

coeff. of 2°* term, with sign changed, = sum of roots^ 

and 3'^term=/?rodiMC^of roots. 

Thus, in (124), the equation, when expressed in this fonn, is 
«• - 6fl? - 7 = 0, and the roots are there found, 7 and - 1 ; and here 
+ 6 = 7+ (-1) = sum of roots, and - 7 = 7 x (- 1) ^product of roots. 

So also ax*+bz+e^Of expressed in this form, becomea 

«* + -«+ -«0; /. =««m of roots, -=^prodtict. 

a a a a 

181. If a^^ he tJie roots of a? +/>ar + y = 0, then 

a?-^px + q = (x- a)(x- fi). 

For, (129) a:*+ jpa: + y = «* - (a + j3) a: + a/3 

So also if a, /3 be the roots of akt* + Aa; + c »= 0, we have 

oa^ + Ja: + c = a(a?+-ar + -]=oC^-ci)(a?-j3). 

\ a aj 

182. Hence we may form an equation with any 

given roots. 

Thus, with roots 2 and 8, we have (ar-2) (a:-3)=iB*-5x+6 = 0; 
with roots - 2 and i, we have (x + 2) (ar - i) = «* + Ja; - i = 0, 
or, clearing it of fractions, 4a:* + 7a: - 2 = 0. 

This law is not confined to quadratics, but may be 
shewn to be true for equations of all dimensions. 
Thus the biquadratic whose roots are - 1, 2, -2, 3, is 
(a: + 1) (a:- 2) (a: + 2) (a: -3) = a:*- 2a:"- 7a:* + 8a: + 12 = a 
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133. If one of the roots be 0^ the corresponding 
factor wiUbe x-0 or x. 

Thus, with roots 0, 1, 3, we have x{x-l) (a:-3)=«"-4jf»+3a;=0. 

In such a case then z will occur in every term of the 

equation^ and may therefore be struck out of each ; but 

let it be noticed that^ whenever we thus strike an x out 

of every term of an equation^ it must not be neglected^ 

since such an equation^ as it originally stood, would 

be satisfied by x^Oy which is therefore one of its roots. 

Thus, in the above equation, we may strike an x out of every 
term, and thus reduce it to a^-4x + 3 = 0, which gives us the two 
roots, 1 and 3 ; but, besides these, we have the root :r = 0. 

Ex. 60. 

Form the equation with roots 
1. 7and-3. 2. fand-f. 3. 3, -3, }, -f. 

4. 0, 1, 2, 3. 5. 0, -i, li, -1. 6. 0, -1, 2, -2, i. 



We shall now give a few examples of quadratic 
equations of ttoo unknowns. The solution of these is 
generally more difficult: but there are three cases of 
frequent occurrence, for which the following observa- 
tiQns will be useful. 

134. (i) Express, when possible, by means of one of 
the equations, either of the unknowns in terms of the 
other, and put this value for it in the other equation. 

Ex.1. »+r^) (0 

From (i) we get y = d; + 1 ; and» patting this value for y in (ii), w& 
have = — 5 — , whence x^ 2 or -f, and /. y = «+ 1 = 3 or f^ 

X Si 

The given equations have, therefore, two pairs of roots^ 
« = 2 and y = 3, or « = - i and y = J. 

f5 
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185. (ii) When either of the two equations is homo* 

geneoua with respect to z and y, in all those terms of it 

which involve z and y, put y « tw?, by which means we 

may generally without difficulty obtain an equation 

involving v only, which being determined, z and y 

may. then be found. 

Ex.2. a:« + ay + y = 7l (i) 

2« + 3y = 8/ (ii) 
Here putting vx for y, a* (1 + 1? + ©*) = 7, (o) 

«(2 + 3t?) = 8; (/3) 
.". dividing (a) by the square of (/S), the a? disappears, aid we have 

—- — —-y = -- , whence t? = 2 or 18; 
(2 + 3o)* 64' 

and from (/S), a;(2 + 6) = 8, ora? = l, and y = ra; = 2, 

or ar(2 + 64) = 8, or aj = ^, and y = «r = 2^. 

(iii) When each of the two equations is symmetrical 
with respect to z and y, put w + 1? for a: and w - 1? for y. 

i>^. An expression is said to be symmetrical with respect to x 
and y, when these quantities are similarly involved in it : thus 

a? + a:*y* + y*, 4a:y + 5a; + 6y - 1, 2a;* - 3a:*y - ^xj^ + 2y*, 
are symmetrical with respect to x and y. 

Ex.3. a;* + y* = 18ay"1 (i) 

a; + y = 12 J (ii) 
Put t* + tJ for a?, and « - 1? for y ; 
then (i) becomes (t* + 1?)' + (m - ©)' = 18(m + v)iu - v\ 

or w' + 3M«;* = 9(t**-t?*); (a) 
and (ii) becomes (t* + 1?) + (w - t?) = 12, whence m » 6; 
putting this for u in (a), 216 + 18t?» = 9 (36 - 1;"), whence t> = ± 2 ; 
/. a; = « + t? = 6±2 = 8 or 4, and y = t*-t? = 6 + 2 = 4 or 8. 

136. The preceding are general methods for the solution of 
equations of the kinds here referred to, and will sometimes succeed 
also in other equations ; yet in many of these cases a little ingenuity 
will often suggest some step or artifice, by which the roots may be 
found more simply, but for which no rules can be given. 

The methods pursued in the two following examples are worthy 
of notice in this respect. 



OTTABRATIO EQtTATlOKS. 107 

Ex.4. 3«»-2ay = 151 (i) 

ar + 3y = 12/ (ii) 
Mult (i) by 3, 9a:« - 6ay = 46, 

....(ii)by2ar, 4g«+ 6ay = 24a? ; 

.*. adding, 13«*=46 + 24ir, or 13«*- 24a: =46, whence «=3 or -li^, 
and from (ii) y = i(l2 - 2a;) = 2 or 41f. 

Ex.6. a» + y« = 251 (i) 

2ajy = 24J (ii) 

Here adding, «• + 2xy + y* = 49, whence a? + y = ± 7 ; 

subtracting, a^ - 2ay + y* = 1, whence a: - y = ± 1 : 

ifa? + y = + 7l a; + y = +7l 

and a;-y = + I J a;~y = ~ IJ 

.*. 2a; = 8, and a; = 4, 2a; = 6, and a; = 3, 

2y = 6, and y = 3 ; 2y = 8, and y = 4 : 

similarly, by combining the equation a; + y = - 7 with each of the 
two a; - y = ± 1, we should get the other two pairs of roots 
a; = - 4, y = - 3, and a; = - 3, y = - 4. 

Ex« 61. 

1. A(3«+5y)+i(4a:-3y)=6f*\ 2. a:»+y*=251 3. ««+y*=25l 

= IJ 4y+3a;=:24/ 



3«»+2j/'=179J x^y^ IJ 4y+3a; 

6. a:* + a:y = 66l 6. a;-y = 
'xy = 20i ««-y»=llJ 16(a:»-y«)=:16ay/ 

««_86 4^^ 8. icy = (a;-f)(y + |)\ 9. a:+y = 6 

x-y = 2 
-2x-\- 

3a; = 2y / «»-y»=19/ «V + ^=18o/ 

ft A « 

13. a; + y = a1 14. ay=a^ 16. va;+vy=3l 16. a;*+ary=a*^ 

«*+y»=y/ a;-y=6j a;+y=9j y*+«y=6^J 



4. 2(a;-y)=111 6. a:* + a:y = 66l 6. a;-y = 2 T 

ajy = 20J ««-y»=llJ 16(a:»-y«)=:16ay; 

^=?:?-lfl 8. icy = (a;-f)(y + |)1 9. a:+y = 6l 

y" 9 yl a:»y* = (a;' + 3)(y«-4)/ «».+ y« = 72/ 

x-y=2 J 

10. 3ay + 2a: + y = 486l 11. « - y = 11 12. a:* + y« = 189\ 

/ «»-y»=19/ 



137. In the solution of Problems, depending on quadratic and 
higher equations, there may be two or more values of the root, and 
these may be real quantities, or impossible. In the former case, 
we must consider if any of the roots are excluded by the ^ture of 
the question, which may altogether reject ^ac^fono^ or negative^ 
or surd answers : in the latter case, we conclude that the solution 
of the proposed question is arithmetically impossible. 
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Ex. 1. What number, token added to 30, wiU he lees than tSCt 
square (y 12? 

Let X be the number; then 30 + a; = ^-12, whence « = 7r 
or - 6 : and here the latter root would be excluded, if we require 
only positive numbers. 

Ex. 2. A person bought a number of oxen for £120 ; if he had 
bought 3 more for the same money, he wotdd have paid £2 lese 
for each. How many did he buyf 

Let X be the number he bought : then the price actually given 

V 120 , 120 120 „ , io IK 

for each was — , and .*. ; = — . — 2, whence xr:i2, or - lo,. 

X X + 3 X 

which latter root is rejected by the nature of the Problem. 

Ex. 3. The sum of the squares of the digits of a number of two 
places is 25, and the product of the digits is 12. Find the number. 

Let X, y be the digits, so that tne number will helOx^-y, then* 
«* + y* = 25, and xy = 12, from which equations we get « = 3, y = 4, 
or a; = 4, y-Z, and the number will be 34 or 43. In this case 
both the roots giye solutions. 

Ex. 4. Find two numbers such, that their sum, product, and 
difference of their squares may be aU equoL 

Here assume x-\-y and x-yfor the two numbers : [this step 
should be noticed, as it simplifies much the solution of problems of 
this kind :] then their sum = 2x, their product = «" - y*, and the 
difference of their squares = ^xy ; .*. (i) 2x = ^xy, (ii) 2a; = «* - y* ; 
from (i) y = J, from (ii) 2a: = ar* - J, whence x = H2± ^/5) ; and 
/. a? + y = f (3 + ^^5), x-y = i{l±^/5), the numbers required. 

Ex. 5. Find two numbers whose difference is 10, and product 
one-t?iird of the square of their sum. 

Let X = the least, and a; + 10 = the greater; then x{x -{^ 10) 
= J (2jj + 10)", whence a? = - 5 + 5 V- 3, which are impossible. The 
question in fact amounts to asking for two numbers x and y, such 
that xy = i{x-^yy, or 3ary = «• + 2a!y + y", or xy-Qf\%^, which 
may be easily shewn to be impossible : for (a? - yf, or «• - 2«y + y", 
is necessarily positive (being a square quantity) whatever x and y 
may be, and /. «• +y* must be greater tiian 2iry. 
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Ex. 69. 

1. There are two numbers, one of which is f of the other, and 
the difference of their squares is 81 : find them. 

2. The difference of two numbers is f of the greater, and the 
sum of* their squares is 356: find them. 

3. There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128 : find them. 

4. In a certain court there are two square grass-plots, a side oi 
one of which is 10 yards longer than a side of the other, and the 
area of the latter is ^^ of that of the former. What are the 
lengths of the sides ? . 

5. What two numbers make up 14, so that the quotient of the 
less divided by the greater is ^^ of the quotient of the greater 
divided by the less? 

6. A draper bought a piece of silk for £16 45, and the number 
of shillings which he paid per yard was f the number of yards. 
How much did he buy? 

7. A detachment from an army was marching in regular column, 
with 5 men more in depth than in front; but on the enemy coming 
in sight, the front was increased by 845 men, and the whole was 
thus drawn up in 5 lines : find the number of men. 

8. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part? 

9. There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is less by 1 than the 
square of its double : find it. 

10. There is a rectangular field, whose length exceeds its breadth 
by 16 yards, and it contains 960 square yards : find its dimensions. 

11. The difference between the bypothenuse and two sides of 
a right-angled triangle is 3. and 6 respectively : find the sides. 

12. What two numbers are those whose difference is 5, and 
their sum multiplied by the greater 228? 

13. A labourer dug two trenches, one 6 yards longer than the 
other, for £17 16«, and the digging of each cost as many shillings 
per yard, as there were yards in its length : find the length of each. 

14. The plate of a looking-glass is 18 inches by 12, and it is to 
be framed with a frame of uniform width, whose area is to be equal 
to that of the glass : find the width of the frame. 
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15. There are two square buildings, paved with stones, each 
a foot square. The side of one building exceeds that of the other 
by 12 feet, and the two payements together contain 2120 stones: 
find the sides of the buildings. 

16. A person bought a certain number of oxen for £240, and, 
after losing 3, sold the rest for £8 a head more than they cost him, 
thus gaining £59 by the bargain : what number did he buy P 

17. A tailor bought a piece of cloth for £147, from which he cut 
off 12 yards for his own use, and sold the remainder for £120 5«, 
charging 5 shillings per yard more than he gave for it. Find how 
many yards there were, and what it cost him^?er yard. 

18. The fore-wheel of a carriage makes 6 revolutions more than 
the hind-wheel in going 120 yards ; but if the circumference of 
each were increased by 3 feet, the fore-wheel would make only 
4 revolutions more than the hind one in the same space. What is 
the circumference of each ? 

19. By selling a horse for £24, I lose as much per cent, as 
it cost me. What was the prime cost of itP 

20. Bought two flocks of sheep for £15, in one of which there 
were 5 more than in the other; each sheep in each flock cost 
as many shillings as there were sheep in the other flock. How 
many were there in each? 

21. A and £ take shares in a concern to the amount altogether 
of £500 : they sell out at^r, A at the end of 2 years, B of 8, and 
each receives in capital and profit £297. How much did each 
embark P 

22. A and £ distribute £5 each in charity : A relieves 5 persons 
more than £, and £ gives to each Is more than A» How many 
did they each relieve P 

23. There is a number of three digits, of which the last is double 
of the first : when the number is divided by the sum of the digits, 
the quotient is 22; and, when by the product of the last two, 11. 
Find the number. 

24. Find three numbers, such that if the first be multiplied by 
the sum of the second and third, the second by the simi of the 
first and third, and the third by the sum of the first and second, 
the products shall be 26, 50, and 56. 



r 
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We have seen that when we have only one equation 
between hoa unknowns, the number of solutions is 
ufdimitedy and the equation is indeterminate. We shall 
here make a few remarks upon the simpler kinds of 
such equations. 

138. If one solution be given of the equation ax±hy=Cy 
all the others may be easily found. 

For let x=ay y- fi, be one solution of the equation 
ax + by ^c; then ax-^by = c=^aa-\- 5)3, or a (x - a) 
+ J (y - /3)= 0, which equation is satisfied by x-a-'-bty 
y- fi-at, where t may be any quantity whatever, po- 
sitive or negative. Hence the general values of x and y 
are given by the expressions x^^a-bt, y = /3 + o^. 

If the given equation be of the form ax-by^c^ we 
should obtain in the same way, x^a-\-bty y = fi + aty 
the same as we get by writing - J for J in the above. 

If we require only integral values of x and y, the 
n® of solutions will be limited; the above results will 
still apply, only we must now have a, /3, ^ all integers. 

139. It may be shewn however that there can be no 
integral solution of ax ± by = c, if a and b have any 
common factor, not common also to c. 

For let a = md, b = »d, while c does not contain d; 

then mdx ± ndy = <?, or mx ± ny = --= a fraction, which is, 

of course, impossible for any integral values of x and y. 
We shall suppose then in future that a is prime to J. 

s».^140. To solve the equation ax±by = c in integers. 
If we can discern one solution, we may apply (138). 

Thus 13a; - 9y = 17 is satisfied by a; = 2, y = 1 ; 
whence 13«-9y = 17 = 13x2-9x 1, or 13(a;-2) = 9(y-l), 
which is satisfied by :t; - 2 = 9^, y - 1 = 13^, so that the solution 
is x = 2-\^% y = 1 + 13^, wh^e i muy have any integral value. 
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But the following examples will shew the simplest 
general method of solving such an equation. 

Ex. 1. Find the integral solutions of So; + 5y = 73. 

Divide by the lowest coefficient, and express the improper 

fractions which may arise as mixed numbers; 

1 - 2f/ 
then « + y + iy = 24 + t, or «+y- 24 = i-|y= -y-^. 

Now, since 2; + y-24 is integral, so also is — ^, and any 

o 

multiple of it; multiply it then by such a number as will make the 

coeff. of y div. by the detf mth renC 1, t.e. in this case, mult it by 2 ^ 

., _ 2-4y 2-y .. .2-f/... . 

then — ^ or —^ - y is mt, .*. —5- - is mt = t suppose ; 

hence 2-y = 3^, or y = 2-3<, and «=i(73-6y) = 21 + 5^. 

Thus, if we take ^ = 0, then« = 21, y = 2; 
if ^=1, ar = 26, y = -l; if <«-l, ar = 16, y^h\ &c. 

If we require only positive integral values of z and y, then we 
cannot take t positioely >|, nor therefore >0, or negatwely >^f. 
nor therefore > 4; hence the values for t range from - 4 to inclu- 
sively, and thus there will be only 6 positive integral solutions. 

N.B. It may be shewn that it is always possible to find suck 
a number for multiplier as we have employed above, which shall 
be less than the denominator : and this is the reason why we divide 
by the least of the two coefficients, in order to have the multiplier 
as low as possible. But when the denominators are both large, 
a little ingenuity wIQ save the trouble of searching for such a 
number, by some such reasoning as that in the next Ex., it being 
noticed, that the point to be aimed at is, to get the coefficient of y 
(or of X, as the case may be) in the numerator to be unity. 

Ex. 2. Solve in positive integers 39x - 56y = 11. 

XT ir 11 17y+ll . . • , . 34y + 22 

Here «-y-iiy«= Ji; .'- -^ — » mt, and .'. -^ — , 

and • V 34y + 22 5y-22 . ^^^li!? y-20 , 

•^ 39^ ^9^' 39 ^ 39 ' 

let ^-Z^ = t; :, y = 394+20, and « = ^e (11 + a6y) = 6Qt + 29> 
39 

If we take t=Q, then a? = 29, y = 20, which are the least positive 

integral values they admit of: but the number of such valuea 

k here unlimited, since we may take any positive value for t. 
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Ex. 3. Find the least number which when divided by 14 and 5 
will leave remainders 1 and 3 respectively. 
Let the number required N^ l^ + 1 = 5y + 3 ; then 14x - 5y = 2, 

and here 2a; + Ja; - y = J, or 2aj-y = — jr— ; hence — — is integral, 

and .*. also — - — , and — r- , which put = t; 

whence a? = 3 - 5<, and y = i(14x - 2) = 8 - 14^. 

If we take ^ = 0, we have a; = 3, y = 8, which are the leasi 
positive integral values they admit of, and therefore the least 
value o{ Nia 14.3 + 1 = 5.8 + 3 = 43 ; but the no of positwe values 
is unlimited, since we may take any negative value for t 

N.B. It appears from Ex. 1, 2, 3, that when only positive hUeyral 
solutions are required, the no of them will be limited or not, ac- 
cording as the equation is of the form oa; + 6y = c, or oa; - ^ = c. 

Ex. 4. Find the least integer which is divisible by 2, 3, 4, with 
remainders^!, 2, 3. 

Let JV = 2a;+l = 3y + 2 = 4a + 3: then (i) 2a: - 3y = 1, whence, as 
before, a?=3^-l, y=2*-l; and (ii) 2a?-4«=2, or St-2z=2, whence 
t«2t!, a = 3<'-l; A a:=6^-l, y = 4<'-l, «=3<'-l, whence, putting 
<*=: 1, we get x = 6, and JV= 2a: + 1 = 11. 

Ex. 5. In how many ways may £80 be paid in £b and guineas ? 

Let a: = n° of £s, y = n** of guineas ; then 20a: + 21y = n** of 
shillings in £80 = 1600, and ar+y + ^oy^^O: put 9»by = <j .•.y = 20^, 
and a: = 2^ (1600 - 21y) = 80 - 2U, which gives four solutions, or 
rather three, if we omit the solution < = 0, which gives y = 0. 

[In the Answers we shall omit all zero-valttes for x or y.] 

Ex. 68. 

1. Find the positive integral solutions of 

2aJ + 3y = 9, 4a; + 29y « 160, 3ar+29y=151, 7ar + 15y = 225. 

2. Find the least positive integral solution of 
19i:-14y=ll, 17ar=7y+l, 23a?-9y = 929, 8ar = 23y+19. 

3. Find the number of positive integral solutions of 

3a; + 4y = 39, 8a: + 13y = 500, 7a?+13y = 405, 2a; + 7y=125. 

4. Given x-2y-\-z = 6 and 2ir + y-s=7, find the least values 
of a:, y, 0, in positive integers. 

5. A person distributed 48 2d among some beggars, giving Id 
each to some, and U each to the rest: how many were there in all? 
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6. In how many ways could 12 guineas be made up of half- 
guineas and half-crowns? In how many ways, of guineas and crowns? 

7. How many fractions are there with denominators 12 and 18, 
whose sum is ff ? 

8. A wishes to pay B a debt of £1 12«, but has only half-crowns 
in his pocket, while B has only fourpenny-pieces ; how may they 
settle the matter most simply between them P 

9. What is the least number, which, divided by 3 and 5, leaves 
remainders 2 and 3 respectively? What is the least, which, 
divided by 3 and 7, leaves remainders 1 and 2? 

10. A person buys two pieces of cloth for £15, the one at 8«, 
the other at 11« per yard, and each containing more than 10 yards : 
how many yards did he buy altogether P 

11. In how many ways can £1 be paid in half-crowns, shillings, 
and sixpences, the number of coins used at each payment being 18 ? 

12. A person counting a basket of eggs, which he knows are 
between 50 and 60, finds that when he counts them 3 at a time 
there are 2 over, but when he counts them 5 at a time, there are 
4 over ; how many were there in all ? 

13. K I have 9 half-guineas and 6 half-crowns in my purse, how 
may 1 pay a debt of £4 11« 6^? 

14. A person in exchange for a certain number of pieces of 
foreign gold, valued at 29« each, received a certain number of 
sovereigns under fifty, and 1» over : what was the sum he received ? 

15. A French louia contains 20franc8i of which 25 make £1 : 
how can I pay at a shop a bill of 45^ most simply, by paying £ng. 
and receiving Fr. gold only ? Shew that I cannot pay a debt of 45«. 

16. A person bought 40 animals, consisting of calves, pigs, and 
geese, for £40; the calves cost him £5 a piece, the pigs £1, and 

' the geese a crown : how many did he buy of each P 

17. Find the least integer which when divided by 7, 8, 9, 
respectively, shall leave remainders 6, 7, 8. 

18. Three chickens and one duck sold for as much as two 
geese; and one chicken, two ducks, and three geese were sold 
together for 25« : what was the price of each ? 

19. Find the least even number which when divided by 3, 5, 7, 
shall leave remainders 2, 4, 6. 

20. Find the least multiple of 7, which divided by 2, 3, 4, 5, 6 
leaves always unity for remainder. 
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CHAPTER X. 



AKFTHKETIOALy GEOMETRICAL^ AND HABMONICAL 

PBOGBESSION. 

141. Quantities are said to be in Arithmetical Pro' 
gressumy when they proceed by a common difference. 

Thus 1, 3, 5, 7, &c., 8, 4, 0, -4, &c, a, a + c^, a^2d, a + 3c?, &c., 
are in A. P., the common diffi&rences being % - 4, d, respectively, 
which are found by subtracting any term from the termfoUowing, 

142. Griven a the first term, and d the common dif- 
ference of an AR. series, to find I the n^ term, and S the 
9um of n terms. 

Here the series will be a, a-\-d, a + 2d, a + Sd, &c., 
where the coefF. of d in any term is just less by one than 
the No. of the term : thus in the 2°* term we have d, 
%,e. Id, in the Z^, 2d, in the 4**^, Zd, &c., and so in the 
n^ term we shall have (n - 1) di hence /= a + (w - 1) rf. 

Again iS'=a+(a+rf)4 (a+2rf)+&c.+(/-2c?)+(/-rf)+/, 
and also 8- /+(/-rf) + (/-2rf)+&c.+(a-2rf)+(a+rf>a; 
.-. 25'= (a + Q + (a + Q + (a + /) + &c. = (« + /)«; 

.*. 5'=(a+/) -«{2a+(w-l)rf}-, since Z=a+(«-l)c?. 

2i 2 

Ex. 1. Find the lO^h term and the sum of 10 terms of 1, 5, 9, &c. 
Here a=l, rf=4, n=10; 
/, /=l + (10-l)4 = l + 9x4 = 375 iS=(l + 37)xA^ = 190. 

Ex. 2. Find the 9th term and the sum of 9 terms of 7, 5f , 4, &c. 
Here a = 7, rf=-f, n = 9; 

.-. /=7 + (9-l)x-f = 7-8xi = -6j i8f=(7-6)xf = 9. 

Ex. 3. Find the 13th term of the series - 48, - 44, - 40, &c. 
Here a = -48, rf=4, n=13; 

/. /=-48 + (13-l)4=:-48 + 12x4 = 0* 
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Ex. 4. Find the sum of 7 terms of } + i + i + &c. 

Here a=i,d^-i, n^?; and here we are not required to find /: 

.-., using the second formula, fi^= (1 + 6 x -i) i = (l - 1) J = 0. 

In this case the series, continued, is J, i, J, 0, -i, -i, -i, &c 
where the first 7 terms together amount to zero. 

Ex. 64. 

Find the last term and the sum of 
1. 2 + 4 + 6 + &C. to 16terms. 2. 1 + 3 + 5 + &c. to 20 terms. 

3. 3+9 + 16 + &C. tollterms. 4. 1 +8 + 15 + &c. to 100 terms. 
5. -5-3-1-&C. toSterms. 6. 1 + f + f + &c. to 15 terms. 

Find the sum of 

7. f+ A + A+&C. to 21 terms. 8. 4-3-10-&C. to 10 terms. 

9. J + f+l4&c. to 10 terms. 10. i-f-V-&c. to 13 terms. 

11. l+2f +4J+&C. to 20 terms. 12, f-i$-fi-&c. to 10 terms. 

148. By means of the equations- (i) /•= o + (n - !)<?, 

(ii) iS^Ca + Oj, and (ill) S^ {2a + (n- l)d}^,when 

any three of the quantities a^ d, I, n, S are given^ we 
may find the others. 

We may also employ them to solve many problems in 
A. p.^ as in the following examples. 

Ex. 1. The first term of an ar. series is 3, the 13^^ term, 65; 
find the common difference. 

Since /=55, a=3, n=13, we have by (i) 55=3 + 12(f, and /. rf=4i. 

Ex. 2. What No. of terms of the series 10, 8, 6, &c must be 
taken to make 30 P and what No. to make 28 P 

(l)/8'=30, a = 10, c?=-2| .. by (iii) 30 = {20 - 2 (n - 1)} ^ ; 

and the roots of this quadratic are 5 and 6, either of which satisfies 
the question, since the fixih term of the series is zero : 

(2) i8'=2R, a = 10, rf=-2; and the values of n are 4 and 7, 
either of which also satisfies the question, since the 5^, 6t)>, and 7th 
terms of the series, viz. 2, 0, - 2, together = zero. 

Ex. 3. How many terms of the series 3, 5, 7, &c. make up 24 P 
Here 5^=24, a = 3, ^ = 2; whence n = 4 or -6, of which the 
first only is admissible by the conditions of the Question. 
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Ex. 4. Insert 3 ab. means between 6 and 26. 

Here we have to find three numbers between 6 and 26, so that 
the Jive may be in a. p. This case then reduces itself to finding d, 
when a = 6, 1=26, and n = 5; we have then by (i) 26-6 + 4<^, 
whence d = 5, and the means required are 11, 16, 21. 

Ex. 5. The sum of three numbers in A. P« is 21, and the sum 
of their squares, 179 ; find them. 

Let a-d, a, a + d, represent the three numbers, (which is often 
a convenient assumption in problems of this kind) ; 

then(a-rf) + a + (a + rf) = 21, and(a-rf)» + a* + (a + <0'=179, 
from which equations a = 7, rf = l 4, and the Nos. are 3, 7» H- 

Ex. 65. 

1. The first term of an ab. series is 2, the common difference 7, 
and the last term 79 ; find the number of terms. 

2. The sum of 15 terms of an arithmetic series is 600, and the 
common difference is 5 ; find the first term. 

3. The first term is l^^sf ^^ common difference -f, and the 
last term f ; find the number of terms. 

4. The simi of 11 terms is 14f, and the common difference is f ; 
find the first term. 

5. Insert 4 ar. means between 2 and 17, and 4 between 2 and -18. 

6. Insert 9 A. M. between 3 and 9, and 7 between - 13 and 3. 

7. Insert 10 A.M. between - 7 and 114, and 8 between -3 and -|« 

8. Insert 9 A.M. between - 2f and 4}, and 9 between - 3J- and 2|. 

9. Find the 3 Nos. in A. P., whose sum shall be 21, and the sum 
of the first and second »f that of the second and third. 

10. There are 3 Nos. in A. P., whose sum is 10, and the pro- 
duct of the second and third 33-|; find them. 

11. Find 3 Nos. whose common difference is 1, such that the pro- 
duct of the second and third exceeds that of the first and second by i. 

12. The first term is n* - n + 1, the common difierence 2 ; find 
the sum of n terms. 

13. How many strokes a-day do the clocks of Venice make, 
which strike from one to twenty-four? 

14. How many strokes does a common clock make in 12 hours ? 
and how many, if it strikes also the half-hours ? 

15. A debt can be discharged in a year by paying one shilling 
the first week, three the second, five the third, &c.: required the 
last payment and the amount of the debt 
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16. One hundred stones being placed on the ground at the 
distance of a yard from one another, how far will a person traYel, 
who shall bring them, one by one, to a badLet, placed at the 
distance of a yard from the first stone? 

144. Quantities are said to be in Geometricdl Pro- 

gression, when they proceed by a common factor. 

Thus 1, 3, 9, &c. 4, 1, J, &c. -i, A, -ff, &c. a, ar, 09*, &c are 
in 0. p., the common factors or ratioa (as they are called) being 
3} if - if r, respectively, which may be found by dividing any term 
by the term preceding, 

145. Given a the first term and r the common ratio 
of a GEOM. series, to find 1 the n^ term and S the sum 
ofn terms. 

Here the series will be a, ar, at^, af^, &c., where the 
index of r in any term is just less hy one than the 
number of the term : thus, in the 2°** term we haye r, 
i.e. r^, in the 3'**, r*, in the 4*^, r', &c., and so in the 
n^ term we shall have r""*; hence l^at^'^. 

Again jS = a + ar -\- at^ + &c. + ar^'^, 

and .-. rS=ar -^ ar^ -^^ an^ + &c. + af ; 
/. rS-S- ar^-a, the other terms disappearing; 

hence S- = a ~ • or = , smce rl = ar^. 

r-l r-l' r-1 

Ex. 1. Find the 6^ term and the sum of 6 terms of 1, 2, 4, &c. 
Here a = l, r = 2, n = 65 

/. ?=lx2*-' = lx2'^=lx32 = 32; and i8f=^^=e3. 

2 "- 1 

Ex. 2. Find the S^ term and the sum of 8 terms of 81, - 27, 9, &c. 
Here a = 81, r=-J^, n = 8; 

.-. /=81x(-i)' = 3*x-l = ~L=.^. and5f=tl^=60«. 

Ex. 3. Findthesumof 3-6+12-&C. to6terms. 
Here as3, r=-2, n = 6; therefore, without finding ( 



256-81 175 25 
^ 3* ''*7.3»°"27' 
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Ex. 4. Findthesumof l-| + ^-&c. to4tenn8. 
Here as=l, r = -f, na=4; 

.4?=ixllil#=2L-=-2L=.? 

-^ '^ -fir TT ^T 7 

Ex. 5. Find the sum of 2^-1 4-f -&c to 5 terms. 
Here a = f, r = -f, n = 6; 
/ 2\» 2^ 2^ + 5* 

5 5 32 + 3125 3157 
"2' 7* 5» "l4.5»"^"^* 

Ex. 66. 

Find the last term and the sum of 
1. l+4+16 + &cto4terms. 2. 5 + 20 + 80 + &c to 5 terms- 
3. 3f6 + 124&c. toOterms. 4. 2-4 + 8-&C. to 8 terms. 
5. l-4 + 16-&cto7 terms. 6. 1 -2+ 2" -&c^ to 10 terms. 

Find the sum of ^ 

'7« i + e + iS+&c« to 8 terms. 8. J + i + t + &c to 6 terms. 

9. f+l+f + &C. toOterins. 10. 3-i+ A-&c. to 5 terms. 

11. 9-6+4-&c.to9term8. 12. 100 -40+ 16 •>&c. to 5 terms. 



146. If r be a proper fraction^ that is, if r be < 1, its 
powers, r*, r*, &c., r* will, afortioriy be also < 1, and, 
therefore, ar* wiU be <a: hence, instead of writing 

S^ , in which fraction both numerator and 

r - 1 

denominator are negative, we may write, in this case, 

^ a-ar^ a af 

1-r 1-r 1-r 

Now the greater we take the value of «, (that is, the 
more terms we take of the series) the les% will be the 
value of ar*; and, by taking « sufficiently great, we 
may get ar^ as small as we please, only never so small 
as actually to vanish. If ar* vanished, we should have 
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the sum of the series = ; but since^ however small 

1 — r 

may be the value of ar*^ the second frM|k)n will never 
actually become zero, it follows that rare sum of the 
series will never actually reach the above value, though, 
by increasing n, that is, taking more terms of the series, 
it may be made to approach it as nearly as we please. 

On this account is said to be the Limit of the 

1 -r 

sum of the series, a-^ar + ar^-^ &c., or sometimes (but 
less correctly) the sum of the series ad infinitum. 

It is common to denote the Limit of such a sum by 2. 

Ex. 1. Find the Limit of the sum of the series 1 + i + i 4- &c. 

Here a = 1, r = J ; .*. 2 = - — ^ = - = 2 ; %,e. the more terms we 

take of this series, the more nearly will their sum = 2, but will 
never actually reach it 

Ex. 2. Sum 2} - i + Jj) - &c. ad infinitum. 

Ex. 67. 
Find the Limit of the sum of the following series : 
1. 4 + 2 + 1 + &C. 2. i+J+f + &c. 3. i-i\ + e\-&c. 

4. f-l + t-&c. 6. l-J + i-&c. 6. l-f+a^-&c. 

"^•i+A + A + ^c- 8. i + f+A + &c. 9. 2-J+8^8-&c. 

to. 2-1J + I-&C. 11. af + 2J+lJ + &c. 12. -3Jf lf-f + &c. 



147. By means of the equations of g. p., we may 
solve many problems respecting series of this kind. 
It is not, however, generally easy to find n, when the 
other quantities are given, because this quantity occurs 
in the form of an index. The Student may be lible to 
guess at its value in the simple instances we shall here 
give ; but, in other cases, it could only be found by the 
aid of logarithms. 
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Ex. 1. Find a geom. series, whose !■* term is 2 and 1^ tenn ^, 
Here a=2, /=A, n»7; /. A=2f*, and f* = A, whence r=±i, 
and the series is 2, ± 1, i, ± }, &o. 

Ex. 2. Given 6 the second term of a geom. series and 54 the 
fourth, find the first term. 

Here 6=ar, M^ar^i .*. — - = — , or 9-t*x hence r= ±3, a=- =±2. 

6 ar r 

Ex. 3. Insert 3 geom. means between 2 and 10}. 
Here V^ is the 5^ term of a series, whose first term is 2 ; 
.*. V=2»^> wid r*aiJ; whence r=±f , and the means are ±3, 4}, ±dj. 

Ex. 69. 

1. How many terms of the series 2, - 6, 18, &c must be taken 
to make -40? 

2. The fifth term of a geom. series is 8 times the second, and 
the third term is 12; find the series. 

3. The fifth term of a geom. series is 4 times the third, and the 
sum of the first two is - 4 ; find the series. 

4. The population of a country increases annually in o. p., 
and in 4 yefurs was raised firom 10000 to 14641 souls; by what 
part of itself was it annually increased P 

5. The difierence between the first and second of 4 numbers in 
G. P. is 12, and the difference between the third and fourth is 300 ; 
find them. 

6. Insert 3 G. M. between 2 and 32, and also between ^ and 128. 

7. Insert 4 G. M. between - ^^ and 3}, and also between f and - 5 j^ . 

8. The sum of an infinite geom. series is 3, and the sum of its 
first two terms is 2|; find the series. 

9. The sum of )ui infinite geom. series is 2, and the second term 
is -}; find the series. 

10. If 2}, 1, be the first and third terms of a G. p., find the 
sum of the series €ul in/mihun. 



148. Quantities are said to be in Harmonioal Pro- 
gression, when their reciprocals are in a. p. 

Thus, since 1, 3, 6, &c., i* -it -fi &c are in A. p., their 
reciprocals 1, }, J, &c, 4, -4, -$, &c., are in H. p. 

o 



122 ARITHMETICAL^ GEOMETRICAL, AND 

The term Harmomcal is derived from the fact that musical 
strings of equal thickness and tension will produce harmony when 
sounded together, if their lengths be as the reciprocals of the ar. 
series of natural numbers, 1, 2, 3, &c. 

We cannot find the sum of any No. of terms of an 
HARM, series ; but many problems with respect to such 
series may be solved by inverting the terms, and treating 
their reciprocals as in a. p. 
Ex 1. Continue to 3 terms each way the series 2, 3, 6. 
Since J, |, J are in A. P. with common difference - i, 
the AR. series continued each way is 1, |, f, i, J, i, 0, -J^, -i; 
.*. the HARM, series is 1, f , f , 2, 3, 6, oo, - 6, - 3. 
Ex. 2. Insert 4 harm, means between 2 and 12. 
We must here insert 4 ar. means between | and ^^t which 
being ^^, f, J, i, hence the harm, means required are 2f,^3, 4, 6. 

Ex. 69. 

1. Continue to 3 terms each way 2, f, 1 ; 1|, 2f, 3f ; 1, IJ, If. 

2. Insert two H. means between 2 and 4, and six between 3 and ^^^ 

3. Find a fourth harm, proportional to 6, 8, 12. 

149. To find A, G, H the AR., geom., aind HARM, means between 
aafu/b. 
(i) By (141) h-A^A-a; .*. 2-4 = a + 6, and ^ = J (a + ft):' 

(ii) by (144) — = -, .*. G* = o6, and G «= Voft, where, how- 
(x a 

ever, unless a and h have the same sign, Vaft will be impossible : 

(iii) by (148) ^ - 4= 4 - -} .-. aH-ab^ab-bA, or JBr=-^ . 
b H H a ai-b 

150. To prove that Q is the oeom. mean between A and H ; and 
that A, G, H, are in order of magnitude, A being greatest. 
[We use the sign > for greater than, and < for less thanJ] 

Smce -4 = — — , and jar= — ;, .'. -^jBT*---- x — =- = aft = G^j 
2 a+o 2 a+6 ' 

.*. G = VAHf or G' is the geom. mean between A and H. 

Also A>M, if -rr— > ^ , or if aP + 2a6 + ft* > 4«ft, 

2 a + ft ' 

or if a* + ft* > 2aft ; and, this being the case (137), 
.*. A> M, and, of course, > G, whose value (being tie geom. 
mean between them) lies between those of A and H. 
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151. Three quarUitiee a, b, c, are in AB., GEOM., or HARM. prog. 

according as 

a -h a a a 

jT =-,or;=r-, or=-. 
- c a b 

(i) i-^^ = - = lj :, a-h = b - c, and a, 6, c, are in A, p.: 
o-c a 

b c 
(ii) ab-V=ah-aCf or 5* = ac; .*. - = r , and a, b, c, are in G.P.: 

a 

(iii) ac-be=ab-ac, or, (dividing each by oftc,) ^ — = — =-, 

b a c o 

whence - » t » - are in A. p., and therefore a, 5, c are in H. P. 
a c 

Ex. 70. 

1. Find the AR., GEOM., and harm, means between 2 and 4j^. 

2. Find the ar., geom., and harm, means between 3f and l\. 

3. The sum and difference of the AR. and geom. means between 
two numbers are 9 and 1 respectively; find them. 

4. The harm, mean between two numbers is |f of the ar., and 
one of the numbers is 4 ; find the other. 

5. The difference of the ar. and harm, means between two 
numbers is If ; find the numbers, one being four times the other. 

6. Find two numbers whose difference is 8, and the harm. 
mean between them If. 



g2 
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CHAPTER XL 



BATIO, PROPOBTIONy AND YABIATION. 

152. The Ratio of one quantity to another is that 
relation which the former bears to the latter in respect 
of magnitude, when the comparison is made by con- 
sidering, not by haw much the one is greater or less 
than the other, but what number of times it contains it, 
or is contained in it, «•«. what multiple, partf or parts, or, 
in other words, wh^Sit fraction the first is of the second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the 
mere numerical difference between 999 and 1000 is the same as 
between 1 and 2; but no one would hesitate to say that 999 
is much greater, compared with 1000, than 1 is, compared with 2. 
The reason is, that the mind considers intuitively that 999 is 
a much greater fraction of 1000 than 1 is of 2 ; and this is what 
we should express by saying that the ratio of 999 to 1000 is 
greater than that of 1 to 2* On the other hand, we should say at 
once that 1001 is much less, compared with 1000, than 2 is, 
compared with 1, the fraction in the former case being less than 
in the latter. 

The ratio, then, of one quantity to another is repre- 
sented by the fraction obtained by dividing the former 
by the latter. 

Thus, the ratio of 6 to 3 is f or 2, that of 15 to 40 is H or f, 

«, . 4a 2a 
that of 4a to 66 is ;^ or ^ . 

66 36 

Of course the two quantities compared (if they are 
not mere numbers, or algebraical quantities expressing 
numbers) must*be of the same kind^ or one could not be 
a fraction of the other. 
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Thus, the ratio of £9 to £12 is the same as that of 9 cwt to 
12 cwt, or of 9 to 12, or of 3 to 4, or of f to 1 ; since, in each 
of these pairs of quantities, the first is f of the second, and 
hence f is the value of each of these ratios; in saying which 
we may suppose, if we please, a tacit reference to 1, ue, m saying 
that the ratio of £9 to £12 is f , we may either imply that £9 is f 
of £12, or that the ratio of £9 to £12 is the same as that of f to 1. 

153. The ratio of one quantity to another is expressed 
by two points placed between them^ as a : i ; and the 
former is called the antecedent term of the ratio^ the 
latter the consequent 

A ratio is said to be a ratio of greater or less in- 
equality^ according as the antecedent is greater or less 
than the consequent. 

The ratio of a' : b* is called the duplicate (u e. squared) 
ratio of a :b, a^ : V the triplicate ratio of a : i^ &c. 

154. Problems upon ratios are solved by represent- 
ing them by their corresponding fractions^ which may 
now be treated by the ordinary rules. 

Thus ratios are compared with one another^ by re- 
ducing the corresponding fractions to common den"^ 
and comparing the num"; and^ if these fractions be 
multiplied together^ the resulting fraction is said to be 
the ratio compounded of the ratios represented by them. 

Ex. 1. Compare the ratios 5 : 7 and 4 : 9. 

An9, ff , If ; whence 6 : 7 > 4 : 9. 
Ex. 2. Find the ratio of f : f Ans, f^t = fxfs=ff. 

Ex. 3. What is the ratio compounded of 2 : 3, 6:7, 14 : 15 P 

Am, 8 X f X -[f s= A or 8 : 15. 

155. A ratio of greater inequality is diminished, and 
of less inequality increased, by adding the same quan- 
tity to both its terms. 

For T »- > as ab-^ax ^ao-^oxy as ax bx, as a b. 
b<b'\x < ^ < 
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In like maimer it may be shewn that a ratio of 
greater inequality is increased^ and of less diminished, 
by subtracting the same quantity from both its terms. 

Ex. 71. 

1. Compare the ratios 3 : 4 and 4:6; 13 : 14 and 23 : 24 ; 3 : 7, 
7 : 11, and 11 : 15. 

2. Of o + 6 : a - 6 and a^ + ft* : a^ - 6*, which is >, supposing a > ft ? 

3. Which is less otx^-y : y and 4x : rr + yP of d^f^ : x-\-y and 

a:' + y»:«* + y*? of «" + y* and «* + y* : a?'-«'y + ^y*-«y'+y*P 

4. Find the ratio compounded of 3 : 5, 10 : 21, and 14 : 15 ; 
of 7 : 9, 102 : 106, and 16 : 17. 

6. Fmd the ratio compounded of -r-=-^ = — 3 and . 

'^ cr-€rx+aar-ar a + x 

6. Compound a;*- 9a; + 20 : «" - 6a; and a^ - ISx + 42 : a;* - 5a:. 

7. Compound the ratios a+ft : a-6, <i^+ 6" : (a+6)*, (a*-6*)* : a*-b\ 

8. What is the ratio compounded of the duplicate ratio of 
a + b : a-hf and the difference of the duplicate ratios of a : a 
and a : h, supposing a>b? 

9. What quantity must be added to each term of the ratio a : b, 

that it may be equal to the ratio c: d? 
10. Shew that a-6:a + 6^<i^-6":a* + 6", according as a : 5 is 
a ratio of less or greater inequality. 

156. When two ratios are equaly the four quantities 
composing them are said to be prcpartional to one 

another: thus, if a : J =»c : c?, e.g. if - = - , then a, b, c, d, 

b a 

are proportionals. This is expressed by saying that 
aistobascistod, and denoted thus, a : b :: c : d. 

The first and last quantities in a proportion are called 
the Extremes, the other two the Means. 

Problems on proportions, like those on ratios, are 
solved by the use of fractions. 

157. When four quantities are proportionals, the pro- 
duct of the extremes is equal to the product of the means ^ 

For if - a - then ac?«= bc» 
b d 
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Hence, if three terms of a proportion are given^ we 
can find the other ; thus 

be . ad ad J be 

a c a 

CoR. It a : b :: b: Cf then ac « b\ 

158. If the product of two qtmntities be equal to that 
of two others, the four are proportionals y those of one 
product being the extremes, and of the other the means* 

For it ad= be, then -. = -, or - = - ; 

b a c d 

and :.a:b:\c:d, or aiciibid, m which proportions 

a, d are the extremes, and b, c the means. 

So if ac = i', a :b :: b : c. 

169. ijf 3 quantities are prop^, the first has to the 

third the duplicate ratio of that which it has to the second. 

•ri •!< ^ i ^1 a a b a a a* 
For if - =-, then - = -x - = - x - =-; 

be c b c b b b 

,\ a: c is the duplicate ratio of a : b (153). 

160. When four magnitudes are proportionals, if any 
equimtdtiples whatever be taken of the first and third, 
and any whatever of the second and fourth, then, if the 
multiple of the first be >, =, < that of the second, the 
multiple of the third shall be >, =, < th(U of the fourth. 

For if - = - , we have — - = -— -, where m and n may 
b d nb nd ^ 

be any quantities whatever; and hence it follows that, 

if ma >, s, < nh, so also is mc>, =, < nd. 

161. Conversely, If there be four magnitudes such, 
that, when any equimultiples whatever of the first and 
third are taken, and any whatever of the second and 

fourth, it is found, that if the multiple of the first be 
>, =, < that of the second, that of the third is always 
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>, B^ < that of the fourth, then these four quantities are 
proportionals. 

For^ let a, b, c, d he such that, any equimultiples, 
ma, mCy being taken of the first and third, and any 
hby nd, of the second and fourth^ it is found that ac- 
cording as ma >, », < nb, so also is mc>, ^, < nd; 
and let e be the fourth proportional to a, b, c. 

Then, since 7 = - , /. — r = — for all values of m 

be no ne 

and n ; suppose m and n to be taken such that ma « nb, 

then also mc^ne: but when ma = nb, by our hyp., 

a c 
mc = nd; hence nd=ne, or d^e; and /. 7 = -;, or 

a, J, c, rf are proportionals. * '^ 

162. If a, : b : : c : d, and b : e : : d : f, then a : e : : c : f. 
-n a c ^ b d abed a c 

b d e f b e d f ^ f 

This is the proposition ex cequali, referred to in Euc. v. 

163. If a, : b :: c : d^ ande : f :: g : h, then ae: bf :: eg : dh. 

For- = ^ and-=?- • ?? - ^ 
^""^ b d' "^"^ f h"'bf dy 

This is called compounding the two proportions, and 

so we may compound any number of such proportions. 

164. If 4 quantities form a proportion, we may derive 
from them many other proportions, all equally true. 

Thus, if r « J, then — =■ = -^, or ma i tnh 11 c \ d ; 
b d mo d 

similarly 

maib ::mc : d, a :mb :: c: md, a : b ::mc : md; 

and, in like manner, —:—:: c : d, a : — :: c : —, &c.; 

mm mm 

that is, either the ^rst or fourth terms of any proportion 
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may be multiplied or divided by any quantity^ provided 

that either the second or third be multiplied or divided 

by the same. 

Hence we mdy get rid of fractions, when occurring in propor- 
tions, by multiplying the !•* and 2nd, or I"* and 3^^, &c. terms by 
the L. CM. of their den"; thus, if ia : i^^ft :: ^ : A, (multiplying 
lit and 2nd by 36, 3'd and 4«» by 200), we have 4a : 36 : : 16 : 16. 

165. Again^ all the results of (85-88) may be applied 

to proportional quantities. 

Thus, if a:b:: c: d, then inv,, h:a::d:c,OT aU,, a:c :ih:d; 
80 also, a±b:€n: c±d:€, a±b :b :: e±d: d^ 
c-¥b : a-b :: c+d: e-dy tna-\-hb : ma-nb : : tnc-^-nd i mc-nd, &c. 
with similar prop^^*., having o^, 6", c*, d*, in the place of a, 6, c, d. 

Ex. 1. Find a fourth proportional to |, i, and ^. 
Since €?=-, (167) this is ^4! = ^. 

£z. 2. Find a mean proportional to 2, and 8. 

Since ^ = oc, (167) this is ^278 = ^16 = 4. 

Ex. 3. If a : b=e : d, express (a+c?)- (6+c) in terms of a, 6, e only. 

€?-ab-ac^be __ (a-b) (a-c) 

" a 

Ex. 4. If a : 5 : : c : d, and a be the greatest^ shew that d is the 
leasts and a + <7 > 5 + c. 

Since t = -j* and a > 6, .*. c> d; also, since - = -j, and ft > c, 
a c a 

/. 5>(?; and a, the^«a<^, is, of course, ><?; .*. €? is the 20a«^.* 
Bgain, since c= and a>c, .'. a - 6 > c - <?, or a + <l> 6 + c. 

This appears also from Ex. 3; since (a+iQ=(6+c)+ LJI_2_L_lJ, 
which last quantity is positive, since (a - 5) and (a - c) are positive, 

Ex. 72. 

1. Find a fourth proportional to 3, 6, 6; to 12, 6, 10; to f, f, f, 

2. Find a third proportional to 4, 6; to 2, 3; to4) f- 

3. Find a mean proportional to 4, 9; to 4, if ; to 1$, l^^. 

4. If aibtibi Cf then (^ -^-l^i a-\-eii(^-V : a-e, 

06 



Here(<^+rf)-(6-fc)=f a+— j-(ft-i-c)= 
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6. n 2 = 3 , shew that (a + 6) (c + c?) = | (c + J/ = | (a + bf. 
a a 

6. II a:b :: c idf and m:n::pi g, 

then ma ^ tih : ma ~ nb ii pc -^^ qd : pc - qd, 

7. If a:b::b:e, then a* - 6* : a : : 6* - c* : c. 

8. K a : 5 : : a : <7 : : 6 :/, then a-e:b -/ : : c : €?. 

9. Jf a:b ::b : c, then ma* ^n^ ima-nc:: pc^ + ql^ : pa i- qc, 

10. Ha: 6:: 6: c, then a - 26 + c = ^^5-^* = ^^-^ . 

■••■'-M.-'"(M)-(M)-°-^'- 

12. If a : 6 = 6: c, thena + 6 + c : a-6 + c:: (a + 6 + c)*: a' + ^ + c'. 

13. Solve the equations 

(i) ^x-\-^/b : V*-V^ : : a : 6. (ii) a:+a : 2a:-6 : : 3a;+6 : 4d?-a. 

(iii) a: + y + l :a: + y + 2:: 6: 7 'I 

y + 2a::y-2ar:: 12ar + 6y-3: 6y-12a?-l/* 

(iv) a: : 27 : : y : 9 : : 2 : a: -y. 

14. What number is that to which if 1, 5, and 13 be severally 
added, the first sum shall be to the second as the second 
to the third? 

15. Find two numbers in the ratio of 2i : 2, such that, when di- 
minished each by 5, they shall be in that of 1|^ : 1. 

16. A railway passenger observes that a train passes him, moving 

in the opposite direction, in T, whereas, if it had been 
moving in the same direction with him, it would have passed 
him in 30" : compare the rates of the two trains. 

17. ^ and B trade with different sums : A gains £200, B loses 

£50, and now ^'s stock : ^s ::2 : i; but, if A had gained 
£100 and B lost £85, their stocks would have been as 15 : 3^; 
find the original stock of each. 

18. A hare is 50 leaps before a greyhound, and takes four leaps to 
his three ; but two of the greyhound's leaps are as much as 
three of the hare's : how many leaps must the greyhound take 
to catch the hare P 

19. Divide £500 among A, B, C in the proportion of 3, 4, 5, and 

also in the proportion of i, i, \; and if A*b portion be to 
^s : : 9 : 8, and to Cs : : 6 : 5, shew that the shares of 
A, B, C are in the proportion of 1|^, IJ, IJ. 



r 
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20. A quantity of milk is increased by watering in tl^e ratio of 
4 : 6, and then three gallons are sold; the rest, being mixed 
with three quarts of water, is increased in the ratio of 6 : 7 ; 
how many gallons of milk were there at first? 



166. The value of any Alg. quantity will, of course, 
depend on the values we give to the letters it contains. 

Def. When two quantities are such, that their ratio 
is constant, that is, remains the same, whatever values 
we give to the letters they contain, one of them is said 
to vary as the other. 

The sign used to denote variation is x (read varies as). 

Thus, i" + 3apQC 2a:*+6a?, since ^r-^ — tt-- ^, whatever be the 
value of X, 

167. Hence if Ace B, (where A and B are used to 
denote, not numerical or constant^ but algebraical or 
variable quantities, such as admit of different values by 
giving different values to the letters they contain) then, 
according to the above definition, the value of the ratio 
A : B will remain constant, whatever may be the values 

of the quantities A and B themselves. If then we put m 

A 
to denote this constant value, we have -= = w, or -4 = mB; 

B 

so that, when one quantity varies as another, they are 

connected by a constant multiplier. 

Thus a^-\-3x = i(2a^-\-^), from which it follows necessarily that 

:r* + 8ic 1 

= - , for all values of x, or, as above stated, a^-^Sxcc 2a^^-6x» 



2«" + 6a? 2 

168. Hence also if Ace B, and a, b, be any pair of 
values of A and B, then for any other values of A and B, 
we have ^ : £ » m » a : i, that is, when one quantity 
varies as another, if any tioo pairs of values be taken of 
them, the four unit be proportionals : or since A :a::B :b, 
we may state this by saying that if one of them be 
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changed from any one value (A) to any other valaa (aj^ 
the other will be changed in the same proportion from 
the value (B) corresponding io the first to the value (b) 
correspoujding to the second. 

169. The following are terms used in Variation : 

1. If A- mB, then A varies direcOy as Bi 

tn 

2. li A^'-fA varies inversely as B; 

B 

3. If ^ B mBCy then A is said to Yary joindy as B and C; 

B 

4. I{ A^^m--, then A is said to vary directly as B, and 

inversely as (7. 

170. The following results in Variation are noticeable, 
(i) IfAocB and Boc C, then -4 x C. 

For let A = mjB, B^nC; then -4 = m«C, and /. Aoc C, 
since^ m, n^ being constant^ so also is nm. 

So also> if Ace B and Bcc ■-, then Ao: --. 

C C 



(ii) If -4 a C and JBa (7, ^±5a C, and V^^cx C. 

Forlet^«mC, B':^nC; 
then -4± JB = m(7+n(7«(m±n)C, and .*. -4±-BxC; 

and '^AM-='^mCxnC'='^mnC*=:^fnmCy and /. VZBqc C. 
(iii) If ^a -BC; then JBoc ~, and Ca ^. 

1 A A A 

For let -4«m-BCi then B^— .--:-, or JBx— ;soCa--. 

iw C C ^ 

(iv) If ^ X 5, and Cx D, then ACcc BD. 

For let A':^mB, C--nD; then AC^mnBD, or AC oc BD. 

Ex. 1. If a ac 5^0, and 1, 2, 3, be contemporaneous values of 
Of bf c, express n in terms of h and c 

Since a x 5^c, .'. a = md*c, where we have to find m; now, when 
As2 and cb3, a becomes 1 ; .*. 1 = 12m, or m= ^^i and .*. a= i^^c. 
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Ex. 2. If y = the sum of two quantities, one of which oc x and 
the other oc 2^, and when x = l, y = 6, when x = 2j y = 20 ; express 
V in terms of;r. 

Here y = mx + tue*, where we have to find m and n : 
now, by the Question, when d? = 1, y = 6, .*. (i) 6 = m + n, 
and when x = 2, y = 20, .*. (ii) 20 = 2m + 4n ; 
from which equations m = 2, n = 4, and .*. ^ = 2^-1: 4^6*. 

Ex. 73. 

1. If a?y X «* + y*, and 3, 4, be contemporaneous values of x 
and y, express xy in terms of a:" + y*. 

2. If y = the sum of two quantities, whereof one is constant and 
the other x x inversely^ and when :r = 2, y = 0, when ;r = 3, y = 1, 
find the value of y, when a; = 6. 

3. If y = the sum of two quantities, whereof one is constant, 
and the other x xy^ and when a; = 2, y = - 2}^, when ^ = - 2, y = 1, 
express y in terms of x. 

4. If y = the sum of three quantities, which vary as x, a^, a^ 
respectively, and when ^ = 1, 2, 3, y = 6, 22, 54 respectively, 
express y in terms of x. 

5. If y = the sum of three quantities, of which the first x :^, 
the second x x, and the third is constant; and when d?= 1, 2, 3, 
y = 6, 11, 18, respectively, express y in terms of d?. 

6. Given that s ccx + y, and y cca^t and that when x-i, the 
values of y and s are i and i, express z in terms of x. 

7. If a: X -5 and «■ x -, shew that a: x - « - . 

y^ X y z 

8. The area of any triangle varies jointly as any side, and the 
perpendicular let fall upon it firom the opposite angle ; express the 
area of the rightrangled triangle ABC in terms of the sides AC^ 
BCy containing the right angle, it being foimd that, when the sum 
of the two sides is 14 feet and the hypothenuse 10 feet, the area is 
24 square feet 
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CHAPTER XII. 



VARIATIONS, PERMUTATIONS, ANB COMBINATIONS. 

171. The Variations of any No. of quantities are the 
different arrangements which can be made of them^ 
taking a certain No. at a time together. 

ThuB the Vapx of a, b, e, two together, are ab, ba, ae, ca, be, eb. 

When aU are taken together, the Var°* are called 
PermtUatians : but this distinction is not always ob- 
served, the words Variation and Permutation being used 
by some as synonymous. 

172. I%e No. of Vaf^ of n different things^ taken r 
together^ is n(n - 1) (n - 2) . . . . (n - r + 1). 

Let there be n di£ferent things, a, i, c, cf, &c. 

The No. of Var°* which can be formed of these n 
things, taken singly^ is, of course, n. 

Now let us remove a; there will then be n- 1 things, 
5, c, rf, &c., and the Var°* of these taken singly ^ will (as 
before) be « - 1. If then we set a before each of these, 
there will be « - 1 Var°* of n things, a, J, c, rf, &c. taken 
two and two together, in which a stands first ; similarly 
there will be n - 1 such Var°*, in which b stands first ; 
and so of the rest : therefore, on the whole, there will be 
«(» - 1) Var°" of n things taken two and tv)o together. 

Let us again remove a ; there will be n - 1 things, 
i, c, rf, &c., and the Var" of these, taken tv)o and two 
together, will be (n- 1) (w- 2) by what precedes; and, 
by the same course of reasoning, it will appear that, on 
the whole, there will be n(n- 1) (n-2) Var°* of n things 
taken three and three together. 
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Suppose then this law to hold for the No. of Var*" of 
n things a, b, Cy d, &c. taken r-l together, which would 
be, therefore, n(n - 1) (n - 2) . . . . {» - (r - 1) + l}, or 
w (w - 1) (n - 2) (« - y + 2). 

Now remove a; there will then be n - 1 things J, c, d, 
&c., and the Var°* of these, taken r - 1 together, would 
be found from the preceding result, by writing in it 
n-1 for «, and would, therefore, be 

(n ~ 1) (n - 2) . . . . (w - r + 1). 

If now we set a before each of these, there would be 
fn- 1) («- 2) .... (w-r + 1) Var°* of n things a, J, c, d, 
&c. taken r together, in which a stands first ; similarly, 
when b stands first, and so of the rest: therefore, on the 
whole, there would be n (» - 1) (n - 2) . . . . (n - r + 1) 
Var°* of n things taken r together. 

If then the formula represent correctly the No. ot 
Var**® of n things when taken r - 1 together, it would 
also when they are taken r together; but we have 
shown it to be true when they are taken 1, 2, or 3 
together ; therefore when taken 4 together ; and, there- 
fore, when 5 together, &c., that is, it is generally true 
for all values we can give to r. 

173. Hence denoting by F;, F;, F;, &c. V, the No. 
of Var"» of n things taken 1, 2, 3, &c. r together, we 
have, from the preceding formula, 

F; = w, r, = w(w-l), r3 = n(n-l)(n-2), &c. 
Fr = » C^ - 1) . . . . (w - r + 1). 

CoR. If r = », or off the quantities are taken together, 
then the No. of Perm°« (P) of n things, is 

n(n- l)(w-2)... (w-w+ l) = n(n- l)(«-2)... 1; 
or, reversing the order of the factors, 

P= 1.2.3 n. 
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174. The No. ofPertnT of n letters, tohereof p are a*«, 
q are V$, r are c*$, Sfc. is 

1«2.3 ••••11 
1.2.3 .... p X 1.2.3 .... q X ^c ' 

For let N be the No. of such Perm"*. Suppose now 
that in any one of them we change the p a^s into different 
letters; then these letters might be arranged (173. Cor.) 
in 1.2.3 • . . «|> difS^rent ways, and so instead of this one 
Perm'', in whiclLp letters would have been a\ we shall 
now have 1.2.3A,.j!? different Perm". The same would 
be true for eac& of the iVPerm"; hence, if the p a*s 
were changed to different letters, we should have alto- 
gether 1.2.3 .»..pxN different Perm" of n letters, 
whereof still q are J*s, r are c\ &c. 

So if in these the ; i's were changed to different 
letters, we should have 1.2.3 . . . . y x 1.2.3 . ,, . px N 
different Perm" of n things, whereof still r would be c% 
and so we may go on until all the n letters are different ; 
but when this is the case we know (173. Cor.) that their 
whole number of permutations = 1.2.3 . . • . n ; hence 

1.2.3 .... px 1.2.3 . . . . y X &c. X i\r= 1.2.3 . . . . n, 

and N l.2.S....n ^ 

1.2.3 • • • • J9 X 1.2.3 • • • • ; X &c. 
Ex. 1. How many changes can be rung with 5 bella out of 8 P 
How many with the whole peal ? 
Here T, = 8. 7. 6. 6. 4 = 6720, P = 8. 7. 6. 6. 4. 3. 2. 1 = 40320. 
Ex. 2. How many different words may be made with all the 
letters of the expression 0^6*0? 

Of these 6 letters, 3 are a's, and 2 ft's; .'. 2V= Jo o^'fo =^- 

Ex. 3. What No. of things is that, whereof the No. of Var", 
taken 3 together, is 20 times as great as the No. of Vai" of half 
the same No. of things taken 2 together? 

Here» if n denote tiie No. of things required, we have 
«(n-l)(»-2)=:20(iw)(J»-l), whence n = 6. 
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Ex. 74. 

1. How many dhangee may be rung with 5 bells out of 6, and 
how many with the whole peal ? 

2. In how many drffiorent ways may 7 persons seat themselves 
at table? 

3. How many different words may be made of all the letters of 
the words division, insincere, eommencemeni, baccalaureusf 

4. How many different words may be made of the letters of the 
expression a*b*<^d? ^ 

6. The No. of Var"*, 3 together : the N^4 together : : 1 : 6$ 
find the No. of things. \ 

6. How many different words may be made of all the letters of 
the words mammalia, caravansera, Oroonoko, Mississippi f 

7. The No. of things : the No. of Var«*, 3 together : : 1 : 20; 
find the No. of things. 

8. The No. of Var" of n thmgs, 3 together ; the No. of Var"' 
of n + 2 things, 3 together : : 5 : 12; find n. 

9. The No. of Var«» of n things, 4 together : the No. of Varw 
of f n things, 4 together : : 13 : 2 ; find n. 

10. If the No. of Vapu of n things, 3 together, be 12 times as 
great as the No. of Var~ of in things, 3 together, what is the No. 
of Permn> of the same n things P 

11. Of what No. of things are the Permn> 720 P 

12. There are 7 letters, of which a certain No. are a's; and 210 
different words can be made of them ; how many a's are there P 



175. The Chmlnn<Ui<m8 of any No. of quantities are 
the different sets that can be made of them^ taking 
a certain No. together^ without regard to the order 
in which they are placed. 
Thus, the Ck)mb'* of a, h, c, d, 3 together, are ahc, abd, aed, bed. 

It is readily seen that each CbiTift" will supply as 
many corresponding Var^^ as the No. of quantities it 
contains admits of Ferm°'. 

Thus, the Oomb^ abo supplies the 1.2.3 or 6 Yarns ^t ^i hact 
boa, cab, eba. 
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176. The No. of GonJlf* of n differerU things, taken r 

together, is 

n (n - 1) (n - 2) . . . , (d - r + 1) 

1.2.3 • • • • r 

For (176) each Comb* of r things will supply 1.2.3... r 

Var^ of r things ; hence^ if Q denote the No. of Comb~ 

of n things^ r together, we have 

1.2.3, . . .r X (7^« No. of Var" of n things, r together 

-r,= n(n-l)(»-2) (n-r+l); 

n w(>>- l)(w~2) ... . (n-y+ 1) 

» . . \jf ** — ^— — — .~— ^-^— ^^^— — — — — — ^— — _— , 

1.2.3 • • • • r 

iw XT n ''^ n »(w-l) n w(«-l)(«-2) „ 

177. Hence C,- -, C,= -\^ , C,- -^-y;^^^ — -, &c. 

Now it will be seen hereafter that these are the same 
as the coefficients of the binomial (1 + xf, so that 
(1 + xf = 1 + C^x + Cj^ + &c. + CX- 

Hence, putting «= 1, we have 2**« 1 + C, + C3+&C.+ (7^ ; 
or the sum of all the Comb^* that can be made of 
n things, taken 1, 2, 3, &c. n together « 2*- 1. 

178. The expression for (7^, (by multiplying both numr 
and den' by 1.2.3 ...(«-r)) may be put into the form 

n (n - 1) (n - 2) . . . . (n - r + 1) X (n - r) . . . . 3.2.i 
1.2.3 . . . . r X 1.2.3 ....(»- r) 

1.2.3 . . . . n \n 



1.2.3 . ... y X 1.2.3 . . .. (»~r) \r \n-r ^ 
if we use [» to denote the continued product 1.2.3. ..n. 
Hence, writing n-r for r, we have 

cu — ^^ "^ — c,, 

\!^ZZ\L \r\n-T 
or the No. of Comb'" of n things taken n - r together 
= the No. of them taken r together. 

The Comb°' of one of these sets are said to be 
Supplementary to those of the other. 
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Ex. 1. Find the No. of Combn* of 10 things, 3 and 6 together ? 

Ex. 2. How many words of 6 letters might be made out of the 
first 10 letters of the alphabet, with two vowels in each word? 

In these 10 letters, there are 7 consonants and 3 vowels; and in 
each of the required words, there ar^ to be 4 consonants and 
2 vowels : now the 7 consonants can be combined four together 
in 35 ways, and the 3 vowels, two together, in 3 ways; hence there 
can be formed 35 x 3 s 105 different sets of 6 letters, of which 

4 are consonants and 2 vowels : but each of these sets of 6 letters 
may be permuted 6.5.4.3.2.1 = 720 ways, each of these forming 
a different wordf though the whole 720 are composed of the same 
6 letters : hence the No. required = 105 x 720 = 75600. 

Ex. 75. 

1. How many Combo* can be made of 9 things, 4 together? 
how many, 6 together ? how many, 7 together ? 

2. How many Comb°B can be made of 11 things, 4 together? 
how many, 7 together ? how many, 10 together ? 

3. A person having 15 friends, on how many days might he 
invite a different party of 10 ? or of 12 ? 

4. How often might a common die be thrown, so as to expose 
five different faces ? 

5. Find the whole No. of Comb^B of 6 things, 1 , 2, &c., 6 together. 

6. Four persons are chosen by lot out of 10 : in how many ways 
can this be done ? and how often would any one person be chosen? 

7. How often may a different guard be posted of 6 men out of 60? 
on how many of these occasions would any given man be taken ? 

8. The No. of Combn« of Jn things, 2 together, is 15 ; find w. 

9. The No. of Combos of n things, 3 together, is ^^ of the No., 

5 together ; find n, 

10. The No. of Combo> of n + 1 things, 4 together, is 9 times 
the No. of Combos of n things, 2 together; find n. 

11. The No. of Combos of Jn things, 4 together, is 3f of the 
No. of Combos of ^ things, 3 together ; find n, 

12. How many words of 6 letters may be made out of the 26 
letters of the alphabet, with 2 out of the 5 vowels in every word? 



V. 
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CHAPTER XII. 



THB BINOMIAL THBOBEM. 

179. Ths Binomial Theorem is a formula, discovered 
by Sir Isaac Newton, by means of which any binomial 
may be raised to any given power, without going 
through the ordinary process of Involution. It may 
be stated as follows: Whatever be the value of n, 
positive or negative, fractional or integral, 

(€H-zjr=a''+ - a" '«+ ; ^ ^ tf* V+ -^^ L^—^J a*^ar+&c.; 

1 1.2 1.2.3 

where the coefficient of a^'^af - _a_I_Z*I!.A_JI } 

1.2 ... r ' 

and this, being the coefficient of the (r + 1)^ term of the 

expansion, where r may represent any positive integer 

whatever, is called the coefficient of the general term. 

It will be noticed that the coeff' of x, s?y &c. 3fy in 
the above, when n is a positive integer y are no other 
than the Nos. of Combinations of n things taken 
1, 2, &c. r, together. On this account we will use 
the letters (7^ C^ &c. C^, to denote these coeff' in all 
cases ; and so we may write the formula 

In this expression^ a and z may stand for any quaxl- 
tities whatever ; so that 

^a'^'^C.cr'x +C,a--*«' -&c., 
where the terms are aUematdy positive and negative : 
and (1 ± «)" = 1 ± C^x + Cji? ±C^ + C^x^ ± &c. 
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180. To prove the Binomial Theorem when the index 

is a POSITIVE INTEGER. 

We shall find, by actual multiplicationy that 
(ap + a) (« + 6) t= a* + (a + 6) ap + oft, . 
(« + a) (a: + 6) (« + c) = a^ + (a + 6 + c) «* + (aft 4- oc + ftc) « + abc 

Assume this Law of Formation to hold for n - 1 factors, so that 

where i?i = a^ + a, + o^ + &c., />, = /i^a, + a^a^ + a/^ + &c., &c. = &c. 

Pni-^i^^z ... a,.i; 
then, multiplying by another factor, x + a^, we have 

(ar+Oi) (ap+a,)...(«+aj =x\p^x^'\ />^"*+&c.+ p^.^x 

where g'l = i?i + «„ = «i + «t + ^ + &c. + a,, 

99-P$-^ Pi^n = <*A + <*i«s + *A + &c. + o^a^ + o^, + &c. 
&C. s &c. 

that is, if the Law holds for the product of n - 1 factors, it holds 
also for that of n factors : but we have seen above that it does hold 
for three factors, therefore fotfour, and therefore for Jhe, and so 
on; that is, it holds generally, when n is a positive integer. 

Now, it is easily seen that the terms in q^, q^ g„ &c., are the 
different Comb^^ of the n letters a„ a^ a„ &c. a^ taken one, two* 
three, &c. together ; and, consequently, the No. of terms in q^ is C^* 
in ^, is C„ &C., as in (177). Let us put a for each of a^ a^ &c.: then 
the first side becomes {x + ay, and each of the terms in q^, g„ q^ &c. 
becomes a, a", a', &c. respectively ; and therefore we have 

(a? + aY = «• + C^oc*-' + Qa"a!»-* + &c. 

1 \»J» 

And, of course, it wiU follow in like manner, that 
(a + «)• B a* + C^a"^^ + C^cC"-* + &c. 
= «• + Cja*-*« + Qfl- V + &c. 
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181. There are only »+ 1 terms in the expansion of 
(1 + xy, when the index is a positive integer. 

Since the coeff. of the (r+ 1)*^ term^C;, we see that 
if r be such that the last factor of the num', n-r+ 1 = 0, 
then the (r + 1)*^ and all the following terms (all of which 
would involve this factor) will vanish, i.e. the series wiU 
have ended with the r^ term. Now if n-r +1^0, 
then r = »+ 1; and the series will have ended with the 
(n + 1)*^ term. 

182. In the expansion of (1 + xj", the coeff' of terms, 
eqtially distant from the beginning and end, are the same, 
when the index is a positive integer. 

The (r + 1)**^ term from the end (having r afier it) 
will be the {(n + 1) - r}^ or (» - r + 1)*^ from the be- 
ginning, and its coeff. will therefore be C^.,; but, (178) 

^ n(»-l)...(n-r+l) ^ \n jn _^ 

'" 1.2 ...r "ir in-r " jn-r ^r """ 

or coeff. of (r + 1)^ term from beginning = coeff. of 
(r+ 1)*^ term from the end. 

N.B. The number of terms, n + 1, being odd or emi as n is even 
or odd, It follows that, if » be even, there will be one middle term, 
but if odd, two middle terms, which, by (182), wiU have equal 
coeffs, and on each side of which the same coeff" will occur in 
order. When, therefore, in expanding a binomial with a positive 
integral index, we have passed the middle term or terms, we shall 
find all the coeff* repeating themselves ; and, instead of calculating 
those of the remaining terms, we may write down, in inverted 
order, the coeff« already found, as in the following examples. 

Ex.1. (l+a:)* = l + ^a?+i?«» + &c. = l + 4a: + 6«» + 4«» + aj*. 

1 1.2 

We shall not, however, give any more examples of the 3'*, 4**», 
and 6th powers of a binomial, which the Student should be able to 
write down as in (42). 
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Ex.2. (l-«y = l-la:+— «*-^^ar' + &c. 
^ ' 1 ^ 1.2 1.2.3 

= 1 - 7a; + 21«* - 35«» + 35a;* - 21a* + ?«• - a;'. 

Ex.3. (3^.iy) =(3ir)'-?(3a;y(iy)+?|(3a:)Hiy)»-^(3a:y(iy)»+&c. 

=729a;*-6x243a;»xiy+15x81a;*vV-20x27ar''xiy' 

+ 15 x9a;»x iV- 6 X 3a;x 3\y* + e\y* 
= 729a;* - 729a*y + H^y - H^**/ + WaJ*y* 

-Aay+eV- 

Ex. 70. 

1. (l + ary. 2. (a+a;)'. 3. (l-a;)". 4(a-a;)». 

5. (1 + a;)". 6. (l-2a;)» 7. (a-3a;)«. 8. (2a; + a)«. 

9. (2a-3a;y. 10. (l-iarf. 11. (1-ia;)". 12. (ia;-iy)". 



183. To prove the Binomial Theorem^ when the index 

is FRACTIONAL OT NEGATIVE. 

It will be sufficient if we can prove the Theorem for 
the expansion of (1 + zy, that is, if we can shew that for 
aU values of / (1 +a;)r= 1 + C^z+ <7^ + &c. ^ 

For then, since a + z^all + -\, we shall have 

= a" + Cjtt'^z + (/,«"' V + &c., as required. 

Let then the series 1 + — a: + -^= cf + &c., what- 

1 1.2 

eoer be the value of m, be denoted by the symbol f{m). 

Now, when m is a positive integer, we know that this 

series represents the expansion of (1 + xf^ that is, 

f{vn) = (1 + a?)"*, when m is a positive integer. We shall 

now shew that this is the case for aU values of m. 
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Since f(m) « 1 + — « + ^^"^ ^ sf + &c. 

•'^ ^ 1 1.2 

and /(m)x/(»)=l + ^ar+^^(^:-L)«' + &c. 

+ - a:+ mn a? + &c. 

1.2 



• 1 + aa; + ia:* + &c. 

where we use a, by &c. to denote the coeff', found by 
addition^ of Xy a?y &c.^ so that 

, m(m-l) n(n-l) „ 

1.2 1.2 

Now by c, &c. might be reduced to much simpler 
forms than these, but the process would be tedious : we 
may find them however^ immediately, by the following 
consideration. Since the above multiplication does not 
at all depend upon the actual values of m and n, we 
should still have, by the addition, the same values as 
above for a, b, &c., whether m and n stand for positive 
or negative, integral or fractional, quantities. 

But when m and n are positive integers, we know that 

/(m)-(l+a:r, /W-(l+ar)>, 
and /. f(m) x/(n) = (l +«)" x (1 +3:)» = (1 +Ji;)"^; 

and since m + n is here a positive integer^ we know 
also that 

(1 + xT*^ - 1 + — - — X + V ^-^ ^ «■+&€. 

1 1.2 

Here, therefore, we have the values of a, b, &c. when 
m abd n are positive integers: hence also they will 
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be the same^ whatever be the values of m and n, and we 
bave, therefore^ in all cases> 

or, since this series would be denoted by /(m + w), we 
have f(m)xf(n)=f(m + n)y for aU values of m and n. 

The student may easily satisfy himself that the values just 
obtained for a, 5, c, &c. are identical with the former, though 
simplified in form; thus 

, m (m -1) n (n - 1) m(m - 1) + 2mn + n(n - 1) 

1.2 ^ 1.2 1.2 

m(m-l -}-n) + n (m + n-l) (m-j-n) (m-t-n-l) 
1.2 "' ' 1.2 

Hence f{m) xf(n) xf(jp) ^f(m + n) xf(j)) =f(m + n +/>), 

and similarly for any No. of such factors; i.e. the pro- 
duct of any two, or more, such series, as that denoted by 
y(m), produces another series of precisely the same form. 

Now, (i), let there be n factors, each ssyf — J , where 
m and n are positive integers ; then 

/[ — jx/( -- Jx&c. »factors=/f — + — + &c. wterms J, 

since m is a positive integer; 
/. taking the n^ root on both sides, (1 + xf «/( — j , 

Hence /(m) is the series for (1 + ar)*, so long as the 
index is positwe, whether it be integral or fractional. 

Again, (ii), let « » - m, where m is positive, but may 
be integral or fractional ; then 

f(m) x/(- m) ^f(m - m) =/(0) - 1, 
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(since the series becomes « 1, if we put for m in it); 

.•./(- m) = ^. ^ = , r- , since m is positive, 

\ f(rn) {\-¥xT' ^ 

= (1 + a;)"*, by the Theory of Indices. 

Hence /(- m) is the series for (1 + a;)"~, where the 

index is negative, and may be either integral ox fractional. 

It follows then that for aU values of the index, we have 

184. We have seen (181), that when the index is 
a positive integer, this series will stop after n + 1 terms ; 
when fractional or negative, it will never terminate, but 
consist of an infinite number of terms, since we cannot 
th^n find any value of r, which will make w - r + 1 « 0. 
Ex,l. 

= 1 - f ^^ + r^ «* - rl^t «* + &c. = 1 - 2a: + 3«« - 4ar' + &c. 

In this Ex. there is some trouble in simplifying coeffs, and 
getting rid of superfluous signs : to save this, it will be useful to 
remember the result of the following general example. 

Ex. 2. 

Ex.3. (i + ,)-» = j-^« + ?j|a«-!j||<r» + &c. 

= 1 - 3« + ex* - lO** + &c 
Ex.4. (l+«)Ul + ta, + t(izll««+t(ilJMzl)a* + &c 
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Here also it will be well to notice the foUowing general results. 

^''*'; p pjp-i\ pjp.-x\{p.-2\ 

(1 ± *).-= 1 ±1 a^ + nL-J a? ± ii2_-442— i *• + &c. 

P P-2 P P-Q P'^9 

g 1.2 1.2.3 

= l±£^+.P(^)^±£(£l|J^<r.+&o....(ii) 
g' 1.2.J* 1.2.3.g^ 

So also 

.-1,2 2.5 . 2.5.8 , ^ 

Ex.6. (1-^) ^=i+3^+i:2:3^^+i:2:3:3^^-^^^ 

= 1 + f a? + !«« + ff ar» + &c. 

Ex. 77. 

1. (1 + xy\ 2. (1 - 3a;)->. 3. (1 + Sa:)-'. 4. (1 - 2a:)-. 

5. (1 - !«)'•. 6- (1 + i«r- ''^ (1 + 2a?)i 8, (1 - Zxf. 

9. (I-*)*. 10. (l-«*)l 11. "3=- 12. 



Vl-ic Vl-fa;' 



■// 



E.7.(«.^r=^(u?)-=^{.-i(|)*i|(|)'-*') 

= or* - 8a-*a; + 40a- V - IGOa" V + &c. 
Ex. 8. 

« a"* + 3a"*a; + V<»"*«* + V^'^ar* + &c. 

Ex. 78. 

1. (2 - a?)-«. 2. (3 - 2a!)-». 3. (a + 6a:)-». 4. (a - h*x)-\ 

5. (a"*-6V- ^- (a* -«•)*• ''• (<»'*+&"V- 8- («-')'• 

9.(a''a^yi. 10. (a*- a:*!. 11. (a« -«")"*. 12. {ax-a^ij/ 



I 
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CHAPTER XIIL 



NOTATION, DECIMALS, INTEREST, &C. 

185. Notation is the method of expressing numbers 
by means of a series of t>owers of some one fixed num- 
ber, which is said to be the radix or base of the scale, 
in which the different numbers are expressed. 

Thus in common Aritlmietio, all Nos. are expressed in a scale 
whose base is 10; for 8578 denotes 3000 + 500 + 70 + 8, t.^. 
3.10*+ 5.10'+ 7.10 + 8$ so also 376, when expressed in a scale 
whose radix is 12, is 274, since 2.12' + 7.12 + 4 « 288 + 84 + 4= 376. 

186. Ifxhe any integer ^ any No, N may be expressed 
A^ in the form N « ^|r° + Pn_i^"^ + &c. + p^r' +- p,r +• p^, where 

b the coefficients J)!^, p^.,, &c. are integers aU less than r. 

For divide N by the greatest power of r it contains, 
suppose r"; and let the quotient be p^ (which will, of 
course, be < r), and the remainder N^\ then N=py + N^. 

Similarly N, ^p^.,r'' + N^, N^ =i^«-a^+ -ZV;, &c., and 
thus continuing the process until the rem' becomes < r, 
Pq suppose, we have N^pj^+p^,^f^'^-\^&c.'\-pji^+Pyr+p^. 

Some of the coefficients p^y p^, p^ &c. may vanish, 

^ but none can be >^. Their values then may range 

from to r ^ 1, and these different values are called the 

digits of the corresponding scale. Hence, including 

zero, there will be r digits in the scale of r. 

Thus in the scale of 12, the digits will be 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 
t and e, where t and e are used to denote the digits 10 and 11, 

187. In the Binary scale, the radix is 2; in the 
Ternary y 3 ; in the Quaternary, 4 ; in the Quinary, 5 ; 
in the Senary, 6 ; &c.; in the Denary or Decimal, 10; 
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in the Undenary^ 1 1 ; in the Dtwdenary or JDtiodecimaly 
12; &c. 

All Nos. are supposed to be expressed in the common 
or denary scale^ unless the contrary is mentioned. 

1S8. To express any proposed No. in a given scale. 

Let N be the given No. which is to be expressed in 
the scale of r, in the form N-pj^ + &c. +pj^-^PiT+Po: 
we are to shew how the digits /?^, />^.j, &c. may be found. 

Divide iVby r; then we shall have 

r r 

i.e, we shall have an integral quotient, />^r*"* + &c.+/?i 

(= iVj, suppose,) with remainder /i^ ; hence the remainder, 
upon dividing iV'by r, isp^ the last of the digits. 
Again, divide N^hj r; then we shall have 

r r r 

hence the rem% upon dividing ^, by r is p^, the last but 
one of the digits; and so dividing N^ by r, we get J9j, &c. 

Ex. Express the common number 3700 in the quinary^ and 
convert 37704 from the nonan/ to the oetenary scale. 



Ex.1. 6)3700 


Ex.2. 


8) 37704 


5) 740 ... 






8) 4311 ... 5 


6) 148 ... 






8) 480 ... 1 


5) 29 ... 3 






8) 54 ... 4 


6) 5 ... 4 






6...1 


Ans. 104300. 1 ... 


Am, 


61415. 



Notice that in Ex. 2, the radix is 9, and therefore, when, m 

beginning the division, we are obliged to take the two figures 37, 

these do not mean thirty-seven, but Sx9-\-*J = thirty-four: hence 

8 in 37 will go 4 times with 2 over; 8 in 27 (not twenty-eevenf 

but 2 X 9 f 7 = twenty five) will go 3 times with 1 over; and 

80 on.' 

h3 



160 
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Ex. 79. 

1. Express 1828, 84705 in the septenary scale. 

2. Express 300 in the scales of 2, 3, 4, 5, 6. 

3. Express 10000 in the scales of 7, 8, 9, 11, 12. 

4. Trsoisform 444 and 4321 from the quinary to the septenary. 

5. Transform 27^ and 7007 from the undenary to the octenary. 

6. Transform 123 and 10000 from tiie nonary to die quaternary* 

189. The common processes of Arithmetic are carried 
on with these, as with ordinary Nos., observing that 
when we have to find what Nos. we are to carry in 
Addition, &c., we must not now divide by 10, but 
by the radix of the scale in question. 



Ex.1 



Addition. 


r = 4 


r = 7 


32123 


65432 


21003 


54321 


33012 


43210 


22033 


1444 


31102 


65001 



332011 



226041 



Subtraction, 



r = 3 

201210 
102221 

21212 



r = 12 

7^48 
5e6^4 

1^64 



Ex. 2. Multiply together 68 and 71 in the undenary scale; 
express also and multiply these Nos. in the nonary scale, and 
compare the results, by reducing each to the other scale. 

Here 68 and 71 in the undenary = 82 and 86 in the nodary : 

68 ' 82 9)4378 11)7823 

71 86 



68 
431 



543 
727 



9) 533. ..3 
9) 65...2 

7,.,8 



11)642..,8 
11)52...7 
4...3 



4378 7823 

tt will be seen that in the last two operations we have shewn 
that 4378 in the undenary = 7823 in the nonary, and vice versoi 
as it should be. 

Ex. 3. Divide 234431 by 414 (quinary), and extract the square 
root of 122112 (senary). 



284431 
41 


414) 234431 (310 
2302 


122112 (252 

4 


122112 
44 


234340 


423 
414 


45) 421 
401 


122024 




41 


542) 2012 
1524 





44 
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Ex. 80. 

1. Take six terms of the series 1, 10, 10*, &c.; express and add 
them in the senary scale, and reduce the result to the denary. 

2. Multiply the common Nos. 64 and 33 in the binary and 
quaternary, and transform each result to the other scale. 

3. Transform 1756 and 345 from the octenary scale to the 
nonary ; multiply them in both scales, and divide the result in each 
case by the first of the two numbers. 

4. Divide 51117344 by 675 (octenary), 37542761 by 42* (un- 
denary), and 29^6580 by 2ti9 (duodenary). 

5. Extract the square roots of 25400544 (senary), 47612384 
(nonary), and 32e75721 (duodenary). 

6. Express in common Nos. the greatest and least that can be 
formed with four figures in the scales of 6, 7, and 8. 

■ - ■ " 

190. A decimal fraction may be considered as a vulgar 
fraction, whose den' is some power of 10, the No. of 
decimal places pointed off from the right being the same 
as the index of the den^ Hence, if P represent the digits, 
or, as they are called, the significant part, of a decimal 

. P 

oip places, its equivalent vulgar fraction iV= — ^ . 

It is obvious that decimals, having the same signifi- 
cant part, P, may differ much in value, in consequence 
of the difference in the value of p, i.e* in the position 
of their decimal points. 

Thus 1.23 = ^^, .0123 = ig , 12.3 = 1^ . 

191. Topr<wethertdeforpoinHnffinMul^ofJ)eoimaIs. 

Let M and JV be two fractions, which, expressed as 
decimals, give the significant parts P and Q, with j9 and 
q places of decimals respectively ; then 

10^* 10« 10» 10« 10*^ 
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Now -— represents a decimal, whose significant part 

is PQ (the product of the two decimals as whole Nos.) 
and having p + q decimal places ; hence the rtde : 

Multiply as in whole Nos.; and in the product point 
offa^ many decimal places as there are in the Multiplier 
and Multiplicand together. 

192. To prove the rule for pointing in DitT of Decimals. 

Let Mf N, P, Q,p, q be the same as before ; 

f\^ ^ P Q^ P^ 10«_P 10« 
* iV^^lOp'lO^^lO'^ Q "'Q-IO'* 

. M P \ P P ,,^, > 

^^^^"i^='Q-10^'"'-Q'"^'=Q-''^^^:5- 

P 

Now — is the quotient obtained by dividing P by Q, 

as in whole Nos.; hence the rule : 

Divide as in whole Nos.; then 

(i) If the No. of places in the dividend exceed that in 
the divisor i point off in the quotient a No. of decimal 
places equal to that excess; 

(ii) If the No. in the dividend be the same cts that in 
the divisor, the quotient vnll have no decimal places ; 

(iii) If the No. in the dividend fall short of that in the 
divisor, annex to the quotient a No. of cyphers equal to 
that defect. 

Notice that any cyphers, annexed to the dividend in 
the process of Division, must be reckoned as so many 

decimal places; thus 1 4 12.6 «=» -^ «= .08. 

*^ 12,5 

19i3. To prove the rule for reducing a circulating 
decimal to a vulgar fraction. 
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We need here consider only the fradionai part of a circulating 
decimal. If there be any figures before the decimal point, these 
may be kept separate, and connected with the vulgar fraction 
equivalent to the other part, so making a mixed No. 

Let iV be a circulating decimal, in which P represents 
the figures not recurring, and Q the period or recurring 
part ; and let P and Q contain p and q digits respectively. 

Then N^.PQQ&c. and 1(F.N^ P.QQQ &c. 

and KF^.A'^PQ.QQQ &c. 



or N^ 



:. (10'*« - lO') iV« PQ - P, 
PQ-P PQ-P 



10''^- lO^ l(F(10«-l)* 

Hence the rule— (since 10«- 1 will be expressed by 
q nines f and 10^ is 1 followed hjp cyphers)— 

For the numerator, set doton the decimal to the end of 
U^ first period y and subtract from it the non-recurring 
part; and for the denominator, set doum as many 9'« as 
there are recurring figures, followed by as many cyphers 
as there are non-recurring figures, 

194. Let T be a proper fraction in its lowest terms. 

Then if b can be put in the form 2" 6*, i.e. the pro* 
duct of any powers of 2 and 6, the fraction may be 
reduced to a terminating decimal, in which the number 
of places will be the greater of the two, m and n. 

For if m > n, then ->-— - —^=r-=- ■ -^ » 

which, expressed as a decimal(190),ha8 m decimal places; 

and if m< », then —-— • -rz-r ■ -; » 

which, expressed as a decimal, has n decimal places. 
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195. If 5 be not of the form 2"*6*, the fraction cannot 
be reduced to a terminating decimal. 

For here no factor^ by which we could mtdtiply both 
numerator and denominator^ will make the denominator 
a power of 10; since all powers of 10 contain only 
factors 2 and 5^ whereas the denominator here contains 
some factor different from these. 

In such a case it may be shewn that the figures of the 
decimal will recur^ and the No. of figures in the period 
will be less than b. 

196. To find the Amount of a given sum, in any 
given time, at Simple Interest 

Let P be the principal in pounds, n the length of 
time in years, r the interest of £l for 1 year; then the 
interest of P pounds for 1 year will be Pr, and for 
n years, will be Pm, which is the whole interest re- 
quired ; and the Amount, M- P + Pm » P (I + rrCy 

If Jf = 2P, or the original sum has doubled itself, we 
have 2P = P(l + rn), and n«=l-fr, r=l-rW. 

Thus at 4 per cent, since here we should haye r = 3-^, and 
.*. n <= -^ = 25, it appears that any given sum will double itself in 
25 years; but to have doubled itself in 15 years, it should be put 
to interest at 6f per cent, since then we should have n«= 15, and 
/. r = A, and lOOr = 6f . 

Cob. Hence the Simp. Int on any sum, is proportional, 
(i) to the Principal, when the Rate and Time are given, 
(ii) to the Rate, when the Principal and Time are given, 
(iii) to the Time, when the Principal and Kate are given 
{Arithmetic, 96) ; but the Amount only in the first case. 

197. To find the Amount of a given Sum, in any 
given time, at Compound Interest 

Let P, n denote, as before, the Principal and Time ; 
B the amount of £l with its interest for 1 year = 1 + r ; 
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then PJR will be the amoiint of £P with interest for 
1 year, and this becomes the Principal for the 2nd year: 
.-. PB X B^PIP will be the amount of £P for 2 years, 
and this becomes the Principal for the Srd year : 

/. PIP X JB= PIP will be the amount of £P for 3 years, &c. 

hence M- PIi^= P(l +r)*', the amount of £P for n years : 
and the interest « PB^ - P « P(if - 1). 

Cob. Hence the Comp. Int. on any sum, as also the 
Amount^ is proportional to the Pmcejpa/, when the Rate 
and Time are given ; but not in the other cases. 

198. To find the Present Value and Discount on any 
sum for a given time, (i) at Simple (ii) at Compound Interests 

Let F" represent the present value, D the discount, of 
a sum P due at the end of n years; then, since F'is the 
sum, which at Int. for the given time will amount to P, 
we have (i) P = r(l + m), (ii) P - r(l + r)»; hence 

(i)r=-^, andD=P-F-:^, (ii) F- ^ 



1 + m' 1+m' ^ ' (l+^y 

199. Equation of Payments* A sum P is due at the 
end of a time t, and P' at the end of a time t'l to find 
the time at which both sums should be paid together, 
at Simple Interest 

Let X be the time ; then the interest on P, which is 

paid after its time, should « the discoimt on P', which is 

P'r (If - x) 

paid before its time ; or Pr (a: - Q = \r.— \ , from 

^ \ '\'r \t " x) 

which quadratic z may be found. 

In practice, however, it is usual to reckon the interest 
instead of discount in the latter case ; when we shall have 

PiX"t)^F{l!^z\ or aj(P + P')«P^ + P'^. 
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Generally, if there be n sums P^, P,, &c, due at the 
end of times, t^, t^, &c. and if :r be the equated time, on 
this latter supposition, for payment of the whole sum 
P^-^-P^-i- &c. or S (P), then the amount of S (P) for 
';ime (x) ought to equal the sum of the amounts of the 
separate sums for their separate times, that is 

S(P){H-ra;}*»Pi(l+f^i) + P,(l+r^^ + &c,, 

or S(P) + ncS(P) = S(P) + rS(PO; 

A «.S(P) = S(PO. 

200. By the help of the preceding formulae, examples 
bi Interest may be often solved more simply than by the 
ordinary Arithmetical methods. 

Ex. 1. What sum will in 9 months amount to £600, at 5 per 
cent per amium. Simple Interest? 

Here 3f=600, r=^^.05, n=}«.76, to find P: 

„ 3f 600 600 ^_^o ^ ^ , 

.*. P = ' = - — A« — «i = . nQ^> = £578 6« 3d nearly. 

1 + m 1 + .05X.76 . 1.0376 ^ 

Ex, 2. In vhat time mil £91 13« 4d amount to £100 at 3 per 
cent, Simple Interest? / 

Here P = 91f, r = TJo» Jfcr=100, tofindn: 
.-. 100«91f (l + ifcn), whence n«W«3A years. 

Ex. 3. Pind the Comp. Int on £275 for 3 years at 6 per cent 
Here P « 276, « = 8, 12 =. 1.06, to find M: 
/. Jlf=276x(1.06ye£318 6» 11^ and Int «if*P«£43 69 llidL 

Ex. 4. Find the Discount on a bill of £600, due at the end of 
2 years, at 2^ per cent 

:, the discount, J) = £23 16« 2id. 
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1. Multiply a* - 2ax -J^^hx by 6* + or. 

2. Divide 3a:» + 4a6ar» - 6a"6«a; - 4a»6» by 2a6 + a:. 

3. If are 1, y= - 2, « = 3, find the value of 

3jg* - 2xy 4- 5y* + 5z* + 2yg 4^ 2arg 
4a:* + 2xy + 3^* + 2z* + yz - a;z 

. -D , mV + nV , a:* + a:"y* + y* 

4. Beduce —7-, — ^,- and . ^ , - o^ ■ .^ 3:— 4' 

a(m* + n*) -man a:* + 2r'y + 3a:*y" + 2a:y'' + y* 

5. Extract the square roots of 1 ^^ and 66.455104. 

6. Simplify (^^-">-'(^-^^> and J^ ^"4^. 

*^ ^ (lj-a:)-i(a?-li) a;- 1 2ar + 2 2x* + 2 

7. Sum the A. p. 7 + 8| + &c. to 8 and to n terms. 

8. Insert an H. mean between \\ and l\. 

9. Reduce to their simplest forms V125, VoSa'a:, ^^21^^, 

10. Expand (1 - 2a:)"* to five terms. 

11. (i) i(5«-7)-i(4a;-9) = 3J (ii) a: + 7 = V5Z7T9 
(iii)Ja;-Jy=l 1 (iv) a:« + y« = 131 

6(a? + y)-3(a!-y) = 13(a?-l)J xy = 6J 

12. A certain fraction becomes 1 when 3 is added to the nums 
and i when 2 is added to the den' : find it. 



13. Write down the square of 1 + 2a: - a:* - Ja:". 

14. Divide 61a:*y"+ 10a:* - 48ar'y - 15y* + 4a:y* by 4a:y - 5a:* + 3y*. 

15. Find the value of a:* - 2a (a - 6) a:* + (a* + 6*) (a - 6) a: - a*6', 

when a = 1, 6 = - 2, a? = 3. 

16. Find the o. c. M. of 

3a?* - ay - 2y* and 10a:* + 15ar'y - lOa:^^. _ jg^^s 

17. Extract the cube roots of 1953125 and 5. 

iQ c-^ Tiu 2(a:*-J) , . , a*+3a*a: + 3aa:" + a:' . {a^xf 

18. Smiphfy -^-— ,^ + iand -= — ^ f ;- {—^. 

'^ "^ 2a: + 1 iiir-ir a:*-f a-y + y* 

19. Sum the G. p. 3 - 1 + &c. to 5 terms and ad infinitum, 

20. Simplify {(a*6'*c* )"*}-* and x'^y'^z y/ixyz'^). 

21. Expiand to five terms -^ . 

Va - 3a: 

a 



. 1 



»» 
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22. Express 3000 {qitatemary) in the quinary scale, and 3000 

(quinaty) in the quaternary, and all four in the septenary. 
„^ ... 3x - 2 21-3* 6* + 13 .... . - 1 

'^•«2*-6-'-6-'-T0- (^)** = l + i 

(iii)l-6(Ja:-l)=2-f(y + l) 1 

far + 8 - i (y - 6) = 11« - 3J(3ar - 2)j 

24. ^ can do a piece of work in 10| days, which A and B can do 
together in 5f days : how long would B take to do it alone P 

25. Find the product of «• - a, s^-a^x + a, and «• + oic -f a. 
^^^ 26. Divide Ajj* - 4«* + ^y^- itiaJ _ juia; + 27 by J««-« + 3. 

27. If z s 1, y = - 2, s = 3, find the value of 

28. Reduce ^J and ,^.!J^f^>^^^T^^^^^^^ 3^> 
a:* - y* 36aV - 18aV - 27a*a;* + 9aV 

29. Simplify ^"'^^->(^-^» and -^±g-^^::^-^,. 
^^ l-i{l-ia-ar)} 2(«+l)'^2(ar-l) «»+l- 

30. Find the square roots of 19321, 1.9321, and 19.32U 

31. Obtain a fourth proportional to f, f , f, and a mean propor- 
tional to .017 and .153. 

32. Sum the G. P. f - f + &c. to n terms and ad mfinHum, 

33. Expand (ax -a^'^ to five terms. 

34. In how many ways may a sum of 40 guineas be paid in 
dollars (4« 6d) and doubloons (13«) P and how may it be paid 
with fewest coins P 

35. (i)?^-i:^ = 87i-?I(|::^ 

(ii)i*-12 = iy + 8 1 (iii)-lL+t = 3« 

i(ar + y) + i« = J(2y-«) + 35J ^^ x^2^ x " 

36. A can correct 70 pages for the press in 1^ hr, B can correct 
160 pages in 2} hrs: how long will they be in correcting 
425 pages jointly P 

37. Multiply (a + h -i- c) {a ■\- b - c) by (a - 6 + c) (6 + c - a). 

38. Divide 1 - Ja; by 1 - |ar - J«" to five terms. 

39. If a = - a: = J, 6 = 0, find the numerical value of 

X* - (a 'h)ar' ^ (a - b)b*x -h*. 

2ar'-«"+ x + 1 



40. Reduce to its lowest terms 



2a^ + 3«* + ar + 1 ' 



MISCELLANEOUS EXAMPLES. Ill 

41. Find the cube roots of 2685619 and i. 

42. Simplify the fraction ^^- ^^l ' ^^\'^'^ . 

^ ^ lf-J(a: + 4i) 

43. Expand (a* - 4a*a5')* to five terms. 

2a « ' 9 ^ 3ar * /80y* 

44. Reduce to their simplest forms "^ \/ j-i *^" -9- \/ oTTji • 

45. Sum the A. P. i + } + &c. to 31 and to n - 2 terms. 

46. Transform 1828 into the septenary scale, and square it; 
reduce the result to the nonary, and extract the square root; 
and express the latter two results in the denary. 

47. (i) 3* - J (« - H) = 9 - i(5a: - 7) 

(ii) a:-y-«= 6. (iii) a(af + y)- ft(«-y) = 2a» ) 

3y- a: - »= I2I («• - 6") (a: - y) = 4a»J/ 

72 - y - a; = 24! 

48. Two men can do a piece of work in 12 days, and one of them 
can do half as much again in 24 days : in what time could 
the other do a third as much again ? 

49. Simplify iija - (6 - a)} - i [(6 - ia) - f {a - f (ft - ^a)}]. 

50. If a = 1, 5 = 3, c-5f find the numerical value of 

{a-(6-c)}« + {6-(c-a)}* + {o-(a-6)}'. 

51. Expand and simplify the quantities in the preceding question. 

52. Find the o. G. M. of 

7«*-2a:V-63ay+18y' and 5x*-3a!^-43a!y+27a:y»-18y*. 

53. Extract the square roots of 1110916 and 9 + 2 V14. 

54. Simplify 

(«,J^. ?) . r «+6+ ^^ and (a-6+ ^) f («.H ^) . 

55. Sum .2 + .02 -f .002 to n terms and ad infinitum. 

56. How many terms of the series 17, 15, &c. will make 72 ? 

57. Expand (a*-5a:)"» to five terms. 

58. How many difierent throws can be made with two dice ? 

59. (i) -A.. 8-2(1?^^ (ii) 5x + 7y = 43y 
^^x+l \x + 3) llar + 9y = 69/ 
(iii) a:^ - ajy* = 6 = 2a?y 

60. A person bought cloth for £12 : if he had bought one yard 
less for the same money, each yard would have cost him 
l» more; how many yards did he buy? 

' a2 



IT MISCEIXANEOT7S EXAMPLES. 

61. Multiply 2y + Zx^y^ - x^ by 1x^ - 6yi 

62. Divide ar* + 4a: + 3 by «" - 2a: + 3. ' 

63. If a = l, 5 = 2, c = 3, find the value of ^/a (J" + oc) - J J^c. 

64. Find the G. c. M. of «» (6* - 6V) and ft* {ah + ewj)". 

65. Obtain the fourth root of 16a:» (a: - 2) - 8a:» (a:-> - 3) + 1. 

66. Simplify ^--^ - ^—^ _ -^^_^. 

67. Find the G. mean between 12 J^ and 13, to 3 places of decimals. 

68. Expand ( -r -^ V to ^ye terms, 

\ crx — oar j 

69. What number is that, which is just as much below 35 as its 
half is above its third part P 

70. Convert 297 to radix 11 : square and cube it in that scale, 
extract the roots, and reconvert them to the common scale. 

71. (i) i(3x + 5)- J(21+a?) = 39-5a: 

(ii) 2a:" + « = 28. (iii) .2a: - 9y + 2 = = 3a: - 12y + 2J 

72. A and B can reap a field in 10 hrs, A and (7 in 12 hrs, £ and 
Cin 15 hrs: in what time can they do it jointly and separately? 



73. Obtain the quotient of 6 Va:* - 96 l/x"* by Vx-6 Vx'K 

74. If a: = J, and a: + y=a: + y + 2 = 0, find the value of 

p-^ -D J x(x^-\-y^){x-y) , «* + 3a:' 4- a: + 3 

75. Reduce ^ > ,, 7 J , . and . ^ x— . 

{^ - J^) («^ + y - «y) a:" - 8af + 3 

76. Add together 7 ^63 + 2 V252 + 11 V28. 

77. Find V3.14159, and the fourth root of «* - Ja; + f a:* + ^^ - 2a?, 

78. Shew by the Bin. Theor. that V2 = l +i-i+ i\ -xfr + &c. 

79. Sum the A. P. ^ + 2 + &c. to 9 and to n terms. 

80. Form the equation whose roots are 2, - 2, 1 + ^5, 1 - V 5. 

81. What number is that which is the same multiple of 7, that 
its excess above 20 is of its defect from 30 ? 

82. How many different arrangements can be made of the letters 
of the word Novogorodf How many with two o's at the 
beginning and two at the end? 

83. (iH('7« + 5)-*(a: + 4) + 6 = f(a: + 3) 

(if) a: + y - 8 = = i (a: - y) + I (a: - jy 4 2) 

(iii) a: + V5a: + 10 = 8 



MISCELLANEOUS EXAMPLES. 



84. Out of £5000, a person leaves £20 to an old servant, and 
the remainder among three societies, A, B, and Q so that B 
may have twice as much as C, and A three times as much as 
B : how much does each receive ? 



85. Multiply V** + 1 + -rr by V^ - 1 + t"; • 

86. Divide Ja* + |a"a; - 2a? by ia + x. 

87. If a = 1, 6 1= f , ar = 7, y = 8, find the numerical value of 

88. Simplify 1 J-f {1 - j- (a?- J)} and {a-i (a - 16)} ^ {6- J (a+f 6)}. 

89. Write down the quotient of cuT^ + 6* by a^x'^ ■{■ 6'. 

90. Find the square root of (a? + x'^) - 2 (a;* - x^) - 1. 

91. Sum the A. and G. p. f + 2 + &c., each to « terms. Can the 
latter series be summed ad in/mitumf 

92. Expand Vl + 4ar to five terms, and square the result. 

93. Find two numbers in the ratio of 1 J : 2f , such that, when 
increased each by 15, they shall be in the ratio of If : 2^. 

94. In how many ways may £24 1 6« be paid in guineas and crowns ? 

95. (i) i(9a: + 7)-{a?->(a?-2)} = 36 • 
(ii) a; + 1 : y : : 5 : 3 



a; + 1 : y : : 5 : 3 1 

|a:-i(5-y) = 3A-i(2a:-l); 



,.... 8-a; 2a? -11 ar-2 
(m) ■- = 

^ ^ 2 a;-3 6 

96. A messenger starts with an errand at the rate of 3f miles an 
hour; another is sent half-an-hour after to overtake him, 
which he does in 2 hours: at what rate did he ride? Find 
also in what time he will do it, if he rides 12 miles an hour. 



97. Simplify J {a? (a;+l) (a;+2)+ar(a:-l)(a:-2)}+f (ar-l)a;(arf 1). 

98. Divide a* - ^^"6* + ^dfy" + ^^ by a" + 2ab + J6«. 

99. FindtheO.C.M. of 3a:» + 4a:"-3j:-4 and 2a;*-7a;'+5. 

100. Reduce ,^ ^ll" ^^^ ^T ^^ ^, and ^J^l. 

{a? + &■- 26ar) {hx + a?) x-a Vy 

101. Find the cube root of 69.426531. 

102. Multiply 1 + a* - a?"* + a^ + x'^ + a%"* by x'^ - a^ -f- 1. 



Vl MISCELLANEOUS EXAMPLES. 

103. Find the common di£Berence of an A. P., when the fint term 
is 1, the last term 50, and the sum 204. 

104. J£ a:b i: e :d, shew that 7a + & : 3a - 56 : : 7e + <{ : Se - 5d. 

105. Divide 100 into two parts, so that i the g^reater may be 
greater than i the less by i their difference, 

106. Employ the septenary scale to find the side of a square 
which contains a million square feet. 

107. (i) i(a? + 3)-|(ll-«)=:f(a:-4)-A(a?-3) 
,„. 2«-l ar+1 ^ (iii) 3a:-y + 8 = 17 

(U J 4 = 3 , 



5(a; + y-2) = 2(y + «) \ 
4(a: + y + 2)=3(l-ar + 3«)J 



108. ^ and je engaged in trade, A with £275, B with £300; 
A lost half as much again as B^ and B had then remaining 
half as much again as A : how much did each lose P 



114. Smiplify and •= + ■= ) + j= r; . 



109. If a-& = a; = 3 and a + & + a; = 2, find the value of 

110. Shew that (2a + 6 >) (26 + a") = (2ah^ + aTh^f. 
HI. Find the L. C. M. of 6«*-13aj + 6, 6a!« + 5a:-6, and 9a:*-4. 

112. Obtain the square root of Ja:* + Ja* - Joa? (2a* + 3** - 4aa;). 

113. Obtain VO to four places, and thence find Vi» Vf» V^s* 

^^(»i»-l)^-l ^ J / X W hx 

115. Square a - 26 - 3c and 2a - ^6* - ^ca^ + 2<fa'. 

116. Sum the O. p. 5 + 2 + &c. to n terms and ad infinitum* 

117. The trinomial ax* + 6a; + o becomes 8, 22, 42 respectively 
when X becomes 2, 3, 4 : what does it become when x--\^ 

118. Expand \/l-4a: to five terms, and obtain the same byEvoK 

119. (i) i(4a; - 21) + 3f + i(57 - 3«) = 241 - J^ (5a? - 96) - liar 
(ii) lla:*+l=4(2-a?)* 
(iii)i(3a:-2y+l)-i(a:-y) = ty^ 

X 2y 2a:y 

120. ^ and j9 sold 130 ells of silk, of which 40 were ^'s and 90 
^s, for 42 crowns ; and A sold for a crown ^ an ell more 
than B did. How many ells did each sell for a crown ? 



MISCELLANEOUS EXAMPLES. YU 

121. Write down the quotient of 16 - 81a by 2 + sVo. 

122. Multiply a* + |(a + 6) « - i«* and a* - }(a - *) a? + Jx^. 

123. Reduce to its lowest terms i-jr-ii — ir-i — i 1 • 

124. Find the L. c. M. of a* ± «*, (a ± xf, and a' ± «*. 

125. Obtain the square root of 1^ and of 12 + 6^3. 

126. Simplify a - (6 - c) - {6 - (a - c)} - [a - {2b - (a - c)}], and 

, , a + e ^ + *^ g + e 

(a - 6) (« - a) (a - i) (a; - 6) ~ (« - a) (a: - 6) ' 

127. Sum the A. P. i + i + &c. to 7 and to n terms. 

128. How could a sum of £24 16« be paid from ^ to j9 with the 
use of fewest coins, if A have only guineas and B crowns ? 

129. Simplify V87?«Tfl?y=T6aV and (V«)*'* - f (ah Vi^^)i- 

130. Compare the numbers of combinations of 24 different letters, 
when taken 7 and 11 together; and also when the letters 
a, bf c occur in each of such combinations. 

131. (i)Vo--4f-i^ = 5x-48-^^-^ 21-2. 



13 • 36 12 18 

(ii) 1 + I (y + 5) - i (7a: - 6) = 10 - A (3a: - 10 + 7y) 

i(12-x): 5a: -i(14 + y):: 1:8 

,..., ^ 3(a:-l) „ 3(a:-2) 
(in) 5x- ^_^^ = 2a:+ ^ ' 



} 



132. A party at a tavern had a bill of £4 to pay between them, 
but) two having sneaked off, those who remained had each 2s 
more to pay : how many were there at first P 



133. Shew that {ae ± bdf + {ad+ be)* = (a* + J*) (c» + d^, and ex- 
emplify this identity when a = l = -rf, 5 = 2 = -c. 

134. Obtain the product of a: + 2 V^ + 2Vy by a: - 2 V^V + Vy 

135. Divide jf* - (a* - 6 - c) a:* - (i - c) oa: + Jc by a^ - oa? + c. 

tQit -DA 6fl*-13ay + 6y* , a:» + lla:* + 30a: 

136. Reduce--, — ^ — A^^dsii — f^zm — s rs • 

10a" - 9ay-9/ 9a:* + 53a:* - 9a: - 18 

137. Find the L. c. m. of m*n - mn% fn*-\^fnn- 2«*, and m*- mn - 2n* 

138. Obtain the square root of a* - 2al + 3ai - 2d^ + 1. 

139. If a : ft : : e : df, express (6 + (Q (c + J) in terms of a, b, c. 

140. Find V^» &n<l thence deduce the values of 

6 V^ 2V3 + V2 1 -I- V216 

V54' V3"^V2* V3 + V2' 7-V« ' 



• •• 



via MISCELLANEOUS EXAMPLES. 

141. Insert two A. and two H. means between 1 and 3. 

142. Expand (1 -4«)"* and (1 -4«)"« to five terms; and shew 
that the former series, when squared, coincides with the latter. 

143. (i) ix - i(ar - 2) = J fa: - 1(2* -«)} - i(x - 5) 

... X a?-9_ar+l x-S 

^"*^ 6J-3a?" 3 U-f/ 

144. A farmer bought 5 oxen and 12 sheep for £63, and for £90 
could have bought four more oxen than he could have 
bought sheep for £9 : what did he pay for each P 



145. Find the continued product of (x -!-«)(« + 5) (a - 2x){b - x), 

146. Write down the square and fourth powers of a - * ^Jax - 2a:. 

*^ "^ («* - 2xf (a + 1)' (a* - a)P 

148. Reduce to its lowest terms ^-i— 7i « » * « x — br — i/x • 

3o* + 4ft* + 3<j*-8a5 - 86c + lOac 

A 

149. Extract ^.01 to four places of decimals. 

150. Obtain the square root of (« + 1)" - 4-/^: (x-^x + 1). 

151. Determine which is the greater ^/2 4- v3 or ^/3 ■=- v6. 

152. Sum the o. P. * + |^ + &c to n terms and ad infinUum, 

153. Given - 1 to be a root of the equation «* - 7a:* - 6a: = 0, find 
the other three roots. 

154. In how many different ways could a farmer lay out a sum of 
£63, in buying sheep and oxen at 30< and £9 respectively ? 

155. (i) a(a:-ft)=:6(a-a:)-(a + 6)a: 

(ii) _J_^+v-A-+-±- = (iii)2^ + 3a:y = 26l 

^ ^ l-3a: l-5a:^2«-l V + 2«y = 39J 

156. A and B can do a piece of work together in 4 days : A works 
alone for two days, and then they finish it in 2^ days more : 
in what time could they have done it separately P 



157. Find the value of \J\^ + / 3(1 4 2a«) ^^^_2ab^ 46*, 

when a = i, 6 = J, 



MISCELLANEOUS EXAMPLES. IX 

158. Divide a* + 2ah^ + ^ by a^ + 2a^ bi + b. 

169. Find the g.c.m. of x* + lar" + 7ir» - 15« and a:» - 2«*- lar + 110- 

160. Simplify _^- _^-^-^ and ,,.^(i..^^ > 

161. Multiply together ar - 1 + V2, a? + 2 + V3, a: - 1 - V2, and 

« + 2 - V3. 

162. Find the 7'*^ term of 5+5| -I-6H&C., and its sum to 16 terms. 

163. lfaib::bie::c:d, shew that a : 5 :: V a : wd; and express 
(a + 6) (c + <7) in terms of b and c. 

164. Find the least number which, when divided by 39 and 56, 
shall leave remainders 16 and 27 respectively. 

165. Expand (1 + 2a^)-* and (a + 26)^ , each to five terms. 

166. Express a million in the senary scale, extract its square and 
cube roots in that scale, and reduce the results to the denary* 

167. (i) f (ar - 5) - A (x - 13i) = 5 - J(7 - a;) 

^ ^ b ^^a;-4 2a: + 3 

168. If -4*s money were increased by half of B% it would amount 
to £54 ; and, if J5*s present sum were trebled, it would ex- 
ceed three times the difference of their original sums by £6. 
What had each at first ? 



169. Write down the expression for the product of the square root 
of the sum of the cubes of the square roots of a and b, by 
the square of the cube root of the sum of their squares : and 
find its value approximately, when a = 4, i = 1. 

170. Multiply a? ■« + 2ar"4y» + 3y by a;"« - 2ar"*yHy. 

171. SimpUfy I^J-^)^ j--, and reduce gfi^l^. 

172. Obtain the square root of 1 - aa:^ - ^c^x 4- 2a'a;^ + 4«V. 

i*to-ci*jai. i.« + J b J/., 2a: + 1 4a: + 6 

173. Fmd the sum of , and of 1 + 



x-a X'b' 2(a:-l) 2(a:+l)' 

174. Extract V^^, and thence obtain the square roots of f, f, 
2f, 41f. 

175. Sum the A. p. 13 + 11^ + &c. to 5 and to n terms, beginning 

in each case with the ninth. 

ab 



A 



X MI8CELLANEOt78 EXAMPLES. 

176. if« = '^^|^, y = ^^^|:ii, find the value of a:«+fl:yfy». 

yO — 1 ^O + 1 

177. Expand (1 + V^)"* to five terms, and obtain from the result 
the series for (1 + V*)"** 

178. Find three numbers in the proportion of ^^ f , {■, the sum of 
whose squares is 724. 

179. (i) 6a:-a:4a:-*::3ar + 6:2a:+a (ii) 3(a:-J)-'^ = 6 
(iii)(a: + 5)« + (y/6)« = 2(ay-24), y = « + l 

180. A does f of a piece of work in 6 days, when B comes to help 
him ; they work at it together for {^ of a day, and then B by 
himself just finished it by the end of the day : in what time 
could they have each done it separately ? 



181. Find the continued product of a + «, a + iy, a- is; and 
deduce from the result the value of (a + h)\ 

182. Multiply ix + Sa'ia:^ - |a"* by 2a: - a"M - |a"*. 

183. SimpUfy j- - J {(IJ - ar) - i {2\ - a?) - f (H - J^i)}. 

, ^ ^ _ _ . , ar* - ir" 4 3 a:" -~2z+2 

184. Keduce to its lowest terms — j — ;r-, — tt - ^ • 

a?* - S** + 6a; ~ 5 

185. Find the L. c. M. of oa:* - a^a:, aa^- 1, and as^ + 1. 

186. Extract the square root of a*b'* ■\- Ja" V - a'^b + 2ab'\ 

11a: 

187. Find the sum of —. :r^ + ^, .. - „. . ^. . 

2(a:-l)r 2(a:-l) 2(ar+l) 

188. Multiply together 3 V8, 2V6, V^^* V20; and find V2+iV7. 

189. Sum the G. P. 6 - 2 + &c. to 7 and to n terms. 

190. A watch which is lO' too fast at noon on Monday gattis 
3' 10" daily : what will be the time by it at 7h 12' a.m. of the 
following Saturday ? 

191. (i) i\(3x + f)-|(4a:-6f) = J(5a:-6) 

(ii) 5a:+4y = 38J + i(3a:-y), x = 5A-i{i(x + y)-i(x-y)} 
,..., 2 3 5 

(Ul) :; + ;r = 

^ ^ a:- 4 a:-6 a: - 2 

192. A man and his wife would empty a cask of beer in 16 days, 
after drinking together 6 days, the woman alone drank for 
9 days more, and then there were 4 gallons remaining, and 
she had drank altogether 3f gallons. Find the number of 
gallons in the cask at first. 



MlSCELLANEOaS EXAMPLES. XI 

193. If 4a s 66 » 1, find the value of 

{J (a* + a-ift-')}* - VCHl + «"* - (1 + flft"*)'^]. 

194. Find the sum of ^ ^ ^ ^ 



«"-l ay^ + l ar"-l «*•+! 

195. Simplify the surd expressions 

3V2-h2V3 3V2-V3 3Vi + 2Vi 

3V2-2V3* V3-VJ ' iVi-iVi' 

196. Reduce f— * irr— i s-ir and . ^ . . ^ . . 

(m» - a*) (m" - am - 2a*) a* - 2a*a: - car* + 2a?* 

197. FindtheL.C.M. of 3a*-ar-l and 42:* - 2a;* - 3a: + 1. 

198. Sum the series 3 - 2 1 H - &c. to n terms and ad infinitum, 

199. Prove that the sum of any number, n, of consecutive odd 
numbers, beginning with unity, is a square number. 

200. Given y* a a* ~ a:*, and when a: = Vo* - fi", ay = V^ find the 
value of X when y = ^. 

201. A person distributed £2 1< %d among some poor people, 
giving 9\d to each man and ^Id to each woman : how many 
men were there, it being known that the whole number 
was a multiple of 10 ? 

202. Expand (1 + V^)'* to ^y% terms, and obtain from, the result 
by Evolution the series for (1 + V*)'. 

203. (i) i{l+f(* + 2)}-f{H-(H-a:)} = lA 

(ii) a6aJ"-(a + 6)a; + l = (iii) i(a?+y)=«-y=Va:+2y- 1 

204. A and B lay out equal sums in trade; A gains £100, and B 
loses so much, that his money is now only f of ^'s; but if 
each gave the other ^ of his present sum, ^s loss would 
be diminished by one half. What had each at first, and 
what would A*s gain be now ? 



205. Shew that } (a:" + y*) + a* - \xy -{-xz-yz and (y <- zf become 
identical when -x-y = a» 

206. Divide mp:^ + (mq - np) «* - (mr 4 nq) x^nr by mx - w. 

207. Multiply aH a"^+ 2 - a^+a'^ by a^ - a"» + 1. 

aj* + €^3^ — ax ~" c? 

208. Reduce to its lowest terms • . 

a^-ax + a^x - a* 

209. Obtain the sum of ^ ^ .~ — — + ^r--. — ^. + 



3 (a:"-ar+ 1) ^ 2(a:* + 1) ^ 6 (ar + 1)* 



^11 MISCELLANEOUS EXAMPLES. 

^10. Find the square root of 49.14290404 and the cube root 
\ of 8242408. 

21r. The 3rd and 13th terms of an A. p. are 3 and i: find the 
14^ term, and the sum of 20 terms. 

212. Simplify the surd expression {a6'*,VaS". VaS*. ^at^f, 

213. The fore-wheel of a carriage makes 6 revolutions more than 
the hind wheel in 120 yards, and the circumference of one is 
a yard less than that of the other : find that of each. 

214. Transform 1000000 from the quinary to the septenary scale . 
and extract its square and cube roots in the latter. 

216. (i) J(:r-l)(a:-2) = (^-2f)(a;-lf) 

(ii) 2a: + 3y = 5 = - (2y + 3dj) (iii) «* + ay = a*, y* + ay = i* 
216. Find the time in which A and B can do together a piece 

of work, which they can do separately in m and h days. 

How long must A work to do what B can in m days ? 



217. Find the difference between (n + 2) (« -i- 3) (« + 4) and 
24{n-J(n-l)}{n-f(n-2)}{n-f(n-lJ)}. 

218. Divide a + 6*+ c* - 3 VaW by a^ + 5* + c. 

219. Fmd the sum of r + 



x-b x-a (x-a)(x-'by 

220. Find the L. c. M. of a:* + a:^ 4- ay* + y* and «* - «V + */ - y*- 

221. Obtain VIO, and thence derive the values of J Vf > V^t* V^if 
(V5 + V2) V (V5 - V2), and ( V5 - V2) -f (6 V2 - 2 V5). 

222. Sum (H)-* + 2"* + (2f )-^ + &c. to n terms and ad infinUwn. 

223. Expand (a" + 23^ "^ and (2a - 3ar)"" each to five terms. 

224. A servant agrees with a master for 12 months, on the con- 
dition of receiving a farthing the first month, a penny the 
second, fourpence the third, and so on: what would his 
wages amount to in the course of the year ? 

225. Given two roots of the equation a:* + 4ar = fia:* to be 1 and - 2, 
find the other three roots. 

226. A person changed a sovereign for 25 pieces of foreign coin, 
some of them going 30 to the £, the others 15 : how many 
did he get of each ^ 

227. (i) 2aa:« + (a-2)a:-l = (ii) aa;+ 1 = 6y fl = ay + 6a: 
..... x x + 2 8a: -13 

^ ^ a:-l a:+l 4(a:-2) 



MISCELLANEOUS EXAMPLES. XIU 

228. Find the time in which A^ B, and C can together do a piec(j| 
of work, which A can do in w days, B in n days, and C in 
iim^n) days. -^ 

229. Divide 5y* + |fly» - W^V ^- l«V + W by |y* f 3fly - |a«. 

230. Obtain the products of Va:' + a Va!'+ «' (i) by Var» - a t^a^* + a«, 

(ii) by V** + a Var" - a», (iii) by V«" - « Var* - a». 

231. Find the o. G. M. of 

3a*-oW-26* and lOaH 15a'i-10aW-15ay. 

232. Find theL.C.M.of «"-3x"+3aj-l, ar'-aj'-ar+l, a?*-2ir»+2a;-l, 

and «*-2a^ + 2«»-2a;+l. 

mSu„pHfy^^,and|l±f-^. 

234. Extract the fourth root of 

80 4 10 8 £ 19 l^ 

A«' - fa*y* 4- ^i-x^y^ - 250a;V^ + 625y^- 

235. Sum 16J + 14f +13 + &C. to 11 terms, andf + f + i^ + &c. to 
n terms and ad %nf,\ and insert 3 H. means between 1 and 2. 

236. Given y" - J* a « + a, and when a? = i, y = a, find the value 
of y when x = 3a. 

237. Four places lie in the order of the letters A^ J?, C, 2>. ^ is 
distant from Z) 34 miles, and the distance from ^ to ^ is 
f of that from C to i) ; also \ of the distance from ^ to ^ is 
less than thrice the distance from ^ to Cby ^ of the distance 
from (7 to Z). Find the respective distances. 

238. If (1 + a:)" = 1 + A^x + &c., and (1 + a:)-" = 1 + J?j« + &c., 
shew, by finding the actual values of A^^ B^, &c. that 

A^ + ^,-Bj + Afi^ + ^, = 0. 

239. (i) 3a: + 20 = 7-i{3-f («-!)} (ii) -+- = «, -+-=6 

^ ^ 3z-7 2y-3z 3y - 2ar 

240. If in (228) A work for i(3m - 2») days and B for i (3n - 27w) 
days, in what time will C finish the work ? 

241. Write down the quotient of «" - y~* by ^ ^y~^^ and divide 
a^ - 2aa:* + (a* + ai - 5") X - 0*6 + <i^ by x-a\h. 

242. Ifa = 16, 6 = 10, x^b, y = l, find the value of (a;- 6) (Va- ft) 
■^'^{a~-h){xVy) and (a - ar)" - (6 - «*) - V(a - a;) (6 + y). 

243. Find the G. C M. of 300a:" i 265x*+ 60a: + 24 and 60a;'+ 53x + 4. 



XIT MISCELLANEOUS EXAMPLES. 

245. Find V'6> ^^^ obtain by means of it the yalues of 

V2f , V4i, (V3 - V2)', and (2 V3 + 3 V2) -r (3 V3 - 2 >/2). 

246. Shew that VCfl* + V«^*} + V{^ + V^*} = («* + #. 

247. Divide 48 into nine parts so that each may just exceed that 
which precedes it by i. 

248. Given the coefficients of the 4th and 6th terms of (1 4 x)"*^ 
equal to one another : find n. 

249. In the permutations of the first eight letters of the alphabet 
how many begin with ah ? 

250. Express 12345654321 in the scale of 12, and extract its 
square root in that scale. 

251. (i) iix-5)- A (X - 13t) = 15 - f (19 - ix) 

(ii) fl« - 6y = a\ .. / Sx-^y _ 4g-5 

6ar-ay = &»J ^""^ {ix-l)' x-l 

252. Find the time in which A, B, C can together do a piece of 
work, which (i) A can do in m days, and B and C together 
in ^ (m 4- n) days, or (ii) A can do in m days, A and J9 in n, 
and A and C in J (m + «) days. 

253. Find the coefficient of a; in (« + 2) {x - 6) (ar + 10) {x - 5), and 
ofx*in(l+^a; + J«»+Ja:» + &c.)x(l-Jx + K-K + &c-)- 

254. Divide «"» + y by «"* + y« and «♦ - ma*^ + max^ - a* by 

255. FindiheL.C.M. of 6j:»-llj:" + 5a;-3 and 9j:«-9«"+5ar-2. 

256. Simplify ^^^"'^^"^ , and reduce ^^^^ . 
ouupiuy i_i/i^2a:)* a^i^a*b-a-^b 



,(l + 2a:) 
257. Find the sum of 



a ac a h-2c -2-2«» 1 

and 



h b{b + e) b' b-e' V(l - a*f Vl-a:*' 

258. ^ walks at the rate of 3 miles an hour, B starts 2 hours after 
him at 4 miles an hour : how many miles will A have walked 
before B overtakes himP Find also how long B should 
start after A, in order that A^ when overtaken, may have 
walked 6 miles. 

I' II 259. Simplify b ^S^b + 4a Va^- ^U6a*b\ 



MISCELLANEOUS EXAMPLES. XV 

260. If the first term of an A. p. be 6, and the sum of 7 terms 105, 
find the common difference, and shew that the sum of 
n terms : sum of n - 3 terms : : n + 3 : n - 3. 

261. Which is the greater of the ratios 

a+ 2*: a + 3a: and a* + 2aa; + 2a^: a»+3a«+3x*? 

262. Of 12 white and 6 black balls how many difierent collections 
can be made, each composed of 4 white and 2 black balls? 

263. (i)(x-lf)(ar-2i) = i(l + ia:)(a:-l) 

(ii) ix-iy + t-^1, 4« + y-i« = l, Jy + i8-a;+10 = 

264. A market-woman bought eggs at two a penny, and as many 
more at three a penny ; and, thinking to make her money 
again, she sold them at five for twopence. She lost, how- 
ever, 4cd by the business : how much did she lay outP 



265. Shew that {x + «"*)* - (y + y-')* = («y - ^'V) (^'' - ^ V)» ^^ 
exemplify this result numerically when x^^it y = - f • 

266. Find the G.C.M. of 4a V + 9a*a:' + 2aaj* - 2a*ar - 4 and 3a*ar* 
+ 5ar'-aia; + 2. 

267. Find by Evolution Va+6« to five terms, and square the result 

268. Simplify 3a-[6 + {2a-(6-a;)}] + i-|-^. 

^X "f Jl 

269. Find the sum of s-i-r - -^ + ttt^—o^ - 7— ^tv " ox • 

2« + 2 x + 2 2 (a; + 3) (a:+2)(«+3) 

270. A gamester loses } of his money, and then wins 10<; he 
loses i of this, and then wins £1, when he leaves off as 
he began. What had he at first? 

271. The sum of n terms of the series 21 + 19+ 17 + &c. is 120; 
find the n^ term and n. 

272. Divide 100 into two parts so that one shall be a multiple 
of 7 and the other of 11. 

273. Into how many different triangles may a polygon of n sides 
be divided, by joining its angular points ? 

274. Convert 85 and 257 to the quaternary scale ; multiply them 
in that scale, and reduce the result back to the denary. 

275. (i)ia: + ia:-l = J{3a?-J(«-l)} 

(ii) aa: + y = a: + fty = J(a; + y) + l (iii) 3«*y = 144 = 4a!y* 

276. A and B can reap a field of wheat in m days, B and Cmn 
days, and A can do p times as much as C in the same time : 
in what time would the three reap it together? 



XVI MTSCELLANEOUS EXAMPLES. 

277. Find the value of ax + by - c when 

mc-nb J Ic - na 

x= — ^^ andy=^£ . 

ma - lb lb-ma 

278. When a = 4, « = - 8, y = 1, shew that 

279. Reduce to its simplest form 

3a- V ■{• ^-'x - 12 
a-»«* - 8a-V - 12a-'i + 63 ' 

280. Find the L.C.M. of 

a«« - 1, aa:» + 1, (aM- ly, («*«*+ l)\ aV - 1, aW ^- 1. 

4 1 

281. Ohtain the square root ot x^ - 4x •\- Sx^ -{■ 4:. 

282. Simplify Wo- J V320 + 'v/135, and 8Vf-iV12 + 4^^7-27 A" 

283. Shew that the sum of the cubes of any three consecutive 
numbers is divisible by three times the middle number. 

284. Ifa:6::c:rf, shewthat2a«-36":2c»-3rf»::a« + 5^:c» + d». 

285. Two thirds of a certain number of poor persons received 
Is 6d each, and the rest 2« 6d each : the whole sum spent 
being £2 15«, how many poor persons were there ? 

286. The No. of Comb°" of n letters taken 5 and 5 together, in all 
of which a, 5, and c occur, is 21 : find the No. of Comb»' of 
them taken 6 and 6 together, in all of which a, 5, e, d, occur. 

287. (i)Vf5T(rTiji=j-x (ii)^-l^.^^ = ^ 

(iii) a^ + ajy + y» = 37, a; + y = 7 

288. A certain number of sovereigns, shillings, and sixpences 
amount together to £3 6« 6d, and the amount of the shil- 
lings is a guinea less than that of the sovereigns and 1} 
guinea more than that of the sixpences: how many were 
there of each P 



289. What is the difference of a (6 + c)» + 6 (a + c)* + c (o + bf and 
(a+6)(a-c)(6-c)+(a-&)(a-c)(6 + c)-(a-i)(a + c)(&-c)p 

290. Prove the preceding result when a = - ^, 6 = i, c = - J. 

291. Multiply l+ia"i a? -I- ia-»ar» hy 1-ia'i x+ia'^ a*- ^\a'*x\ 

292. Obtain the coefficient of «« in (1 - 2ar + 3«" - 4a:» + &c.)". 

293. Extract the square roots of 1^^, .064, and 31 - 10 V6. 



[\ 



MISCBLLANEOtJS EXAMPLES. 2 

2M. Simplify ! 

{(a - by + 4a5}* x {(a + 5)" - 4^}* x |^!^ + 2a5 (a + 6)U 

295. Given two numbers such that the difference of their squares 
is double of their sum, shew that their product will be less 
than the square of the greater by the double of it 

^^^ « . a 2a 3a. •» o ^ n „ 

296. Sum to n terms -, + -r- + -r + &c and - + 1 + - + &c. 

ft" rr rr n a 

297. Required two numbers whose sum shall be triple of their 
difference, and less than 50 by the greater of the two. 

298. The No. of Comb" of w + 1 things, taken n - 1 together, 
is 36 : find the number of Permutations of n things. 

299. (i) (a + «)(6 + «)-a(ft + c) = a*c6-» + «« 

(ii) V« + Va-a? = 2{V« - Va-x} 
(iii) 2a!» + 3/ = 5 = - 6(2* 4- 3y) 

300. A can do a piece of work in two hours which B can do in 
4 hours, and B and C together in 1} hour: in what time 
could they do it, working all three together P 



4f 



301. Divide . -——— -'- 

12a:- 20a^y'' +27a:t y"* -ISayi y-'+4y // by 4a:* -4a:i y'i + y'5 , 

302. Find the value of — + :^ » when x = = . 

a?- 2a a:- 25 a + 6 

303. Extract the square roots of 

18945044881 and (x + a;'*)* - 4 (a: - x''). 
804. Find the G. CM. of (ft - c) a:* + 2(a6 - oc) as + a"6 - a*c and 
(oft - oc + 6" - 6c) a: + (a"c + oft* - 0^6 - oJc). 

305. Simplify 
V128 - 2 V50 + V72 - V18, and (5 V5 - 7 V2) -r (V5 - 2 V2)*. 

306. Find the sum of -?1|--/-^-^^. 

2a; - 2y 2a: + 2y a:* + / 

307. When are the hour and minute hands of a watch first together 
after 12 o'clock? 

308. Expand (3a"* -2a-»a:i)-» to five terms. 

309. Sum i^a + i + i + &c. to 8 and to 3n terms; and insert four 
H. means between | and f . 

310. The No. of Comb»» of 10 letters, r- 1 together : No. of CJomb" 
of them, r + 1 together :: 21 : 10: fiind r. 



Xviii MISCBLLANEOtJS BXAMPLttS* 

311. (i) .Oar» - 2.1z = 30 

(ii) (« + a) (y - 6) + c - (aJ - a) (y + ft)-o1 
(« + ft) (y - a) = (« + a) (y - ft) J 
(iii) x^-y-^ax^-hy^as^-h^ 

312. Suppoaing in (300) A to begin by himself^ how long after 
must B and C begin to help him, so that, when the work is 
finished, A may have done upon the whole twice as much as (7? 

313. Obtain the product of -/a + V«JP + V«f 

(i) by V« - Vfli + V*f (ii) by ^Jx - ^ax - V«- 

314. FindtheTalueof'5?±^±^^when^=(i)«a,(u)^. 

316. Write down the quotient of 16«*«* - y by 2a* a?i + y* . 
316. Extract the square root of j- - ^5, and of 

25f - ^ «y-' + A «"y - ¥a:- V + A ^'y"*- 

VH* 3 / ^ J. 
and \ / , each to five terms 
a- X y a-^-x 

318. Multiply together 

1 + 2 V2, 4 - V3, V2 + V3, 4 + V3, 2^2 - 1, V3 - V2. 

319. Find the n^ term and the sum of n terms of the A. p. 

a-n a-2n a-3n „ 

+ + + &c 

ft ft ft 

320. If the sum or difference of two numbers be 1, shew that the 
difference of their squares is the difference or sum of the 
numbers respectively. 

321. A servant agreed to Uve with his master for £8 a year and 
a livery, but was turned away at the end of 7 months, and 
received only £2 13s 4c^and his livery : what was it worth? 

322. How many different sums might be made of a sovereign, 
half-sovereign, crown, half-crown, shilling, and sixpence? 
and what would be the value of them all ? 

323. (1) -g ^ ^ 

^..- «+ It « + 12 1 ..... ^ . 

324. Two girls carried between them 25 eggs to market: they 
sold at different prices, but each received the same amount 
upon the whole : the first would have sold them all for Is, 
the second for 13c^: how many did they each sell? 



MISGELLANEOtJS EXAMPLES. ZIZ 

325. Write down the square of 1 - ^o; + ia^, and square the result 

326. Divide -2a*y-»+17aV*-5«'-24«V*^y -«V"*+7a:»y-*+aiV. 

327. Find V7, and thence Vf » VH » V3i -5- V^i, 2 f (4 - V7). 

328. Find the value of j: — ^^r— + , -^, , when «= J(a+ft). 

29MS — 2ftx 2ii6 — 29IX 

329. Sunplify V32?r965^. «.d l^^^^^^,- 

330. FindtheB«mofl4-l-^-^.f^-^^^. 

331. If u =j> + g + r, where p is constant, qccxyy and r x ^~\ and 
when x = y = lf u = 0, when j; = y = 2, u s 6, and when x = 0, 
u « 1, find u in terms of x and y, 

332. Shew by the Bin. Theorem that ^3=l + f -t+|^- Jtt + &c. 

333. In how many ways could I distribute exactly 558 among the 
poor of a parish, by giving UQd to some and 2«6e? to others? 

334. How many words can be formed of 4 consonants and 2 
vowels, in a language of 24 letters, of which 5 are vowels P 

m. (i)-i_(*+i%i..±l£_+_»_(i + l\ 

a~ e\ xj {a- e)x a-c\ xj 

(ii) 4a? - 6y + m« = 7j: - lly + «« = « + y -vpz = 3 

336. A boat's crew rowed 3^^ miles down a river and up again in 
\Wx supposing the stream to have a current of 2 miles 
an hour, find at what rate they would row in stiU vrater. 



337. If « o 2?i-s, , tod the yalue of ^?^_±^^ . 

338. Beduce to its lowest terms 

6a V - a^x - 1 

339. Find the coefficient of «• in (1 + i« + fa:» + 1«* + Ao.)P 

340. Fmd the sum of -jr — --_^— — ^- — -. 

341. Simplify a»6c ^^5^ - 6*c Vif^^c + a«6V a/243a-*6-»c-*. 

342. Obtain the cube roots of 51.064811, and 1 - 6x + 210:* - 44x* 
+ 63a;* - 54a:* + 27«». 

343. The prime cost of 38 gallons of wine is £25, and 8 gallons 
are lost by leakage : at what price per gallon should the 
remainder be sold, to gain 10 per cent upon the outlay P 



XX MISCEtJ.ANE0X7S EXAMPLES. 

344. If a : 5 : : e i d, shew that 

a» {(a» 4- <?) - (6* + <*)] = («• - J«) (a« - c»). 

345. Expand {2a - 3 Vax}^ and {3a - 2 -C^} "t, each to fiye terms 

346. From a company of 50 men, 5 are draughted off every night 
on guard: on how many different nights can a different 
selection he made ? and on how many of these will two given 
soldiers he found upon guard P 

347. (i) ""J^ll^K ax ^ b' ^^^ a^ = o(6a: + «y)1 

a + « bxy = c {ax -hy) } 

(ii) 5a;- llyi + 13a* = 22, 4a? + 6y* + 5z* =31, ar-yi + 2* = 2 

348. A person, having to walk 10 miles, finds that, hy increasing 
his speed half a mile an hour, he might reach his journey's 
end 16f minutes sooner than he otherwise would : what time 
will he take, if he only hegin to quicken his pace halfway ? 

349. Divide (««-l) fl»-(ar»+ a:«-2)a« + (4a:«+ 3a?+2)a-3(a:+ 1) 
by («-l)a«-(«-l)a + 3. 

350. Multiply ^a"* + V(«*c)i by V^'* - V(a^c^. 

351. If a: = V{- ir + V(i r»- ^^% find the value of a;* + r«« f a^,^. 

352. Extract the square root of f«»- 6s^ + V^^ - \x^j^ + a^^^y*. 

353. Add together ^^^^^^)^-^ and HlzV^i^z^. 

354. Find the sum to n terms and ad inf. of the G. P., whose first 
two terms are the A. and H. means between 1 and 2. 

355. What is the least number which is divisible by 7 and 11 
with remainders 6 and 10 respectively? 

356. A privateer, running at the rate of 10 miles an hour, dis- 
covers a ship 18 miles off, making away at the rate of 8 miles 
an hour : how long will the chase last ? 

357. Expand {2a - 3 Voi}"* and {3a - 2 v JS}*, each to five terms. 

358. In what scale will the common number 803 be expressed by 
30203 P What are the greatest and least common numbers 
that can be expressed with five digits in it? 

(iii) f + f = 1 = Iff + y::* 

' a 6 a 



• 



MISCELLANEOUS EXAMPLES. XXI 

360. Ai B9 C reaped a field together in a certain time: A coxdd 
have done it alone in 9^ hrs more, B in half the time that A 
oould, and C in an hour less than B. What time did it 
take them? 

361. Divide ^VxY - z Vxy - for Vy* + i^!/z V^V* 
by Vary - f Vxy, 

362. The edges of three cubes are a, h, a + 6 ; shew that the 
greatest : difference between it and the sum of the otiiers 
::(a46-4 4-a-i6*)«:3. 

363. Extract the square root of af + 1 - 2 V« (1 + ^/x) + 3 V^« 

364. Simplify ^72 - 3 Vi and V2«? - V2a?^^4aar + 2a. 

366. If ic = J(V3+ 1), find the value of 4 (ar* - 2a:*) + 2a: + 3. 

366. ^'s money witii i of ^s would be j^ as much again as 
before ; and if 2« be taken from A's present sum and added 
to ^s, the latter amount will be i of tiie former. What had 

they each at first? / 

367. Find by Evolution \la-vfx, and square the result ^ 

368. If the difference of two fractions be mn'S shew that m times 
their sum = n times tiie difference of their squares. 

369. The first term of an A. P. is n' - n + 1» the common difference 
2 : find the sum of n terms, and thence shew that 1 = 1', 
3 + 5 = 2», 7 + 9 + 11 = 3», &c. 

370. Find the area of a court 250 ft long by 200 ft broad, (i) by 
the senary, (ii) by the duodenary scale. 

371. (i) -^^ + =■— j- = — ?— (ii) ««+ - = na + fta' 

' ab-ax oc-bx ac-ax x 

(iii) a:* + / = 2a", x +y : x - y :: m :n 

372. A cistern has three pipes Ay B, and C: by A and B together 
it can be filled in 36', and emptied by C in 45', whereas, if A 
and C were opened together, it would be emptied in H ht: 
in what time would it be filled, if all were opened together ? 



373. Find + + , when z= — (m-wf /?). 

mn-mz np-nz mz-tnp n 

374. Multiply max^ + (m -1) (^x^ + (« - 2) a^a: " Hy a" Va?* - Vx. 

375. Extract the square root of 1 + m' + 2 (1 - w*) V»w + 3m - m\ 



XXU MISCELLANEOUS EXAMPLES. 



376. Simplify ^±^^ 



ay s^y xy 



yy x-y xi;.^xy 

377. Find a number of two digits such that its quotient by their 
sum exceeds the first digit by 1, and equals the other. 

378. How many terms of the series -7-5~3-&c. amount to 
9200P andhowmany of 6 + 4 + 2f + &c. amount to 14$P 

379. A certain number of men mowed 4 acres of grass in 3 hours, 
and a certain number of others mow 8 acres in 5 hours : how 
long would they be in mowing 11 acres, all working together? 

380. If a, 6, e, c^ are in G. P., shew that 

(a + 6 + c + rfy = (a + 6)«4-(c + rf)« + 2(6 + c)«. 

381. The No. of Varn* of n things, r together : the No,, r - 1 to- 
gether : : 10 : 1, and the corresponding Nos. of Combn« are 
as 5 : 3 ; find n and r. 

382. A person makes 20 lbs. of tea at 4« Od*, by mixing three 
kinds at 3« 6J, 4« 6<f, and 6«: how can this be done? 

383. (i)i(:P-lfJ)-^^ = 4:-.^.{6«-f(l-.3a:)} 



(u) a: + a + 6 + c= ^ 



av + 6af = o' 



ay 
384. A trader maintained himself for 3 years at an expense of £50 

a year, and in each of these years increased that part of his 

stock which was not so expended by \ thereof: at the end of 

3 years his original stock was doubled; find it. 



/^^^fc 385. Divide (6fl«-7aft+2J»)a^ + (5fl»-3a'6-6ay + 3ft»)a:« + (a" -J»ia: 
V '^ by (2a-6)« + a»-J». "*— ~ 

386. Find the L. C. M. of 

T^'i^^^V):^^^ and «*-(i> + iya:» + 2(j> + l)|M:-p». 

387. Obtain the values of (i) x - 'Jxy + y, and (ii) of «• + «y + y*, 
when x^h (4J + V7f ), y = h (4i - V^f )• 

388. Simplify (a - 6) (,-^ + 7—^) + 2 [—^ ^1- 

*^ ' '\{x\df (x-^bfj U + a x + bi 

389. Obtain the square roots of 

2 + «'^ + a-'^ and^ + r/-2«cy^{. 

390. The n^ term of an A. F. is ^ - ^ : find the sum of n terms. 



MISCELLANEOUS EXAMPLES. XXUl 

391. The diagonal of a cube is a foot longer than eadi of the 
sides : find the solid content 

392. Find the first time after noon when the hour and minute 
hands of a watch point exactly in opposite directions. 

393. In how many ways may £10 be paid in crowns, sevenshilling 
pieces, and moidores (27*) P 

394. Out of 5 white, 7 red, and 8 black balls, how many different 
sets of 6 balls could be drawn, (i) two of each colour, (ii) one 
white, two red, three black, (iii) three red, three black? 

395. (i) X + Va:« - 2ax + 6* = a + 6 

(ii)-iL._?^ = .iL:£- (iii) Jl + 5f^^l-^ = lf 
^ ^ x^a x-e x + a-c V a" V « 

396. Two "vessels, A and B, contain each a mixture of ^ater and 
wine, ^ in the ratio of 2 : 3, 5 in that of 3 : 7. What 
quantity must be taken from each, to form a mixture which 
shall consist of 5 gallons of water and 11 of wine ? 

397. Shew that (ay - 6«)" + (car -««)" + (62 - cy)" 

= (a" + 6* + c*) (aj* + / + 85*) - (aaj + 6y + cz)\ 

398. Find the G. c. m. of 3«* + (4a - 26)a? - 2aft 4- a» and 

«» + (2a - 6) aj» - (2aft -a*)x- a*ft. 

399. From i(aji + 3a:'*) (ari-2«"*) take i(art + 2ar'*) (a;i-3a?"i), 
and multiply the result by 6 (1 - x'^y\ 

400. Extract the square root of a?' + 2a;i + 3aji - 2a:'i + a; '' - 1. 

401. Multiply together 

fi+I m-\ n~l 

^ 7(irr6)^', v(« + *)'^» V(« + 6) " , 7(a + b)~. 

402. Simplify 

r l+a? 4a; 8a? _ l-a; \ ^ r l+g* 4g* _ l-g» l 

ll-ar"*" l + a:«^TTi*" l+arj ' ll^ "*" T+i* " TT^J • 

403. Sum (a + «)• + (a" + a:*) + (a - x)* + &c. to 5 and to n terms. 

404. Find two numbers such that their sum, product, and differ- 
ence of their squares may be equaL 

405. Apply the Bin. Theor. to find (1.01)"* to nine places. 

406. Find the least integer which, when divided by 7, 8, 9, re- 
spectively, shall leave remainders 5, 7, 8. 

407. (i) ar + 3 = V2(a; + 3) + 4 (ii) a5a:« - (a + 6) ca? + c» = 



o'^ilViti'-'-i-'r" 



XXIV MI8CBLLANEOX78 EXAMPLES. 

408. A person bought 38 sheep for £57 ; but, having lost a certain 
number, n, of them, he sold the remainder for n diiilings 
ahead more than they cost him, and so gained upon the 
whole 16« : how many sheep did he lose P 



409. Shew that (a" + J* - l/ f (a** + 6" - ly + 2 (ao* + hbj 

= (a" + a'* - ly + (6» + ft* - 1)» + 2(aft + a'b'f. 

410. Find the O. C. M. of :cy + 2^:* - 3/ + 4^ + :bs - n^ and 

2x' - 9a;« - 6xy + 48* - 8y2! - 12y*. 

411. Find the fourA term of (V2 + V^)** correct to four places. 

412. Obtain the square root of l+«-tV«(l+V*)+V«(2+ AV«)- 

413. If the r^ term of an A. P. be an'^ - r, shew that the sum of 

the m«h and n^ terms exceeds the (m+n)^ by — t^!!i±!!L «. 

' mn (m + n) 

414. If «"» = (a-c)(6-c), r' = {a'b){h'C), «-» = (a - 6) (a - c), 
find the values of x-y-\-z and abx - acy 4 hcz^ 

415. If P, Q, ii, be the p^, q^, and r^^ terms of any H. P., shew 
that (p-q)PQ't(q-r) QR^{r-p) RP^Q. 

416. Two parcels of cotton, weighing 9 lbs and 16 lbs, cost 11< 6c^ 
and £1 0« ^d respectively, and the charge for carriage was 
proportional to the square root of the weight: how much 
per lb. was paid for lawaBgB'!^ XT/tnU^^e /it ^/^O^ ? 

417. If a : 6 : : 6 : c, shew that a^ + 6 : 6 + c : : a" (6 - c) : 6* (a - 6). 

418. Find the least number which being divided by 2, 3, 5, shall 
leave remainders 1, 2, 3. 

419. (i) (aJ-l) + 2(a;'-2) + 3(a?-3) + &c to six terms = 14 
.... 2x{a-x) . ,.... X y . X z] . 

420. A square court-yard has a rectangular walk around it; the 
side of the court wants 2 yds of being six times the breadth 
of the walk, and the no. of sq. yds. in the walk exceeds by 
92 the no. of yds in the periphery of the court: find its area. 



ANSWERS TO THE EXAMPLES. 



1. 1. 48. 


2. 12. 


3. 


-8. 




4. 1. 


6. 106. 


6. -1. 


7. -178. 


8. 


150. 




9. 450. 
4. 94. 


10. 192. 


9. 1. 11. 


2. l'. 


3. 


0. 




5. 89; 


6. -64. 


7, 16. 


8. 


264. 




9. 5. 

4. a. 


10. 3. 


*• ^^""jSi^ 


2. -15. 


3. 


12. 




5. 21. 


6. 22. 


7. 7. 


8. 


13. 




9. 15. 
4, 10; 


10. 4. 


4. 1. 46. 


2. 24. 


3. 


35. 




5. 7200 


6. 135. 


7. 8. 


8. 


120. 




9% oo4. 
14a;-9y + 


10. 4. 


5. 1. 15a + 35-6c + 6J. 


i 




2. 


lOz - 12. 


8. 23a«- 


- 26ah + 14^. 






4. 


eby-lcz. 


• 


5. 5a:« + 


50ajV-14afy* + ' 


V. 




6. 


2«« + 2/ + 


2a^» 


7. -9ix* 


+ 2aa» - 31a"a; + 


160^ 




8. 


a» + 6* + c» + 6a6c 


9. 6*" + 


4y»+««-24a!y«. 






10. 


^• + y* + «*. 





6. 1. a-36+3e. 2. - 2a^ - 7i;y + 3/. 3. 4ax-9by^2ez. 
4. 5a:«-5d? + 5. 5. 7a* - 3a + 45" - 7a5 + 2c» - 6*c. 

6. -a:«-6a:V-V + S-3«»-4y». 

7. 3«"+13ay-/-16awi-13y«. • 8. aj^ + ay + y*. 

9. 3a*-4a'5- 40^^ + 25*. 10.0. 

I 

7. 1. 4a^4a?. 2; 4a?-4a*c. 3; a^-%*-3«». 
4. 2aE'+2V+2(»*: 5. a«-3y + 8c». 6. 2a6 + 4y. 

7. 0. 8. -3«-y + 4a. 9. 8a:-8. tO; -4o + 4rf. 

(1) « 



ANSWERS TO THE EXAMPLES. 

9. 1. (2a-6)-(3c-4rf)-(2«-3/), (2a-5-3c) + (4df- 2« + 3/). 

2. - (6 + 3c) + (4<i - 2e) + (3/+ a), - (6 + 3c - 4c?) - (2c - 3/- a). 

3. -(3c-4df)-(2c-3/) + (2a-6), -(3c-4rf + 2c) + (3/+2a-6). 

4. (4<i - 2c) + (3/+ 2a) - (6 + 3c), (4rf - 2c + 3/) + (2a - 6 - 3c). 
6. -(2«-3/) + (2a-6)-(3c-4rf), _ (2c - 3/- 2a) - (5 + 3c - 4<0. 

6. (3/+2a)-(6 + 3c)4-(4rf-2c), (3/+ 2a - 6) - (3c - 4rf + 2c). 

7. {2a-(6+3c)}+{4rf-(2c-3/)}. 8. -{6+(3c-4c?)}-{2c-(3/+a)}. 
9. -{3c-(4rf-2c)}+{3/+(2a-ft)}. 10. {4rf-(2c-3/)}+{2a-(6+3c)}. 

11. -{2c-(3/+2a)}-{6+(3c-4(?)}. 12. {3/+ (2a -ft)}- {3c- (4rf- 2c)}. 



^ 

'•*• 



^^ 



9. 1. (a-6 + c)«'-(6-c + rf)a;'-(c + c? + c)«. 2. 2(ar-6y). 
3. (a + 6)«*-(a-66)ay + (a-c)y". 4. 2(aa: + cy), 26(aj+y). 
5, -(a-66)d? + (2a + 364-c)y, (a-46-c)« + (a-36-2c)y, 
(b'-c)x •{■ (3rt - c) y. 
;;^ 6. (5a - 6) a? -(2a -36- 5c) y, -(a + c)j: + (a-6 + 2c)y, 

^', (4a-6-c)ar-(a-26-7c)y. 

7. (2a + 46 + c)a:-(a-5ft-3c)y, -(4a-66)ic + (2a + 6)y, 
- (2a - 96 -c)a;+ (a + 66 + 3c)y. 

8. (a + 46)ar + (46 4-5c)y, -(3a-66-c)a: + (a + 26-2c)y, 
-(2a-96-c)a;4-(a + 66 + 3c)y. 



lO. 



1. ai(3i^y*f -mna^, 2a'ca;*y> ^^9 <**^» -^y- 



a?V - 3ay 4- 3a:'y^ - ay*. 

1 3. 2a« + 7a6 + 36«, 2ac-6c-6ad+36rf. 

i 4. 6«* + 13«y + 6y«, 6a«6« - a6* - 126*. 

\-' 5. aj« + 6a:« + 7a?-6, «»-6a:* + lla;-6. 

H 6. a* + a»-2a» + 3a-l, a*-a»-8a« + a + l. 

I* 7. 81a:*-y*. 8. a» + 326». 9* a?*-4<r'«+3a*. 

i 10. 27a»+6»+8-18a6. 11. «»-y"+«»+3ayB. 12. a*-l. 

1 13. a»-86^-27c»-18a6c. 14. a" + 2a«y + 6«. 

15. aj'-(a + c)a:* + (ac + 6)aj-6c; aj*-(a*-6+c)a:*+a(6,+c)«-6c. 

16. l~(a-l)a;-(a-6 + l)«* + (a + 6-c)a?-(6 + c)a!* + ca:*. 

17. a* - amx - 2mV + mrtsi? - »V; 
a* + a (m + 2n) a; - {a {m-vn)'- 2mn} «• -(m*+ 2n*)a:* + mno?*. 

18. aV-a"(6-c + <?)a;*^=-(«6c-a6<l-HaccO«/ + 6c<^. 

19. 4a:*+6 (m-f»)a?'-(4«t*-!^»4-4n") a^^Qmn {m-n) x+4iai^n\ 

20. a:*-(2a"+26^+a6)ar»+(a*+a*6+a"6»+a6»+6*)ar-(a+6)a«6». 

(2) 



ANSWEBS TO THE EXAMPLES. 

U. 1. a»-2aa: + «*, X + 4a:* + 4a?*, 4a*+12a*+9, ftr* - 24a!y + ley". 
2, 9 + lar + 4a?', 4aj* - 12jjy + %«, a* - Ga'*;!; + 9a««», 

Vs^ " 2Jbcs?y ^ <?si^}^. 3. 4a«-i, 9aV-J», r*-l. 

4. a;« + 4a; + 3, fl?*+3«»-.4, a«ft^-aft-6, 4aV - 8a6x + 36'. 

6. «* - 5aV + 4a*, 6. wV - lZnMa?tf f 36»y. 

7. 4a:«.'V' 8. x* + 4y*, 4a* - 5a*6» +.. 6*. 

9. a« + 2ai + y - c«, a* - 6^ + 2ac + c«, a« ~ 6» - 26c - c«. / 

10. a« -.2a6 + 6* - c», - a« + 2a6 - 6« + c«, - a« + 6^ - 26c ;f V. 

11. 4a" - 6» + 66c - 9c», - 4a" + 12ac + 6^ - 9c». 

12. 4a" - 6^ %6c - 9c", - 4a" + 4a6 - 6" + 9c". 

13. a" + 2acW"-6»-26rf-€?», a" + 2arf + d»-6^- 26c-c», 
• 6" + 26c + ^r- a" - 2ad - d». 

14. a"+2arf-|:V-46"+126c-9c", 9c» + «ci f d" - a" + 4a6 - 46*, 
a" + 6ac + 9c" - 46" + 46rf- d". 



12. 1. 6c", 6«y», -356a;. 

2. 3ay-2a:2 + 3y2, -i^li^-^ldlH^-^c*, t!^-3aa; + 36y- -^. 

6 a • 

^ 2»» 4m" n 3a" 5a 6 26" 

37^ 3i?^3^' 2y~26^^^2i""?' 

4. a; + 5, m"-4m + 3. 5. 3a -26, 3a: + 2j/. 

6. 2a6-36». 7. a"-2a6 + 26", 2a:"y' + 2ay + 1. 

8. af-2«"y + 4«y-8aj/"+16y*. 9. l-2a:4-3a:"-4«"+5a;*. 

10. a;" + 2a!y + 3y», m»-2m + 3. 11. a" + 2a"6 + 3a6^4-46'. 
12. a;* + 2aj" + 3«" + 2a: + 1, a* - 2a»6 + 3a"y - 2a6" + 6*. 



la. 1. a:" -px + g. 2. oa^ + 6a - c. 

3. y*-(m-l)y»-(m-n-l)y"-(m-l)y+l. 

4. a + 6 - c - c?. 5. a + 26 - c. . 

6. a" + 6" + c" + a6-ac + 6c, a" + y + c* + a6 + ac-6ff. 

7. l-a? + 2y + a;" + 2a!y + 4y", l + a?-2y + a:" + 2ary + 4y". 

8. a;" + 4y" 4- 985" + 2a!y + 3a» - 6y2. ' 9. a:" + y" + ss" + 1. 

ox* 135«* 

10. a-<ix + M^''aa?+ , 1 + 5a: + 15a^ +45a;" + - — 5-. 

1 -a; 1 -3r 

11. l + 2a; + 3ar' + 4g".f ,^^"^^ , 

1 - 2a? + a:* 

1" - (a + 6) a? + (a + 6) 6a!" - (a + 6) 6"a?" + ^^^^^^"^ , 

12. a" - />a" + qa-r, 

(3) a 2 



ANSWERS TO THE EXAMPLES. 

14, 1. a-x, <i*+a'a? + a'aj'f oit' + a?', a^-tf*j: + aV-aV + ar*-a?*. 
2. 8a? + 1, 6« - 1, 2a: - 3. 3. 3mn - 5, 4m* - »■. 

4. l-2ar + 4a!», 9ar' + 3ar + l, 1 - 2a? + 4«» - S*". 
6. «• + SarV + »«y" + 27y", tf* - 2a»ft + 4fl«y - Soft* + 166*, 

ar»-ar"y» + a;V*-«y + «y-y" 
6. iii'-Jaft+y, ay-ayz+afys?-«". 7. a+6 + c, a + 6-c. 

8. (ar + y)" - (a? + y)2 + «■ = aj* + 2a?y + y* - a» - ya + «», 
«' + a:(y-«) + (y-2)P = «* + a?y-a» + y*-2yz + a5". 

13. 1. (1 - 2a;) (1 + 2a?), (a - 3a;) (a + 3a?X (3»t - 2») (3m + 2»), 
a;»(5a - 2) (6a + 2), aV (4ar - 5y) {4a; + 5y). 

2. (a: + y) (a;» - ay + /), (a; - y) (a!» + ay + y"), • 
(l+ay)(l-ay + a?«y»). (a? - 1) (a? + 1) (a;» + 1), 
xyiay-a^ {ay + «^, 2a6*c (a - 2c){o + 2c). 

3. ar»(6a? - a) {fix + a), a*(a - 36*) (a + 3i?), 

(2a? - 3) (4a;* + 6a: + 9), (a - 26) (aP + 2a6 + 4ft»), 
a;«y (a + 3a;) (a" - 3aa? + 9a;*). 

4. (a;+2)(a;*-2ar' + 4a:*-8a: + 16), ar' (a + 3a;) (a* - 3«x + 9ar»>, 
(2a;* + y») (4a;» - 2a;*y* + y*), (06^ + c*) (oft* - <;*) (««6* + c*), 
a6c (a + <?)*. 

5. (3a?-l) (3a?+l) (9a;*+l), (a?- 2) (a:+2) (a!*+2a?+4) (a:*-2p+4>,. 
a;*(a?-6)», a;* (x - a)* (a; + a)*. 

6. (4a? - 5) (2a; + 1), (a + 36)(a-^), 7 (« - y) (ar + y). 

7. (x - yf (x + y)*, (c + a - 6) (c - a + 6), 8«6. 

8. (x + yfr mn (m - n), 66 (a - 6). 

9. 2 (a? + y) (4a: - y), 2 (a; - y) (4y - a;), 4y(a; + y> 
10. (a + 6) (a* + 06 + 6*), (a - 6)^, 0. 

16. 1. (a; + l)(a; + 6), (a:+4)(a; + 5), (af-2) (ar-3), (a:-3)(ar- 5),, 
(a: + l)(a: + 7), (a:-l)(a:-9). 

2. (a: -I- 3) (a; - 2), (a? -3) (a; -1:2), (a;--3) (a: + l), (a: + 5)(a;-3)^ 
(a: + 8) (a; - 1), (a:-9)(i4l). " 

3. (2a; + 3) (2a: + 1), (4a; 4- 1) (a: + 3), (4a: - 1) (a; + 3), 
(2a: - 3) (2a; 4- 1), (3a: - 2) (a: + 2), (3a: + 4) (2a: - 1). 

4. (4a; + 1) (3a: - 2), 2(6a;-l)(a?- 1), (4a: + 1) (3a: -I), 
(a; + 4) (a: - 3), (3a;-5) (a:+l). 

6. a* (a; -a) (a: -2a), a (a -3a:) (a + 2a:), 06 (3a -26) (a + 6), 

(4a* - a*) (3a* + a:*). 
6. ay(2a:+y) (a:+2y), 3y*(3a:+2y) (af-y), a^(3aa;-l)(2aa:f I), 

a;* (26 - 3a;) (36 + a;). 

'(4) 



ANSWERS TO THE EXAMPLES.' 
17. 1. 5. 2. 2. 3. 3. 4. f. 6. -i. 

6. -tfL. 7. 2. 8. 1. 9. 4. 10. - ia. 



tn-n 



tn* 



11.-4. 12. f. 13. -f. 14. — . 

la 1. 42. 2. 12. 3. 12. 4. 5. 6. 7. 

6. 4. 7. 6. 8. |. 9. 7. 

10. ^ (26a - 186). 11. 7. 12. - 8. 



19. 1. 4. 2. 2. 3. 18. 4. 8. 5. -a. 6. 6. 

7. 4. 8. b-a. 9^ 7. 10. a-m. 11. 10. 12. 2(a+c). 



20. 1. 12. 2. 9. 3. 120. 4. 7«. 5. 35, 13. 

6. 613, 466. 7. 16. 8. 31, 18. 9. 16. 10. 90, 60. 

11. 24 ft. 12. 16. 13. 37, 30, 20. 14. 20. 16. 41. 

16. £6. 17.88. 18. 8d«, 35«. 19. £36, £12, £16. 

20. 6. 21. £45, £57, £63, £65. 22. 16, 5. 

23. 98| miles from L, 10| h. 24. 22, 7, 12 gals. 

25. 1 h 20^ from ^s starting, 6^ miles. 26. 3000«. 

27. 3«, 6s, Is. 28. £189. 29. 8. 30. 25. 

1.4«%S-27a«J'c», 2^, -^. 

2. «• + 6«» + 12a: + 8. 3. aj* - Sar' + 24a:» - 32x + 16. 

4. a:* + 15a?* + 90aJ» + 270«» + 405ar + 243. 

6. 1 + 10a: + 40a;» + 80aj» + 80a:* + 32x*. 

6. 8m»-12m«+6m-l. 7. 81a:* + 108a!» + 64a!* + 12ar + 1. 

8. 16** - 32aa!' + 24a*a:* - So'a: + a*. 

9. 243a:* + SlOoa:* + lOSOaV + 720flr'a:» + 240a*a; + 32o*. 

10. 64a» - 144a»6 + lOSaft^ - 276^. 

11. aV - 3a«a:«y" + 3aa:y* - 1/". 

12. a*a^ + 4a'a;* + 6aV + 4aa:' 4- «•. 

13. 32aW - 80a*m* + SOcr'm' - 40a«m* + lOam* - m". 

14. a» - 3a«6 + 3aV + Sai^ - 6abc + 3ac» - 6* + 3^^ - 36c* + c*. 
16. 1 - 3a: + 6a:" - 7a:* + 6a:* - 3a* + a:*. 

16. a»+3a*&r+3a (6*hac) a:«+(6ac+y) 6a:»+3 (ac^) ca:*+36c*a:*+c'a:*. 

17. 1 + 4a: + lOar* + 16a:* + 19a:* + 16a:* + lOar* + 4a:' + a:*. 

18. l + 5a: + 5a:*-10a:*-16a:* + lla* + 16a:*-10a:'-6a:* + 5a:*-«". 

19. 1 - 6* + 16a* - 20a:* + 16x* - 6a* + a*. 

(5) 



AH8WER8 TO THB EXAMPLES. 

20. ii*-8<i^+4o'(i+24<rt'-24o'*e + 6a'o"-32o6'+48«S'c-!!4oi<!* 
+ 4fle» + 166' - 32*** -t 2«V - Sfe* + c'. 

21. l + 10i + 26«'-4Oz*-lfi0«*-l-9ar'+570ir'-360x'-676*' 
+ aiO*" - 243r». 

a. I. H-2x + 3i'+2«' + ii*. 2. 1 - 2* t fii" - 4** + te*. 
3. 9-12«+10«'-4i'4z*. 4. o*-4<i^+l<WV-12<itf+»'. 
e. 4** + By" + le** - laiy + lara - 24y*. 

6. 9o'«* + 46y+e^ + 12o&ry + 6(ic*«t4ieyK. 

7. 1 - 4<Mr + 2i^i' t 4a'i' -f a***. 

8. 40* - io" - 7a' + 4o + 4. 

9. l-2!t + 3i'-4«'+3i'-2*' + *'. 
1ft 1 + &r + 16** + aOz* + 16«* + ej:* + a^. 
n. «■ - ia:* + lOa' - 4*" - Ti* + 24z + 16. 

12. 1 + 4e - 2** - 4a:' + 25^* - 24*' + l&r*. 

13. o* - 4o'6 + SaV - lOif^ + SiA* - 406* + K 

14. <i'-8a'ir-)-28a*i'-fSe<j'a'+70aV-fi6i^«'+283'«'-8aa;'+z'. 

15. l-4ii + 10z'-16i' + 19a:'-16i'+10i'-4*' + i'. 

Ifl. o"- 4a'z + 6aV^ 8o'ir"+ llo***- 8a'iE'+ 6aV- 4<w'-fa'. 

as. 1. 4 2a6"£^, ± 7aV^ ± lOa'6'A 

30^ 7^ fixy 
^'*~6P' * 8a ' ^4ai'* 

<^a^ 20^" 4^^' 6aW 
^■i^'' ""S^* 6a" " 7 • 

arj" 3o^ 2otf 2«V 
*-*"5?' ""^ 4*' ' <? ' ^ 3!?'" 



+ y, 6a-36, {«^ + 3xy. 
&-«', 4ay + SyB, M6c + f. 




.2ie+3«". 2. 3*'+2z4-3. 
-4ay + 4y'. 6. 2o'-3a+4. 
-ai^+ar-4. 8. 3«-6 + 6o+A 
- 3* + S*" - 1*. 11. 

+ yi + r«* + «?. 13. 
, - 36. 15. * - 2. 


8. 3o + 26fc. 

6. 4^-2oJ + 26*. 

9. i'-2iV^2V-y'. 
2 - 3o - 0- + Za". 
l-i, a-2. 

16. a-b. 



AKSWBRS TO THE EXAMPLES. 

a«. 1. 421, 347, 69.4, 737, 1046, 4321, 

2. 2082, 20.92, 1011, 20.22, 129.63. 

3. 3789, 75.78, 15.156, 8642, 2211. 

4. 4.164, 8328, 2668.2, 11367, 31230. 

5. 4.044, 8088, 5055, 6633, 15165. 

6. 1.5811, 44.721, .54772, .17320, 10.535, .03331, .06324, 
.07071. 

27. 1, x + 2y. 2. a- 3. 3. a; + 4. 4. 2a - 35. 

5. a + 8ft. 6. 2x - 7y. 7. m - 4w?. 8. ax- 5bx. 



. 1. a* + 2a + 1. 2. a:« - 4ar + 2. 3. a* - aft + ft«. 

4. «*-4a« + 4a*. 5. 2«* + 4d;y - 3/. 6. aj'-«« + a;-l. 

7. a - ft + c. 8. 1 - 2a: + 3«« - 4a:». 

29. 1. 21, 23, 25, 32, 4.7, 48, 64, 9.6. 

2. 114, 11.7, 125, 108, 1.41, 192. 

3. 2.34, 206, 3.84, 32.1, 282. 

4. 46.8, 936, 6.42, 1025, 1.284. 5. 1.357, .5848, .2154, 1.587. 

30. 1. 3a;*, 2a6», 4y»r». 2. oar, a, x, 

31. 1. 2a^{a+xf. 2. x'ia^xf. 3. aft(a-ft)«. 4. 2(aJ-l). 

5. ««(a:+l> 6. 2(a:+a). 7. a«(a? + l). 8. 3(aa;f2). 

. 1. 3a; - 2. 2. 2a; + 3. 3. 3a; + 5. 

4. 8a;» + 14a? - 15. 5. 4a; - 6. 6. a:» + 2a; - 3. 



33. 1. a + a;. 2. a;-l. 3. Sf{3i*^2x + l). 
4. y - 2. 5. a: - 2a. 6. x TS, 

7. 3(a; + 3). 8. a;* + y*. 9. aiai-b). 

10. aiff-ir^ 11. a;«-2a:y + /. 12. a;« + 4a; + 4. 

34. 1. 2a; + 3. 2. 3a; - 2. 3. 3a;- 2. 
4. a? — 1. 5. a: — 3. 6. a; - y. 
7. a; + 3. 8. a;* -3. 9. 5a;*- 1. 

10. 3a;« - 2ajy + y". 11. a? (2a:* + 2ajy - y»). 12. a;-L 

35. 1. 12a'ft'c, 36a;'y', asi^ - axi^, al^ - ad\ 

2. 120a^ft», 10a*ft*, 1800aV. 

3. 6(a«-ft»), 12a(a"-l), 120ay (a;» - y»). 

4. 24a«ft^(a*-ft»), 36ay(a;«-y"> 

(7) 



AmWBBS 1X> THIS EXAMPLES. 

I 1 ** •'•y £. m 7ag a* - 3a6 

• • « ' ?' 3(m-ar)' 6a' 26 (a + 26)* 
2 ^" V 2mn 8ii6c Sjey - gy* 

y(«-2y)* m + fi* a + 6 + c' 4«-7y * 
c c + y car + d 

« - 1 a*4-a* g* -t- aV + ft* ar*~ fta? n - ft 

"7"' ■"?"• a« + ft« ' TTV* iTi' 

^ x-l /.*-! M a^h 3a- 2x 

x+1 dr + 2 a-ft 5a-H3a; 

^ 2a-3x j^ ar + 4 ^^ 7a; - 2y 

'2a + 3ar' 'a»-2a: + l* '&B*-ary + 2y» 

^ 6a"(a + a:) -„ g*-f4a?-i-4 g* + g-2 

a:(a* + ap + a*) «* + a: + 1 a» + &c + 6 

,_ a?^ax\c^ -^ 3a«"+l 



90 ^tx' 23 

87. 1. ar-6+_.4, a-2a:+— — , 2a? + e+-— «, 

« + *' n+af a:-o 

7«" 19 

2a-3a:+- , 12a; + 3 + 



ba-x 4aj - 1 

a?(g'-2a;-3) a» + 2^* g* + ay + y* 
«-2 • a + 2ar ' « + a 



- ftop, a«y, ofta 6cg*, 4fty*, 308^ 
'• • '^ ' 12^^ ' 

4Wg'y; 4gaft^ a», 48a«ft y», 50a»gy* 

60aW 
a'a'-ft'g*, g'y' + fty a» + 2air + g», a^-2gar + a;* 
^' ?Tft* ' a«-«« 

8flj:*-8ftg *, ay « g-a?, a -far, 2a 

""eC^'-ft") • • 4a«(a«-a») ' 



a' + ft' 3a* - oft + 2ft> 25a - 20ft 

*•' • 2(a + ft)ft' e(a-ft)ft ' 12 

^ aft a» + ft^ a« + ft« a«-aft + ft* 
2. 



8. 



iT^' a«-ft"' a«-ft»' a«-ft« ' 
a\hx 2a* - 2aft + 26* 2aft a?-y 

cTdx' i*~ft^ ' a«-ft^' a: ' 

(B) 



ANSWERS to tHE EXAMPLES. 

4 ^ fi ^ A g -t '^^^ 

11 <'' + ^ lo 2xU4a^y«-2y' aj^f^ 

XX. -J— r, X«* T r , XO* ». ^» 

<r (a t ^) a:* - y* « (« - «) 

iA y IK a?-3a^ + 3aj» ,^ l + 2a: + 3ir« 

a: + y (1-ar/ 4(1-**) 



«a 1 9ax "^^^ 1 ^'(^-^) 



rt fl*-a!* a» + 2a'a? + 2aa^4-a' 2ag»(ap~y) 

a'a: * (a-a:) (a*-aa?+ic")' c 

^ ad « a^j;(ax-l) . a* + y - a?-! 

^* 7 rs» ^> — !! — 



a« + 4y' «« + y«' a-6 ' (a-bf 

. (a»-y)6 3a ««* + *" 

a' 2o X -b 



4-3a; 3a; 6-2a? iar + 14 21 -4x 12a? -40 
**• 10 ' 15-2a:' 2a:+6' 21 ' 2(4a?-9)' 33-2a; ' 

10 -13a? - 20-3a? 14 - 20a? 



8. I, 1. 

a? 


V a^-^2* ^ 4 
a«' 2a^ * -*• y» 3^' 


a?(I+:r+ir*) 

l + a* 


4a. 1. "2^ 

a" + 


fj^) ace abe 
ftc crf-6e a + 6 


ace + ftcrf - &■« 
~5(ae-c«)" • 


5.1 


^•ai- ^' af+2bc-bfff' ^' 


14a 
25(a + i)* 


9. 4. 


10. Si^o. 




43. 1. 1. 


2. f. 3. 1. 4. -f 


a6c 


6. IJ. 


4a -6 

1 


10. -(a + c-6). 
a 


11. 1. 


12. 3a. 13. 2. 14. - ^^ . 

2a + i 


16. - 1$. 


16. 8. 


17. 4. 18. sf: 19. 11. 


20. 20. 


21. 8. 


22. 14. 23. - 107. 24. J. 


25. -f 


26. 0. 


27. i. 28. IJ. 29. 10. 


30. 4. 



(9) a 5 



ANSWSttS to THS BZAkPLAl. 

M. 1. I44tq.7di. 2. TOgnU. 3. £36,£16,£8. 4.3Sofeach. 
6. £210. e. 22. 7. 3450, 196, 9B. 8. £20a 

9. 42, 66, 162. 10. 69, 81. 11. £6 B«. 12. 84. 

la IS ft. by 11 ft. 14. 4t3<i 15. 201b, lOlb, 16U>. 
16. 22, £5. IT. £48. 18. 3^ dajn. 19. 15. 20. £12S. 
31. 1504. 22. IMO, 880, 616. 23. 23^ dA]«. 

34. 31f, 25'. 26. ^ S^', 0^^)^ 26. 13. 
;d6J{V< "' '^^'^y^- ^- AK^ 29. arii^L 30. £32. 

" 2iiu- ^'' '" ^'"- '^' "^^ ^'**' ** "^y^ ^- *'*'■ 

/ /V **■ ^^^ ^ *Ha *'■ ^^' ^2, £4, £65. 36. ^OB. ^ 

41. 12 gals. 42. 2S<, 20t. 43. 120, 104. 

44. 62, 93, 105. 45. 76, 30. 46. 13, 21{t. 47. 36'. 
48. SlAhn, lOiihn. 49. 189. fiO. Hhr. 



i. 1. 


1 = 


1, y=l. 2. «= 


-», S-.ti. S.X.. 


». y.2. 


4. 


„ 




O,ito!,y=-1. 6.* 


.1, y.o. 


J. 


«. 


1, y = 3. 8.* = 


.-?5''-iTi- '•' 


.e,y.7. 


10. 


«= 


I, y=7. 11. 1= 


10, y=i24. 13. x-144 


^. y=21fl. 


13. 


* = 


•^S^.^-'.-'^S^'- -=^ 


,.3. 






W aV 


V+,?~tf t^+e'-b* 


15. 


«= 


a' + c''''"'<i' + c'' 


16.,= _t^^— ,y«- 


2S • 


17. 


.. 


^j^.-"y^'- 




18. 


* = 


«!.(».-» (it.)) 
i*.*- a' (*■ + <:■) ' 


-"»^^^- 




19. 


z=f 


l,y=8. 20. a.3,y-a 


1. 21. f=5,y^ 22. f=. 


-2,y— i. 






-9. 24. »-8, y-«. 20. « = 21, 


y.20. 




,.2, ..S. 


2. «.7, y.lO, 


t=B. 






(.6, ..7. 


1. ».4, y— S, 


»=6. 






y = 6, .= -2. 










*«-•)> f-H" 


i + d-J), ..i(«ti-a). 








y.2I, .--12 


8. ..2, y.-3, 


« = 4. 






».12, ..12. 


10. IE. 5, y = 7, 


.= -3. 



4». 1* fi,. 2. 21, 40. 3. 68, 3«. 4. £24, £12. 

5. 17 yds, 13 yds. 6. 48. 7. 108 sq ft. 

8. 640, 720, 840. 9. 18<, 90. 10. 4 hw, 6 hrs. 

11. 75. 12. 40, 90. 13. 20, 30, 60. 14, 222. 

16. 30, 50, and 70, 20: or 60, 20, and 40, 50. 

16. 24, 72. 17. 72, 60. 18. 12, 12. 19. 34. 20. 31. 

21. 12, 10. 22. 255. 23. Ss. 24. 39«, 2U, 12«. 

48. 1. a:* + a;3 + a:* + «*; aft' + a'5* + a'ft* + a^ 5. 

2. ab^ + a* + 0*6^ + ab^; aH* + aft* + a»ft' + aH\ 

3. a->+2ft-V3c-»+4aft-^6a-»ft; a»ft-*+3a«ft-»+5aft-»+4a-"ft+2a-»ft*: 

a ■'' ft« ■*" c» ■*' a-»ft ^ aft-» ' a-»ft' "** a-*ft "*" a-'b* "^ a"ft-» ^ i?P* 

4. Kft-«c-« + 4a-«ft-V + 2a-'bc + ifl'^ft-^cS 

iaftc"i + fa"*ftV + ia'H'h'^ + 5a"*ft"^c; 
, _1_ 4 2 1 

3a-Wc» **■ a«ftc-« "* aft-'c"* ^ 3aftc ' 



2<r»ft-'c* 3a*ft-«c« 4a*ft*c* abU'' 

Va V^ 2*^ Vy? V^ 

Vft'"''2Vc'*" 3Vft' '*"4»/a"^ ^.J^o*' 

^ ftc ac 1 c» 1 V« Vft* 1 

a V ^ abc af^' ^^€?^ yb"^ ^€^^ yb^ 

7. -^+2aftc+^-j+aft^c»; — + JL-4 +-^. 
a"ft* ft<r a" ^ft* yft* V« 

49. 1. aft"*, a\ a^i, a»6. 2. «-y, a»yi. 3. ^•y'z, a"ftV. 

4. «« + 6a»^ + 9a* - 4y. 6. a-V. 6. o' - 64ft*. 

7. a'-a* + 2ai-2-a"* + a"*. 8. a: + a:^y**-a?^y'^ -y*. 

9. 8a;* + 4a:iy*+2xiy + y^; «"* + aj'iy'^ + y'l 

10. a"* + 2a-«fti + 4o"*ft* - 8a-»ft + 16a"tft^ - a2ft^ 

a:* + 2xi + 3** + 2ar5 + 1. 
(11) 



ANSWERS TO THIS EZAMPLB8. 

11. 4a - 2fl*6"i + 2a*ci + 6* + 6"M + A 

12. a5-« + 3«*d-» + 3a*6 + a V, A«V* - 2« + ly - V^^V* 
18. «• - 6a*ii + 21a*6i - 44odl + 63a'ftJ - 54a*rf + 276. 

li. a^ - 4a + 10a* - 16a*+ 19 - 16a'* + 10a* - 4a-' + a*. 
16. «■ - 4r»y* + ftrV + 4a:*y^ + y", 

x^ - 5a»y* + IOf*/ - lOa^V' + ^y" " V^ * 
irt-« - 4a*-* + 6 - 4a-*6 + a-'fi*, 

a'5"* - fiah'^ + 10a*6"i - lOa'M + 6a"M - a"«rf. 

16. a6-» + 1 + a-»6. 17. a* - fi* + 3 - 6a"i + Oa'*. 

18. a"*«i-l + aijJ-l. 19. «y"i-«"i^*. 20. 2a^-3yi 

«a 1. M*. 81*. {i)», (i)?, {f)i, si. 

> 

2. 2«t (»/)*, (K)^, (f»¥. {i(«i' + 2a5 + JO}*; 

125*, (ifi>\ ( Ao^^ ( V«*)*, {J (a* + 3<« + Sa*" + 6»)}*. 

3. (rt,)*. (tw,,)*, (iy, (^y. 

6561- i, (iW^)-i, {ff)-\ ^Y- 

4. V126, V3, V12, Vf. V}. V320. 
». Vm, V266, V2048, Vs, Vf, v'A- 

6. ^^4i,V9^, J, ^^^^, .^-^^. 

7. VS5,V6SS,^g, ;/^,Va^r^. 

8. 3 V6, 6 V6, 36 V3, 3 Vs, 18 ^2, i V8, Vl2, Vm, 6. 

9. 4V2, 8\^2, 6'48,}V2, A V2, f * 2, fV21» fv^lfiO, ^375. 
10. 2 A 16 V3, iV3, AV3, JV3» iV3. 

n. 1. V108, V112; \^81, V80; ^120, Vll28, ^136; Vl26, (^121; 

Vi, Vh Vl26, Vl44, ^162. 

2. V2, 3 Vfi* 3. W8, 9 -v 9. 4. 24 ^3, 120 V3, 36. 

6. 216 '^6, 288 '^72. 6. 6 - V6, 6 V3 + 3 V30. 

(12) 



ANSWERS TO THE EXAMPLES. 

1 16. 8. i(V2 + V3 + V5). J Ve 4- i V32 + J v^l20. 

9. i(2V2-V3), Vfi + 1, V5-V2, 4 + V2, i(7 + 3V5), 
A(7V14-13). 

10. A(58 + 8y7), A(8V5 + 23), i(3j;^Ve)* 

11. ^J-f^l-?-, 2J^^ ^^^^^ ^2. 2^, ^ 



X ' ^ , --..^ *. , j_^ 



«2. 1. V3+1. 2. 3+V2. 3. Vfi-V3. 4. 2^5-3^2. 

5. 4V2-3. 6. iV5-l. 7. 2-iV3. »• iV2-}. 

9. V2 + 1. 10. V5-1. 11. i(V5 + l). 12. V5 + iV3. 



«a. 1. /o. 2. ^~. 3. 2Va&-5. 4. ji-. 6. 2. 

6. 2?^. 7. -'U! 8. A«. 9. (^. 10. *^-^>. 
2(a-6) ^® 2ft 36- 2a 

«4. 1. 4 2. 2. ±3. 3. ±1. 4. ±}. 5. if 6. ±2 J. 

7. ±f. 8. ±6. 9. ±3. 10. ±5. 11. ±2. 12. ±2. 

13.±V3. 14.±?#. 15.±./^fJ:^^'. 16.(^. 

2 V 2(c» + rf«) V2«-l 

45. 1. 4, -2. * 2. -1, -9. 3. 20, -6. 

4. 7, 6. 5. 8, -40. 6. 10, -110. 



. 1. 1, -8. 2. 17, -4. 8. -6, -20. 

4. - 1, - 12. 5. 1, - 20. 6. 25, - 136. 



57. 1. 6, -5f. 2. 6, -4i. 8. «ij^ -10. £l 



4. 14, -lOf. 5. 12, -12^. 6. 13, -11 A. 



r 



1. 10, 2. 2. 3, -1. 3. 2, -f 4. 1}, -if. 

6. If, -H. 6. 7, -H. 7. 2, J. 8. }(-9±3V3). 

9. 2, if. 10. 3, -f. 11. i(27±V67). 12. 2, -3. 



/ 



. 1. 11, -13. 2. 6, 6f. 3. 5, 21. 4. 7, -If. 

6. 6, 3 iS. 6. X -4f. 7. 1, lOf. 8. 3, -Sj^o- C> 

eo. 1. «'-4a:-21=0. 2. 6a^ + 5a:-6 = 0. 

3. 16a;^-163«« + 81=^0. 4. ar*-&r» + lla^-6a? = 0. 

6. 4a:*-7a:«-3a: = 0» 6. 4aJ» + ar*- 17ic»-12«« + 4x = 0. 

(13) 



ANSWEB8 TO THB EXAMPLES. 



61. 1. «=7, y=±4. 2. «=4, y--3,l 3. ar=4, y«8, 1 

«— 3, y=4.f «=/!«, y«4HJ 

4. «=8, y=2i, 1 6. «=6, y^b, 1 6. «=6, y=3, ^ 
«=-2i, y=-8./ ««-6, y=-fij «=*, y=-li.J 
7. ar = 5, y = 3, "I 8. « = 3, y = 4, 1 

«=1A» y=- iVJ «=-iA» y»-2AJ 

9. « = 4, y=:2,1 10. a; = It), y = 15, ^ 

a? = 2, y = 4j ar=s-10J, y«-16JJ 

11. a: = 3, y = 2, 1 12. 3? = 6, y = 4,1 
«=-2, y = -3./ a; = 4, y = 6.J 

18. a: = i{a±V2ft*-a«},1 14. « = i {± \^4^+? + 5},1 
y = }{to + V2i^^.J y = J{±\^4?+^-6}J 

15. a: = 8,V=l,\ ir ^_ + _!?!_ .,- + _*!_ 

*=i, y=8.j Va«+ft* Vi*Ti* 

62. 1. ±12, ±15. 2. ±10, ±16. 3. ±4, ±12, 
4. 15 yds, 25 yds. 5. 8 and 6, or 56 and -42. 
6. 27 yds. 7. 4550. 8. 24 or - 3. 
9. 4 or - li. 10. 40 yds by 24. 11. 9, 12, 16. 

12. 12 and 7, or -9J and - U\. 13. 10 yds, 16 yds. 14. 3 in. 
15. 26 ft, 38 ft. 16. 16. 17. 49, £3. 18. 4 ft, 5 ft. 

19. £60 or £40. 20. 10, 15. 21. £275, £225. 
22. 25, 20. 23. 264. 24. 2, 5, 8. 



= 3,1 a? = 23,1 fl?«31, 2,1 a: = 30, 15,1 

= 1,J y= 2,/ y= 2, 5,; y= 1, 8./ 

= 5,1 *= 5,1 ar = 49,1 a: = ll,1 

= 6,; y=12,/ y = 22,/ y= 3./ ^ ^ «» «. • 



6a» 1. itJ = 3,\ ajss23,^ a?* 31, 2,\ a: = 30, 15,' 

y 

2. a; = 5,'[ «= 5,\ af = 49,'\ a: = 11,' 

y 

4. a? = 5, y = 3, 8 = 6. 5. 5. 6. 4, 2. 7. 4- 

8. A gives 14 pieces, S 9. 9. 8; 16. 10. 21, 12. 11. 4. 
12. 59. 13. 8 h. g. and 3 h. c. 14. £13 U or £42 U. 

15. By paying £5 and receiving 4 lou%8. 

16. 3, 21, 16, or 6, 2, 32. 17. 503. 

Itlf 18. 2«, 4«, 5«. 19. ^<S|1 20. 841. 



1. 32, 272. 2. 39, 400. 3. 63, 363. 4. 694, 34760« 

5.9,16. 6.-1,0. 7.-28. 8.-275. 

9. 16J. 10. -84J. 11. 336t. 12. -84. 

(14) 



1 

) 



AH8WBBS TO THB EXAMPLES. 

M. 1. 12. 2. 5. 3. 20. 4. - A* 

6. 5, 8, 11, 14; -2, -6, -10, -14. 

6. 3t, 4J, 4t, 6f, 6, 6f, 7^, 7*, 8f j -11, -9, -7, -5, -3, -1, +1. 

7. 4, 16, 26, 37, 48, 69, 70, 81, 92, 108 j -2}, -2J, -2i, 
- 2 - 1* - 1^ - 1^ - 1. 

8. -2', -li. -hh h Ih 2i, 3J, 4; .2t, -2}, -1*, -1, 
-*, h h Hf 2. 9. 6, 7, 9. 10. -3t, 3 J, 10. 

11. -i» i, IJ. 12. n». 13. 800. 

14. 78, 90. 16. £6 3«; £136 4«. 16. 6 miles, 1300 yards. 



1. 64, 86. 2. 1280, 1706. 3. 96, 189. 4. -266, - 170. 
6. 4096,3277. 6. -612, -341. 7. ^V,. 8. 1^. 
9. 4i^,. 10. 2«i. 11. 6f«. 12. 72A. 



67. 1. a 2. H. 3. i. 4. f-o. 6. f 6. f. 

7. iV 8. 1. 9. lA. 10. IJ. 11. 10{. 12. -2 A. 



. 1. 4. 2. 3, 6, 12, &e. 

3. 4, -8, 16, &o.; or -f, -f, -V, &o. 4. ^o- 

6. 3, 16, 76, 376| or -2, 10, -60, 26a 

6. ±4, 8, ±16; ±2, 8, ±32. 

7. *,-*,», -If; -1, H, -2i, 3t. 

8. 2 + 1 + f + &0.5 or 4 - 1 + 1 - &o. 

9. 3 - i + f - &c 10. 1^0 or 6f. 



69. 1. -4, OD, 4,...t, f, fj H, Hf lA.-ie, -7i, -3; 
Ai f 4, ... 1*. 2i, 3J, 
2. 2f, 3,. IJ, t, A. f, A, A. 8. 24. 



70. 1. 3i, 3, 2^. 2. 2A, 2}, 2A. 3. 8 and 2. 

4. 1 or 16. 6. 8 and 2. 6. 9 and 1, or f and - 7i. 



71. 1. "1^, -J^, -Jff, jg,; 1155, 11%, fim* 2. • • . ^ 

a - 6 t ^^ 

^- ^' Srrj?' ^^^- *• A, f fi. ^..^. ■ -j^r 



(16) 



ANSWEB8 TO tHB EXAMPLES. 
W. 1. 10, 4i, 2A. 2. 9, 4i, }f 3. 6, If, If, 

13. (i) ar-ftf^Yj (u) x=a+h or i(a-b); (iii) «=1, y=4 

(iy) « = ± 9, y » ± 3. 14. 3, 15* 25, 20. 

16. 8 : 7. 17. £200, £150. 18. 300. 

19. £125, £166f, £208i; £212if, £159ff, £127^^ 20. 6. 

14 
n. 1. iry=if(«*+y*). 2.2. ^'P'^a—r'* 4. y=3a:+2aj*+«»* 

5. y = a» + 2a: + 3. 6. «=A«+*«'« 8. iAC.JBCL 

7C 1. 720, 720. 2. 5040. 3. 6720, 45360, 3326400, 19958400« 
4. 12600. 5. 9. 6. 1120, 831600, 336, 34650. 
7. 6. & 7. 9. 15 « 10. 3628800. 11. 6. 12. 4. 



75. 1. 126, 84, 36. 2. 330, 330, 11. 3. 3003. 455. 4. 6. 
5. 63. 6. 210, 84. 7« 50063860, 5006386. 8. 18. 9. 12. 
10. 11. 11. 12. 12. 43092000. 



76. 1. 1 + 6aj + 15** + 20a^ + 15a?* + 6«* + ar*. 

2. a' + 7a** + 21a*a:* + 35«V + 35a»a?* + 21a*a:* + 7oa^ + x\ 

3. l-8ir + 28a:"-5&r' + 70a!*-5&r* + 28j:»-8«' + a:». 

4. a»-9a«a:+36aV-84aV+126aV-126aV+84fl»a^-36a«a:' 
+ daa^ - a*. 

6. 1 + 12ar -I- 6ftr»+ 220ic*+ 495** + 729«»+ 924«»+ 792*'+ 495«« 
+ 220a» + 66«» + 12a?" + «». 

6. l-20a?+180a»-960a?«+3360a;*-8064a;»+13440a^-. 15360*' 
+ 11520a;* - 5120a!» + 1024a?»*. 

7. c«-18fl»*+135aV-540a»a;* + 1215aV-1458fla?» + 729a?*. 

8. 256a!» + 1024aa?' + 1792fl«** + 1792rf»a* + 1120a*a?* + 448a**» 
+ 112a»a;«+16a'a? + a«. 

9. 128a'- 1344a«a?+6048a»a?*-15120aV+22680a»**-20412a*«» 
+ 102060** -2187a?'. 

10. l-5*+^*«-15*«+J^a?**¥*»+W^-il«'+A^«'-rfe«' 

11. l-4a?4V**-Ya^+W«*-W«*+ii*^-ii*«'+TffF«* 

X9e«8* + 59040* 1TJiT>* • 

+ TH.«y - MA' + rfisitv - «(^.«v + .-«¥!»«y 

(16) 



m. 



ANSWERS TO THE EXAMPLES. 

1. l-aj+a»-a»+a:*-&c. 2. l+3ic + 9«" + 27a»+81it* + &c. 

3. 1 - Or + 27a:« - 108ar» + 406a:* - &c. 

4. 1 + Or + 2^ + SOj:* + 240a?* + &c. 



-&c. 



ya* 1. J + }a: + i^e*" + i«* + e^4«* + &c. 

2. aS + Aa? + 8^«* + 7^9*' + r^a;* + &c. 

3. a-' - a-*6a: + a W«« - a-*l^o^ + a-*5V - &c 

4. a-* + 2a-Var + 3a-*6V + 4a-*ft«ar» + 5a-«5V + &c. 

6. a* + 6a^6* + 21^6* + 66a»6 + 126a'^65 + &c 

6. a* - Ja"*a^ - h^'^^ ^ - iffifl'^*' - 6¥««''^«' - &c. 

7. a - 3a^ft"* + 6a*6"* - 10a*6-> + ISa^ft"* - &c 

8. a* - ia'^ar - ia'*a* - e^**"*** - iA<*'^^ - &c. 

9. a-* + ia-*a* + a^5«'"«'" + iVi*""*" + 6¥5«'"«" + &«• 

10. a*-|a*a» + fa**a?*+ Aa'^a:* + yfja'^«* + &c. 

11. a"*+ fa"ia:« + iJa'^a;* + i%«"'^«" - ii*l<»"^«' + &c. 

12. a"*a:'i+ia'M + ta"M + Jfa'^a:^ + a*/3a"^a?i*+&c. 

79. 1. 5221, 203116. 2. 100101100, 102010, 10230, 2200, 1220. 
3. 41104, 23420, 14641, 7571, 5954. 4. 235, 1465. 

5. 511, 22154. 6. 1212, 1212201. 



80. 1. 1 + 14 + 244 + 4344 4- 114144 -h 2050544 :=: 2214223 (sen.) 
» mill (den.). 

2. 100001000000 (bin.) = 201000 (quat). 

3. 1756 X 345 = 701746 (oot), 1337 x 274 = 381011 (non.), 
345, 274. 4. 57264, 95494, eltS. 

5. 4112, 6543, 62^. 6. 1295, 216; 2400, 343; 4095, 512. 



(17) 



MISCELLANEOUS EXAMPLES: Part I. 



1. (a»-ft»)J^+(a»-3ay + y)a;-(2a-6)<M!». 

2. 3««-2a&ir-2a«ft». 3. 3f. 4. (m + n)o, ^^^^y, - 

6. lA, 8.162. 6. g^, |ti. 7. 98, i«(3n^25). 

8. lA. 9. 5V6, 7aV2i, ?4. 10. l+ar+|«*+f«»+¥*'+&c- 
11. (i)a; = 6; (ii) aj«6 or -H; (iii) aj=4, y = 3; 

(iy) a;=±3, y^±% or a: = ±2, y = ±3. 12. |. 

.18. l+4x+2ai"-6a:»-a;*+a*+Jjr*. 14. -2a:»+8«y-V- 1^- ^®- 

16. ««-y». 17. 125, 1.709. la ar, ?^. 19. 2^, 2^. 

20. a*5-«c*, a;-y. 21. a"i{l+a-'a;+2a-V+Y<»"'«*+¥«"**'+&M- 

22. 1232, 11313, 363, 1044. 

23. (i) « = 3A; (ii) « = 2 or -f; (iii) a; = 6, y = 4J. 

24. 12day». 25. «•-«!?». 26. |«^-6a!"+iar + 9. 27. f. 

30. 139, 1.39, 4.3965. 81. 2Ai -051, 32. fj{l -(-fWi ^f 

33. {azyi (1 + {«-*« + ifa-«a:« + iVb^"**^ + Jli^"*^ + &©,}. 

34. 7 ; 22 dollars and 57 doubloons. 

36. (i) a;=17} (ii) a: = 60, y = 40; (iii) a? = 3 or -tJ. 
36. 3f hrs. 37. 2aV + 2a«c» + 2^0* - a* - 6* - c*. 

38. l-ia: + 3^6«* + ¥fea^ + Tll6«* + &c. 39. J. 

40. ^"^^S 41. 139, .6694. 42. ^. 

43. a' {1 - 7a-««* + ^'*x* + K'** + ¥«**«" + &c.}. 

44. i^/lSi, Vs^. 45. 93, i^.(n* + n-6). 

46. 5221, 40255141, 6252711, 2451, 3341584, 1828. 

47. (i)a: = 2t; (ii) a? = 39, y = 21, » = 12; 

(iii) a:=a.^. y:=^a.^. 48. 64 days. 49. a-6. 
50. 9 + 1 + 49 = 69. 51. 3(a« + 5« + c»)-2(a5 + ac + ftc). 

52. «»-%"• ^3. 1054, V7 + V2. 

(18) 



ANSWERS TO THE EXAMPLES. 

59. (i)ar=-f; (ii)«=3,y=4; (iii) a;=3,y=l; (iv) «=-l, y=-3. 

60. 16. 61. 26«iyi - a:ly - 7«i - lOy*. 62. a!« + 2ar+l. 

63. 1. 64. a»y(6 + c). 65. 2a?-l. 66. — i^-? 

67. 12.747. 68. (a««)"*{l+ia-»a:+fa-«ic»+A«-'«*+i¥8»"*^+&c.} 
69. 80. 70. 260, 60300, 13874000. 

71. (i) x = 9; (u) x^Si or -4; (iii) fl? = J,y = i. 

72. 8hrs} 17|hr8, 241ir8,40hrs. 73. e(x + 2xKix'Ksx'^). 
74. f 76. ar,--^±i-. . 76. 66 V7. ^77. 1.772462, ar-f 

79. »i, Jn (3n + 1). 80. «* - 2«» - S*'^ 16 = 0. 81. 28. ^ V' 
82. 16120, 120. 83. (i) a?=l; (ii) ar=2f , y=6J; (iii) x = S. 
84. £663J, £11061, £3320. 86. ic*+l+«-». 86. a»+ac-2«*. 

87. 7. 88. i (1 + «), |^±|^ , 89. aiar"* - a*a;"i5* + hi 

^ 36 - 2a 

90. a;* - 1 - «-4. 91. in(Sn + 1), A {(f)* - 1}- 

92. l + ir-|a» + i«*-^* + &c., 1 + 2a; - 2«« + 4a^ - lOe* + &c. 

03. 27,48. 94. 6. 96. (i) ar=9j (ii) a;=4,y=3j (iu)«=6ori» 

96. 4 j^2 miles an hour; 13} minutes. 97. a^. 

98. a«-2«6 + }i^. 99. a»-l. 100. ^i^, — ^^^f-=^. 

^ V* - Va'y 

101. 4.11. 102. l-a« + ar* + 3a*ar'*. 103. 7. ^y 

106. 76, 26. 106. V11333311 sept. = 2626 = 100(^ den. // 

107. (i) a: = 9; (ii) aj = ±iV5; (iii) « = 4, y = 0, a = 6. 

108. £136, £90. 109. 48. 111. 36a:* - 97a!» + 36. 
112. i««-aaj + ia". 113. 2.4494, .4082, .8164, 1.2247. 

114. (aJ)*^**^\ 1. 116. a» - 4fl6 - 6ac + 46* + 12Jc + 9c«, 

4a*-2a6a:-(ac-iy)«« + (8«rf+}6c)a^-(2W-iV)^-ciir* 
+ 4d»ar«. 116. ^{1 -(|y}, 8}. 117. - IJ. 

118. l-2a;-2«*-4«»-10a^-&o. 

119. (i) af=21; (ii) a;=-3orfj (iii) x^b, y=3. 120. 3J, 3. 

121. 8-12ai + 18a*-27«i. 122. a*+Jii«6ar-t(a»-y) «•+}««»" J«*. 

128. T.-^-„ . 124. a»-a'a?«-aV + a:». 

4«* + a? + 2 

126. 1.2247, 3 + V3. 126. c. 127. 0, A»(7-n). 

128. .^ gives 26 guineas and receives 10 crowns. 
(19) 



<N 



AN8WEB8 TO THE EXAMPLES. 

129. 2 (a - «) ^2^, \ \la. 130. 33 : 238, 1 : 34. 

131. (i) ar=10; (ii) « = 3, y = 7; (iii) ar=4 or -1. 132. 10. 

133. With upper si^s, 16 + 9 = 6 x 5 ; with hwer^ + 25 » 6 x 6. 

134. ««+4y. 135. ««+aa:4-5. 136. ^?^, J^(^-^^> 

^ 5a + 3y' 9a^-a:-3 

137. mn (m" - w«) (m« - 4n«). 138. a^-aTi+l. 

139. ^(a>6) (a+c). 140. 4.8989, .6803, 4.4494, 1.5506, 3.4494. 

141. If, 2J; If, 1}. 143. (i) a: = 7j (ii) a; = 4; (iii) « = 2 or ff. 

142. l+«-i-fa!«+Yar'-^a;* + &c., l + 2ar + 6««+20a!*+70«*+&c 
144. £9, 30«. 145. aV - 0^0: - (a" 4- 26^) a;* + fl«» + 2a?». 

146. a*-aM-V«« + 2aM + 4a^, a*- 2aM-J^a: + ¥«*«* 
+ W«"«* - 23aU - 26ar» + 16aM + 16ar*. 

147. ««-12-16ar-*, a'+l+a"*. 148. ^"f ^f . 149. .2164. 

a — 20 + 06 

150. ar - 2 V« + 1. 151. V3 v ^5. 152. f {1 - (f )•}, IJ. 

153. 0,3,-2. 154. 6. 156. 5f days, 16 days. 157. SJf. 

155. (i)« = -^; (ii)« = f; (iii)ar = ±2, y = ±3. 

158. a*-2a6i+3a^6-2ai6* + 6*. 159. «-5. 

160. ^i^\ A- 161- ** + ar»-8a:""6ar-l. 162. 9, 160. 

163. (5+c)*. 164. 1147. 165. l-6««+24a:*-80a;«+240a:»-&c., 

a* {1 + 3a-»5 + fa-*i« - Ja-'ft' + {a-*6* - &c.}. 

166. 33233344, 4344 = 1000 den., 244 » 100 <20n. 

167. (1) a: = 17 ; (u) a? = — — - , y = -— ^ j (m) ar = + 6. 

168. £40, £28, or £28, £52, according as A had more or less 
at first than B. 169. ^/{ahb^x(a\l^)^=S ^/289= 19.834. 

170. ar » - 4a:-M + 3/- 1^1. a'^h'^ , ^7^^. 

^ 2ar+ 1 

172. l-iar*-2a«aj. 173. , ^"/' ^, , -^. 

(a: - a) (a: - 6) ar - 1 

174, 3.8729, 1.2909, .7745, 1.5491, 6.4549. 

175. -10, Jn(7-3n). 176. 15. 

177. l-2a;i + 3a?-4a:5 + 5a^-&c., l-4a:* + 10a:-20a!* + 35a:«-&c. 

178. 12, 16, 18. 179. (i) ^; (ii) 2 or -If; (iii) ar=49, y=50. 

(20) 




ANSWERS TO THE EXAMPLES. 

180. 10 days, ^ days. 181. c^+ia^ (2a:+y-s)+ia {2xy- 2xz-yz) 
" i^h which becomes t^ -f 3a*5 + da¥ ■{■ &*, by putting 
•« s 6 = }y = - J«, or « = 6, y - 26, » = - 26. 

182. 6a!* + |a"M-J^"l« + f»-*«* + 4«-*. 183. x + l. 

184. :^^i^^ . 186. Jx (a^a^ - 1). 186. ab'' - K'6 + 1. 

ar-^x-o - 

187. jp^^^jTjji. 188. 720, K1+V7). 189. 4HI, f U^-i)"}. 

190. th 37' 12». 191. (i) If 5 (ii) « = 4, y = 5 j (iii) 4J. 192. 10. 
193. A- 194. a*« + 2. 195. 6 + 2V6, V*. OC^ + 2V6X 

196. ('«-+>Y, «• + «= + *'. 197. i2x«-2«'-ll«'+l. 

198. f {l-(-f)"}, ij. 199. n«. 200. |a. 201. 15. 

202. l-&r*+21it*-66x+12&F*-&c., l-3arU6a;^-10ir+16a:^-&c. 

203. (i) t; (ii) a-* or 6'*; (iii) a: = 3, y=l, or a: = f, y = i. 

204. £800, 0. 206. pse^^qx-r, 207. a -a"* + 4. 

2^ g»^-(a«-a )x-a ^^^ ^1^_^. 210. 7.0102, 202. 
x-a (aj*+l) (a!*+l) 

211. 1^5,20. 212. (a6)A. 213. 4 yds, 6 yds. 214.66361,236,34. 

a* J^ 

215. (i) 4 or U; (ii) a?=:-5, y^6', (iii) ar= 7===, y=-7==^. 

^ 216. -^1. days, — days. 217. 2(n + 4). 

^' f» + II n 

218. aU 6* + c* - aift* - a3c - 6*c. 219. 2. 220. a^ - y*. 

221. 3.1622, .12649, .2.1081, 1.5811, 4.4414, .31622. 

222. i {1 - (f )"}, 2f . 223. a"* {1 - 3a- V + Y*-*** - ¥«"*«* 
+^^-«a^-&c}, ia-«(l+3a-*a:+V«''«*+¥«"V+^^e*«"V+&c}. , 

224. £5825 8« fi^. 225. 0, - 1, 2. 226. 20, 5. -r 

227. (i) **«-» or -i; (ii) ^=^^3^^' ^ = 5^5?^' 

(iii) a:«3 or i. 228. ^^gi^. days. 229. 2y'-ay-M 

230. «» + a««i + a*, «• + 2aa^ + a*«* - tf*, a» - a*«* - 2a»«i - a*. 

231. fl«-y. 232. ^•-2ar^ + a^-«» + 2ar-l. 233. i^b* ^tt— • 

v«»-a 

234. Ja^-5yt. 235. 88, t{l-(m, 2}, 1}, IJ, 1*. 

(21) 



ANSWERS TO THE EXAMPLES. 
236. 2a ^h. 237. 12, 4, 18 xmles. 240. -— — days. 



4m» 



m*-n* m'-n' 



239. (i) :c=-6Jj (ii) ^=-^^, y= ^-^; (iu) ^=10» y=^ 2=3. 

241. ar^-ajy'^ + ajiy^-y"', «*- (a + 6)a: + flft. 
. 242. 36, 125. 243. 6a: + 4. 244. -^, J. 

245. .8164, 1.6329, 2.0412, .1010, 3.2549. 247. 31, 3f, 4J, &c. 
248. 7. 249. 720. 250. 248664e/69, 54373. 

251. (i) x=17; (ii) .;=-t^ , y^—y (ui) ^= A- 

252. ?*(^-±?> days, 7^1^"^^^ dayB. 253. 140, .Wc 

254. a:"^ - af'*yi + y', «i - (m - 1) a^ar* + a. 256. H, ^_ ^ . 

2flc" 1+a:* 

255. 18:r*-46a^+37a:*-19^+6. 257. ^^^^r^^, ;;^==^- 

N 258. 24 miles, } hr. 259. a*6i 260.3. 261. a+2a? : a+ac 

262. 7425. 263. (i) « = 4 or If; (u) a: = 10, y:=-3, « = 4. 

264. S84d. 265. \^-W^ = ¥ = f X iV 266. aia: + 2. 

267. ai + 3a;iar -!«"*«* + ¥«'*«* -^*S^'*^ + &^-» <» + 6a?. 

"^ 268. a. 269. ^^^^^j^^i^y^^^j. 270. £2 8.. 

271. »=10 <w 12, 1=3 or -1. 272. 66, 44. 

273. in(n-l)(n-2). 274. 1111x10001=11111111=21846*1.. 

276. (i) x=6ii (U) «= ^jZ^Tj) . y° a>-V(aVt) ^ ^^^ '=*' *='• 

278. ix64 + l = 9 = (ix4 + l)(Jxl6-ix4xl + l). 

280. a*«» - fl»ar« - a*a:* + 1. 281. a^ - 2** - 2. 282. 3 ^5, ^ V3- 
285. 30. 286. 16. 288. 4, 69, 65. 289. 12a6c. 

287. (i) a: = l}} (ii) aj=-4J; (iii) « = 4, y = 3, or a? = 3, y = 4. 

290. (-«iT+A-TiT)-(s58 + rfs-«)-=i-12(-ixix-i). 

291. l-Ao"**". 292. 84. 293. 2i, .25298, 6-^6. 
294. (a'.67. 296. ?±ia, ;^^^^.. 297. 10,20. 
299. (i) x=acb'^', (ii) a;=A«; (iu) « = 1, y=-li or a:=:~lf,y=f. 

298. 40320. 300. fhr. 301. 3a;i - 2a?iy'i + 4y"*. 

(22) 



ANSWERS TO THE EXAMPLES. 



302. 2. 

305. V2, V5 + V2. 



303. 137641, x-^-x-K 

306. ^y" 



304. 6-c. 
307. IhrS^V. 



308. A«' {1 + 2fl ' iar* + la "M + |¥a-»a: + i^'^x^ + &c.}. 

309. 1|, Aw(n + 1); f, f, 1, l|. 310. e. 

311. (i) ^=100 or-10; (ii) x^^ y=-— ,; (iii) ^=:^. 

^°r=r^' 312. fhr. 314. li, h or &"». 

313. a + ai«i + ir, a: - 2a*«i - aM - a. 

315. 8a^«*-4<^aryi^ayy*-yi. 316. i(V6-2), fry-*+J«-V-5. A/ 
317. 0* {1 + Ja-'ar + !«-"«• + /ea'V + x¥8«"*«* + &c.}, ' / 

a:* {1 - iar^x + Ja" V - if a" V + Hi.a'^x* - &c.}. 318. 91. 
319. an-^-n, a-in(n + l). 321. £4 16«. 322. 63, £62 8«. 

323. (i)x = ^; (a) ^ = 2; (iii) a: « £l±*£ , y = ^^ 

324. 13,12. 825. l-a: + ii«'-iaj»+ia:*, l-2a:+Y««-|ar' 
4-ii«*-|«* + iJ«'-Aa;'+ iar*. 326. 2a:V"'-3a^. 

327. 2.64575, .37796, 1.32287, .88191, 1.47683. • 328. n'K 

329. 2a Va-ac, f , v «^. «^ ^^ " ^^' 

331. 1 + 2ay - 3ay-». 



333. 7. 331: 27907200. 



a+5 



336. (i) a?=— -or-1; (ii) ar=2, y=l, «=0; but indeterminate, 



338. 



if 2msn+jp. 
a? Va (a? ^a - 1) 

2a?Va-l 
341. 3 (ahcp. 342. 3.71, 1 - 2a: + 3a^. 



336. 5 miles an hour. 
339. 4,%. 340. 



337. c. 
3a 
a + 6* 



343. 18«4J. 
345. (2a)* {1 - ia'^x^ + ^a-'a; + Aa'M + Aa-««« + &c.}, 

(3a)-*{l +|a"M + ffa'M + ffa-»a? + fffa'M + &c.}. 



346. 2118760, 17296. 347. (i) x=a VS; (^O «=1, y=4, «=27; 

a +" ' * ' » 

<•"> *= -:?rp-» y= -^^X^- 348. 2 hrs. 2ir. 



o'-J' ' '- 2ab 



349. («• + «+ 1)^X« + 1)- 860. a"i-a«*J; 351. 0. <^ 

a» ^ a* 4- a» — aj4- 1 
,364. ¥{1 -(*)"], 13}. 365. 76. 366. 9 hrs. 

(23) 






ANSWERS TO THB EXAMPLES. 



857. (2fl)"l (1 + |«"M + 6a-»a: + ^'iJ + W«-V + &c}, 
(3a)* {1 - !«-*«* + |a-*ar* - A«"*« - rfT«'*«* - &c.}. 

358. 4 ; 1023, 266. 360. 2f hrs. 861. A* - icV «. 862. ?-i-? 

«*-l • 

^/5Q ^^^ + / ft(ftc-2a» ) ,.., «»±V?;^ a« 6« 

363. «i - a?i + 1. 364. Vo, V25. 366. 1. 366. 24», 16«- 

367. ai {1 + 2a''x - 4a-«a^ + ¥«"*«* - ^4^-V + &c.}, 

a* {1 + 4a'*a? - 4a- V + V«'V - ^a-*a^ + &c.}. 
aZ 369. n*. 370. 102362 «0». = 24628 cfuocl. » 60,000 sq. ft 



)ri 



371. (i) «a- (a-6+«); (ii)a;=aor — ; (iii)ic=±a 



.* I ^t 



a na ^'mr-^n' 

y::^±a *"-^ . 372. 3 hw. 373. 0. 375. m*-»^-w*-^, 
Vot*+w* 

374. m«»-aa»-fl»a?-(»»-2)a». 876. ±V^. 377. 45. 378. 100, 4<. 

379. 3J hn. 381. 15, 6. 382. 1, 7, 12, or 2, 4, 14, or 3, 1, 16. 

383. (i) ««lf; (ii) «=^^; (iii) «=!«. y= Th. 384. £740. 

385. (Sa.26)^H**-«')^. 387. i, i. 388. ^^^^.I^. 

/S^P 386. a*+(;> + l)a*-(i?^4-i>+l)a^-(jp + l)Cp^+l)^(|»^+l> + n«» 

^-^ + (|> + l)l?^« - / 389. a^ - a'^, a^eb'' - V^. ^ 

A 390. Js,n(3n + 1). 391. 2.649038 cub. ft. 392. 12 hi- 32 A'- 
393. 17. 394. 5880, 6880, 1960. 396. 2 gals, 14 gals. 

395. (i)a:«^I^>5 (ii) it = i(c-a); (m)^-±^*. 
398. a: + a. 3^a; + 6. 400. ^^3^+ 1 -- «"*, 



f» n 



401. (a+d)» *. 4(}*. 2x'\ 403. 6(a-ar)«, »{(a+^)»-(f»-l)aa?}. 



...i-' 404. i(3±V5), i(l±V5). 405. .986186312, 406. 

^^ ^ ?.. ....X . aft* . a«5 



407. (i) 5 or-1; (ii) ea'' or c6:»; (iii) «=±-— =, y=±-_== 

Ya*+5* va*+6* 

408. 4, 410. 23r+3y-8. 411.293.9387. 412. l-}a^ + «*. 
414. 0, 1. 416. 4< 418. 23. 420. 256 sq. yds. 
419. (i) 5; (ii) Ja or f a ; (iii) a?=0, y =5, «=c, or jr»2a, y= -5, «=-c. 
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By the same Author, 



THE ELEMENTS OF EUCLID, 

PROK THE TEXT OF DB. BIMSOK, 

With a large CollectLon of GeometricalProblems, selected and arranged 
under the different Books. Designed for the Use of Schools. 

Price 4«. 6d, 



The above, with a KEY to the PROBLEM^[. Price 6«. 6d. 



Or, the GEOMETRICAL PROBLEMS and KEY. Price 3». 6rf. 



^ Or, the PROBLEMS, separately. Price Is. 

\ For the Use of Schools where other Editions of the Text may be in use. 



ARITHMETJ3C. 

Fifth Edition: Price 4». 6d. 



< 



London : ^9, pA.TBaN08TER Row: 
Makch 31, 1849. 



9L Sbthtt CDatalogue of 

BOOKS ON EDUCATION, 
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LONGMAN, BROWN, GREEN, & LONGMANS. 



ELEMENTARY CREEK WORKS, LEXICONS, 
GRAMMARS, ETC. 

Vniform with JAddeU and Scott's Lexicon. 

An English- Greek Lexicon ; 

Containing all the Greek Words lued by Writers of good authority; citing th« 
Authorities in Chronological Order for every 'Word used ; explaining the 
Construction ; and giving the Declension or Conjugation of each word when 
irregular ; and marking the Quantities of all doubtful Syllables. By C. D. 
YoNOE, B.A. •Small 4to. [In the press. 

Wrasse's Greek Gradus. 

A Greek Gradus ; or, a Greek, Latin, and English Prosodial Lexicon: containing 
the Interpretation, in Latin and English, of all words which occur in the Greek 
Poets, from tlie Earliest Period to the time of Ptolerav Philadelphus. By th« 
late Rev. Dr. BajtsRS. With a Synopsis of the Greek Metres, by the Rev. J. R. 
Major, D.D. New Edit, revised by the Rev. F. E. J. Valpy, M.A. 8vo. 15s. cloth. 

Giles's Greek and English Lexicon. 

A Lexicon of the Greek Language, for the use of Colleges and Schools ; containing 
—1. A Greek-English Lexicon, combining the advantages of an Alphabetical 
and Derivative Arrangement; 2. A copious English- Greek Lexicon. By the 
Rev. J. A. Giles, LL.D. New Edition. 8vo. 2l9. cloth. 

*,* The English-Greek Lexicon, separately. 7s. 6d. cloth. 

Dr. Kennedy's Greek Grammar. 

Gneicte Gramm-iticte Institutio Prima. Rudimentis Etonensibus quantulum 
potuit immuUtis Svntaxin de suo addidit B. H. Kemmedt, S.T.P. New 
Edition. 12nio. 48. 6d. cloth. 

Kiihnei-'s Elementary Greek Grammar. 

An Elementary Grammar of the Greek Language. By Dr. Raphael KQhney, 
Co-Rector of the Lyceum at Hanover. Translated by J. H. Millard, St. John's 
College, Cambridge. 8vo. 9s. cloth. 

Valpy's Greek Grammar. 

The Element* of Greek Grammar: with Notes. By R. Valpt,D.D. New Edit. 
8vo. 6b. 6d. boards ; bound, 7s. 6d. 

Py croft's Greek Grammar Practice. 

Three Parts: 1. Lessons in Vocabulary, Nouns. Adjectives, and Verbs in 
Grammatical order; 2. Greek, .made out of eacn column for translation; 
3. English for re- translation. By the Rev. J. Ptcrott, B.A. 12mo. Ss. 6d. cl. 

Moody's Eton Greek Grammar in English. 

The New Eton Greek Grammar ; with the Marks of Accent, and the Quantity of 
the Penult : containing the Eton Greek Grammar in English, and the Syntax 
and Prosody as used at Eton ; witn numerous Additions. By the Rev. 
Clement Moodt, A.M. New Edition. 12m . is. cloth. 

Valpy's Greek Delectus, and Kev. 

Delectus Sententiarum Grtecarum, ad usum Tironum accomraodatus : cum 
Notulis et Lexico. Auctore R. Vaut, D.D. Ei.itio Nova.eademque aucta et 
emendata. 12mo 4s. cloth. 

Est to tlie above, being a Literal Translation into English. 12mo. 2s. 6d. sewed 



MESSRS. LONGMAN AND CO.'s 



Valpy'g Second Greek Delectus. 

S«oond Greek Delectus ; or, New Analecta Minora: intended to be read in Schools 
between Pr. Valpy't Greek Delectus and the Third Greek Delectus: with 
English Kotec,'«md a copious Greek and Enslish Lexicon. By the Bev. 
F. £. J. Valpy, M.A. New Edition. 8to. 9b, M. bound. 

Valpy's Third Greek Delectus. 

The Third Gi«ek Delectus; or, New Analecta Hajora: with English Notes. In 
Two Parts. Bjr the Rev. F. £. J. Yalft, M.A. 8to 19s. 6d. bound. 

*<* The Parts may be had separately. 
Fast 1. PROSE. 8to. 8s. 6d. bound. — Pxht 2. POETKT. 6to. 9s. 6d. bound. 

Valpy's Greek Exercises, and Key. 

Greek Exercises; being an Introduction t« Gvesk Composition, leading tha 
student from the Elements of Grammar to the higher parts of Syntax By 
the Rev. F. £. J. Valpy, M.A. New Edilaon. 12mo. 6s. 6d. cloth. 

Ket, 12mo. 3s. 6d. sewed. 

Neilson's Greek Exercises, and Key. 

Greek Exercises, in Syntax, Ellipsis, Dialects, Prosody, and Metaphrasis. T» 
which is prefixed, a concise but comprehensive Syntax ; with Observations o» 
some Idioms of the Greek Language. By the Rev. W. Neiuon, D.D. New 
Edition. 8vo. 6s. boards. — Ket, Ss. boards. 

Howard^^s Introductory Greek Exercises, and Key. 

Introductory Greek Exercises to those of Hnntingford, Dunbar, Neilson, and 
others; arranged under Models, to assist the learner. By N. Hottakd. Ne\r 
Edition. 12taao. 5s. 6d. cloth.— Kit, 12mo. 2s. 6d. cloth. 

Dalzel's Anatecta Grceca Minora ; 

Ox, Select Passages from Greek Authors. Adapted for the use of the Juniov- 
Classes in Schools. A New Edition, with English Notes, by the Rev. J. T. 
White, A.M. of C. C C. Oxford ; Junior Upper Master of Cnrist's Hospital'^ 
London ; Editor of " Xenophon's Anabasis," &c. INearly ready. 

Donaldson's Theatre of the Greeks. 

The Tiheatre of the Greeks ; or, a Series of Pap«rs relating to the History and 
Criticism of the Greek Drama. Sixth F.dition, revised and improved. 
"With an Original Introduction and Notes by John William Donaldson, B.D. 
Head Master of King Edward's School, Bury St. Edmunds ; and formerly 
Fellow of Trinity College. Cambridge. 8vo. with Frontispiece and Wood 
Engravings, 15b. cloth. 

*-,* This £dition->the Sixth— has been printed throughout under the eye of the^ 
Editor, and is increased by more than twenty pacres. Besides many improve- 
ments in the rest of the work, the Introduction has been rendered much more- 
aomplete. It is accompanied by a newly engraved plan of the Greek Theatre^ 
and niustrabed by seveeak Waodcuts ft<om the Antique. 

Dr. Major's Guide to the Greek Tragedians. 

A Guide to tile Reading of the Greek Tragedians : being a series of articles on the 
Greek Drama, Greek Metres, and Canons of Criticism. Collected and arraneed* 
by the Rev. t: R. Major, I>.D. New Edition, enlarged. 8vo. 9s. cloth. 



Vigcr on the Greek Idioms. 



Translated and abridged, with original English Notes, by the Rev. J. Sraoek. 
Editor and Translator of " Bos on the Greek Ellipsis," "Hermann's Doctrine 
of Metres," "Hoogeveen on the Greek Particles," and "Maittaire on thp 
Creek Dialects." 8vo. 98. 6d. 



LATIN WORKS, DICTIONARIES, GRAMMARS, ETC. 

Riddle and Arnold's English-Latin Lexicon. 

A f'opious English-Latin Lexion, founded on the German-Latin of Dr. Charles 
Ernest Georges. By the Rev. J. E. RiddTe, M.A. Author of " A Complete 
Latin-Enelish Dictionary," &c. ; and the Rev. T. Kerchever Arnold M A 
Rector of Lyndon, and late Fella w of Trinity College, Cambridge. 8vo 25s' 



STANDARD BDUCATIONAL WOACS-. 



Unijorm with Lidddt and ScoWt Leieieon. 

Riddle's Larger Latin-English Lexicon. 

A copious Latin English Lexicon, from the new Gernum work of Or. PreaiuL 
augroented with important Additions. Bjf the Rer. J. E. Riddle, U.K.ot 
St. Edmund Hall, Oxford. Small 4to. [In th« preas. 

Riddle's Complete Latin Dictionary. 

A Complete Latin-Ensllsh and En^^lish-Latin Dictionary. For the use of OoU 
^fces and Schools. From the beat sonrcee, chiefly German. By the Rev. J. E. 
Riddle, M.A. New Edition, corrected and enlarsred. 8vo. Sis. 6d. cloth. 
Senaratflv / '^^^ English -Latin Dictionary, lOs. 6d. cloth, 
ji niKeiy ^ ^j^^ Latin-English Dictionary, £1. Is. cloth. 

Riddle's Young Scholar's Latin Dictionary. 

The Young Fcholflr's Latin-Enalish and English-Latin Dictionary; being Mc 
Riddle's Abridgement of his )a.rs^r Dictionary. New Edition, corrected and 
•alarg«d. Square 12mo. 13*^ bound. 

Sonaraf^iir / "The Latiu-EngUsh Dictionary, 7a. bound, 
oeparawiy -^ ^j^^ English-Latin Dictionary, 6s. 6d. bound. 

Riddle's Diamond Latin-English Dictionary. 

A Diamond Lntin English Dictionary. A Guide to the Meaning, Quality, and 
right Accentuation of Latin Classical Words. By tbe Rev. J. £. Riodlb,M.A. 
New Edition. Royal 32mo. Is. bound. ^ 

Riddle's Latin Vocabulary. 

A Proeressive Latin-English Vocabulary: being a List of Common Latin 
Words, with their principal Meanings in English : distinguished according to 
their comparative importance or frequency of use. By the Rev. J. £. Riddle, 
M.A. 12mo. 28. cloth. 

Riddle : Questions on Latin Style ; 

So far as relates to the Use and Quality of Words. Constructed with special 
reference to the Critical Remarks confined in Riddle and Arnold's *• English* 
Latin Lexicon." By the Rev. J. E. Riddle, M.A. 12mo. 'Zs. tloth. 

The Illustrated Companion to the Latin Dictionary 

and Greek Lexicon : forming a Glossary of all the words representing Visible 
Objects, connected with the Arts, Manufactures, and Every-day Life of the 
Ancients. With Representations of nearly Two Thousand Objects from the 
Antique. By Anthony Rich, Jun. B.A late of Caius College, Cambridge ; 
and one of the Contributors to Dr. Smith's " Dictionary of Greek and Roman 
Antiquities." Post 8vo. with 2,000 Wood Engravings, 21s. cloth. 

** This admirable book will be as welcome to mature scholars as to those who 
are commencing study. It is an original contribution to the investigation of 
classical literature, as delightful as it is ably eiecuted." — Examiner. 

<^ It is a master key to unlock the doors of Greek and Latin dictionary reference. 

There is not a school where languages are taught, nor a place or library 

where history is read in the empire, that can do without it " 

Literary QazeU*. 

Zumpt'6 Grammar of the Latin Language. 

Translated from the Enlarged Edition of the original, and adapted for the use 
of English students, by L. Schmit*, Ph. D Rector of the High School of 
Edinburgh ; with new Additions and Corrections, communicated to Dc 
ScHMiTz by Professor Zdmpt. New Edition. 8vo. lis. cloth. 

Zumpt*s School Grammar of the L;Uin Lanjruajsre. 

Translated and adapted for use in English Schools. By Dr. L Scbmiti, 
F.R.S.E. Rector of the High School of Edinhurgh. With a Pnface, written 
expressly for this Translation, by Professor Zcmpt. 12mo. 4s. cloUi. 

Pycroft's Latin Grammar Practice. 

Latin Grammar Practice: 1. Lessons in Vocabulary^ Nouns, Adjectives, and 
Verbs, in Grammatical Order; 2. Latin, made out of each column, for Trans- 
lation ; 3. English, for re-translation. By the Rev. Jut bs Pxcroft, B.A. 
New Edition. 12mo. 2s. 6d. cloth. 

Valpy's Latin Grammar. 

The Elements of Latin Grammar: with Notes. By R. Vxlpt, D.D. New 
Edition, with numerous Additions and Corrections. 12mo 28. Gd. bound. 
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Kennedy : The Child's Latin Primer; 

Or, First Lntin Lc«*oth: Extracted fi»ith Model Questions and Exercise?) 
fr<ri» " An Elementary Latin Grammar," by the Uer. B. H. KeNMZDYj D.D. 
Head Mobter of Slirewhbury School. 12ino. 29. cloth. 

Dr. Kennedy's Latin Vorabniarv. 

A Latin Vorahulary, amnved on Etymolocrical Principle*, aa an Exerciie^ 
Prx.k, and fir*l I^tin Dictionary Tor tlie ut of the Lower Classes iu Schools. 
Bv the Kev. B. H. Kennedy, D.D. Head Master of Shretrsbary SchooL 
l:5n'0. 2s. Ca 

Dr. Kennedy's First Latin Reading Book. 

Tirocinium ; or, a Fir*it Latin ReadineBwiX. Adapted to the Author's "Child'i 
Latin Primer." By the Rer. B. H-Ke-nsedi, D.D. Head Muter of Shre«». 
bury School. 12mo. 2». cloth. 

Dr. Kennedy's Latin Grammar. 

An Elementarr Grammar of the LatiL. LanjBruaire, for the use of Schools, by 
the Rev. B. ti. Kennedt. D.D. Head Master of Shrewtbory SchooL x7ev 
Edition. 12mo. 3s. 6d. cloth. 

Moody's Eton Latin Grammar in Engh'sh. 

The New Eton t.atin Grammar, itith the Marks of Quantity and the Rules of 
Accent; containinz the Eton Latin Grammar as used at Eton, and its Tran*- 
lation into EnglUh : with Notes and eopious Additions. By Rev. Clement 
Moody, M.A. New Edition. 12mo. 2s. 6d. cloth. 

The Eton Latin Accidence : with Additions and Notes. New Edition. 12mo. Is. 

Graham's First Steps to Latin Writing. 

First Steps to Lstin Writing: Intended as a Prsetieal Illustration of the Latin 
Accidence. To which are added. Examples on the principal Rales of Syntax. 
By G. F. Graham. New Edition, considerably enlarged. 12nM>. 4s. cloth. 

Valpy's Latin Delectus, and Key. 

Deli-ctns Sent<»ntiarum et Historiaium; ad usum Tironnm accommodatns: cini 
Notulis et Lexico. Anctore R. Valpy, D.D. New Edition 12lno. 2». 6d. ck>th. 
Key. New Edition, careMly revised. 12rao 3s. 6d. cloth. 

Valpy's Second Latin Delectus. 

The Second Latin Delectus; deKit^ned to be read In Schools after the Latin 
Delectus, and before the Analecta Latins Majora: with English Notes. By 
the Rev. F. E. J. Talpy, M.A. New Edition. 8vo. 6s. bound. 

Valpy's First Latin Exercises. 

First Exerciscn on the principal Rules of Grammar, to be translated into Lrtlim 
with familiar Explanations. By the late Rev. R. Yalfy, D.D. New Edition, 
with many Additions. 18mo. Is. 6d. cloth. 

Valpy's Second Latin Exercises. 

Second I^atin Exercises ; applicable to every Grammar, and intended as an Intro* 
dnction to Valpy's "Elej?antiae Latin's." By the Rev. E. Valpy, B.D. 
New Edition. I2mo. 2b. 6d. cloth. 

Valpy's Elegantise Latinse, and Key. 

Eleenntice Latinse ; or, Rules and Exercises illustrative of EIei;ant Latin Style : 
With the Original Latin of the most difficult Phrases. By Rev. E. Val.^t, B.D. 
New Edition. 12mo. 4s. 6d cloth. 

Key, beinz^the Original Passages, which have been tnmslated into Er)?Iish,to 
serve as Examples and Exercises in the above. 12mo. 2s. 6d. sewed. 

An Introduction to the Composition of Latin Verse ; 

containing Rules and Exercises intendea to illustrate the Planners, Customs, 
and Upmtons, mentioned by the Roman Poets, and to render familiar the 
prmcipal Idiom.H of the Latin Langnage. By the late Christopher Rapieh, 
i&.B. New Edition, revised by the Rev. T.*K. Arnold, M.A. 12mo. 3b. 6d. 
cloth. — K.ET, 28. 6d. sewed. 

Wal ford's Latin Ver«e Book. 

Progressive Exercises in Latin Elegiac Verse. Adapted, with Reference* 
throughout, to the Syntax of Dr. Kenne-^y's T.atin Grammar ; and accom- 
panied by Marginal References to the Works of the best Latin Poets. By the 
Rev. E. WALroRD, M.A Scholar of Balliol f'ollegf, Oxford, and Assistaut- 

12rao. 2». 6J. clotli. 



Master of Tonbridge School. 
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Butler's Praxis, and Key. 

A Praxi!' on the Lntin Prepositions : beinc; an attrmptto illustrate ttieit Oriein, 
Signification, anil Government, in tlie way of Exercise. Hy the late Bi«iiop 
BuTLEa. New FAiition. bvo. Gs. 6d. boards. — Key, 6s boards. 

HowarcVs Introductory Latin Kxercises. 

Introductorv Latin Exercises to those of Clarke, Ellis, Turner, and others : 
designed for the Younger Classes. By Nathaniel Howard. New Edition. 
12mo. 2s. ed. cloth. 

Howard's Latin Exercises extended. 

Latin Kxercises Extended ; or, a Series of Latin Exercises, selected from the test 
Roman Writers, and adapted to the Rules of Sjoitax, particularly in the Eton 
Gtamroar. To which are added , English Examples to be translated into Latin, 
immediately under the same rale. Arranged under Models. Bv Nxthamel 
HowA&o. New Edition. 12mo. 3s 6d. cloth.— Kky, 12mo. 28. 6d. 

Bradley's Latin Prosody, and Key. 

Exercises in Latin Prosody and Versification. New Edition, with an Appendix 
on Lyric and Dramatic Measures. 12mo. 3s. 6d. cloth. — Key , 12mo. 2s. 6d. 

Bradley's Exercises, &c. on Latin Grammar. 

Series of Exercises and Questions; adapted to the best Latin Grammars, and 
designed as « Guide to Parsing, and an Introduction to the Exercises of Valpy, 
Turner, Clarke, Ellis, &c. «c. By the ReT. C. B&aulct. New EdHion. 
ISmo. 2s. 6d. bound. 

Valpy's Epitome Sacrae Historiae. 

SacrsB Historic Epitome, in usum Scholarum : CT»m Notis An^lcis. By the 
Rqt. F. £. J. Valpt, M.A. New Edition. IBmo. 2a. cloth. 
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EDITIONS OF GREEK CLASSIC AUTHORS. 

Valpy's Homer. 

Homer's Iliad, complete : English Notes, and Questions to first Eight Books. 
Text of Heyne. By the Rev. E. Valpt, B.D. late Master of Norwich School. 
New Edition. 8vo. 10s. 6d. bound. — Text only, New Edit. 8vo. 6s. 6d. bound. 

Major's Euripides. 

Euripides. From the Text, and with a Translation of the Notes, Preface, and 
Supplement, of Porsun; Critical and Explanatory Remarks, original and 
selected ; Illustrations and Idioms from Malthie, Dawes, Viger, &c. ; and a 
Synopsis of Metrical Systems. By Dr. Major. Hvo. 21s. cloth. 
*,' The Five Plays separately, price Ss. each. 

Burges's .ffischyius. 

.Sschyltts— The Pronictlieus : English Notes, ftc. By G. Boroeb, A.M. Trinity 
College, Cambridge. New Edition. Post bvo. 5s. boards. 

Linwood's Sophocles. 

Sophoclis Tragcedice superstites. Recensuit et brevi Annotatione instruxit 
G. LiM WOOD, M.A. .£dis Christi apud Uxonienses Alumnus. &vo. 1G«. cloth. 

Brasse's Sophocles. 

Sophocles, complete. From the Text of Hermann, Erfiirdt, &c. ; with original 
Explanatory English Notes, Qaestions, and Indices. By Dr. Bkakse, Mr. 
EuROES, and Rev. F. Valpx. 2 vols. postSro. 3-U. cloth. 

*«* The Seven Plays separately, price 5s. each. 

Balfour's Xenophon's Anabasis. 

The Anabasis of Xenophon. Chiefly accordinif to the Text of Hutchinson. 
With Explanatory Notes, and IliuHtrations of idioms from Viger, &c. , copious 
Indexes, and Examination Questions. By F. C.£ALiou&,M.A.Oxon. F.R.A.S. 
LL.D. New Edition. FostSvo.Ss. 6d. boards. * 

Hickie's Xenophon's Memorabilia. 

Xenophon's Memorabilia of Socratj's. From the text of Kuhner- With Notes , 
C'riticiil and Explanatory, from the best Commentators, and by the Editor ; 
Questions fur Examination; and Indices. By D. B. HiCKiB, LL.D. Postbvo. 
u«. 6d cloth. 
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White's Edition of Xenophon's Anabasis. 

Xpnophon'8 EzjH>«Iition of Cynx* into Upptr Asia: principallT from the Text of 
Schneider. With English Notes, for the use of Schools. By the Rev.J. T. 
White, M.A. C.C.C. Oxon ; Junior Upper Master of Christ's Hospital, Lon« 
don. 12mo. 7s. 6d. bound. 

•* Appears in the main the Tery best school edition of that delightftil history we 
have met with. Great care and judcment have been shown in handling the. 
text, while the notes present a ma.«a of uiieful information to the tyro, ami 
go:a criticism to the mor» advanced." — Guardian. 

Barker's Xenqphon's Cyropaedia. 

The Cjroponiia of ]^nophon. Chiefly from the text of Dindorf. With Notes, 
Critical and Explanatory, from Dindorf. Fmher, Hutchinson, Poppo.Scnneider, 
Sturtz, and otherscholars, accompanied by the editor's. Witn Examination 
Questions, and Indices. By £. H. Ba.rkxk. Post 8to. 9s. 6d. bds. 

Stocker's Herodotus. 

Herodotus; containmg the Continucms History atone of the Persian Wars: 
with English Notes. By i. e Rev. C. W. Stocker.D.D. Vice-l'rincipai of 
St. Alban's Hall, Oxford. New Edition. 2 toIb. post 8to. 18s. cloth. 

Barker's Demosthenes. 

Demosthenes— Oratio Philtppica I., 01vnthiacal.il. and III., De Pace, .^chines 
contra Demosthenem, De Corona. \Vith English Notes. By £. H. BAauEBrk 
New Edition. Post 8to. 88. 6d. hoards. 



EDITIONS OF LATIN CLASSIC AUTHORS. 

Girdlestone and Osborne's Horace. 

The Works of Horaee. Adapted to the Use of Young Persons, by the 
Omission of Offensive Words and Passages ; and illnstrated by original English 
Notes, embodying the most recent Philological Information, together with 
occasional Strictures on Sentiments of an unchristian tenaency. By the 
Rev. Charles Girdlestone, M.A. and the Rev. Wiluah A. Osborns, 
M. A. 12mo. 7b. 6d. botmd. 

• The Editors hare succeeded admirably throughout in preserving that unity 
of purpose and harmony of ideas necessary for the accomplishment of their 
task. The classical notes are full of original matter, the references apt to tlie 
lucidity of the text, and the occasional tr<ins*ation8 just such as are necessary 
to throw the young mind of an I'niilish student into the times and situations 
of which the poet treats." — Church and Stat$ QazUte. 

Valpy's Horaee. 

Q. Horatil Flacci Opera. Ad fidem optimoram exemplarium castigata ; cum 
Nctulis Anglicis. Edited bv A. J. Valpy, M.A. New Edition. 16mo. te. 
bound ; without Notes, Ss. 6d. bound. 

*." The objectionable odes and passages have been expunged. 

Virgil with 6,000 Marginal References, by Pycroft, 

The iEneid, Gcorgics, and Bucolics of Virgil : with Marginal References, and 
concise Notes from Wagner, Heyne, and Anthon. Edited, from the Text of 
Wagner, by the Rev Jas. Ptcboft, B.A. Trin. CoU. Oxford. Fcp. Bvo. 7s. 6d. 
bound; without Notes, 3s. 6d. bound. 

Valpy's Edition of Virgil. 

p. Ytrgilii Maronis Bucolica, Georgica, .Xneis. Accedunt,tn gratiam Juventntia 
NotsB qusedam Anglice scripts.' Baited by A. J. ValPT, M.A. New Edition. 
' 18mo. 7b. 6d. bound ; the Text only, 3s. 6d. bound. 

Bradley's Ovid's Metamorphoses. 

Ovidii Metamorphoses ; in usum Scholarum excerpttt r quibus accedunt Notulai 
AnfflicK et Quseetiones. Studio C. Bradlet, A.M. Bditio Nova. 12m». 
4s. '6d. cloth. 

Valpy's Ovid's Epistles and Tibullus. 

Electa ex Ovidio et Tibullo : cum Notis Anglicis. By the Rev. F. E. J. Valpy, 
M.A. Master of Burton-on-Trent School. New Edition. 12mo. 48. 6d. cloth. 

Bradley's Phsedrus. 

Pbedri Pabulee; in u.sum Scholarum expurgate: (}uibns accedunt NotulK 
Angltcc et Quseationes. Studio CBraoijet, A.M. EditioNova. 12i»o. 28.6d. cL 
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P. Teretitii Afri Comoedise Sex. 



Ex Editione Th. Frid. 
D. B. HiCKiE, LL.D. 



Goo. Reinhakdt. 
New Edition. 



With Explanatory Notes, by 
12mo. with Portrait, 98. 6d. cloth. 



Barker's Tacitus — Germany and Agricola. 

Tlie Germany of C. C. Tacitus, from Passow's Text; and the Agricola, from 
Brotier'aText: with Critical and Philological Remarks, partly original and 
partly collected. By E. H. Barker. New Edition. 12mo. 5s. 6d. cloth. 

Valpy's Tacitus, with English Notes. 

C. Comelii Taciti Opera. Prom the Text of Brotier ; with M< Explanatory 
Notes.tranalated into English. By A.J. Valpt,M.A. 3volB.post8vo.24«. bda. 

C. Crispi Salluptii Opera. 

With an English Commentsrr, and Geographical and Hiatorical Indexes, by 
Cbabxes Anthon, LL.D. New Edition, l&no. 5s. cloth. 

C. Juh'i CsBsaris Commentarii de Bello Gallico 

Ex recensinne Fr. Ocdendorpii. With Explanatory Notes, and Historical, 
Geographical, and Archteological Indexes. By Charlbs Akthom, LL.D. 
New Edition. 12mo. 4s. 6d. cloth. 

M. Tullii Ciceronis Orationes Selectae. 

Ex recenfiione Jo. Acq. Ernbsti. With an English Commentary, and 
Historical, Geograplucal, and Legal Indexes. By Charles Amthoh, LL.D. 
New Edition. 12md. 6s. cloth. 

Barker's Cicero de Amicitia, &c. 

Cicero's Cato Major, and Laelius : with English Explanatory and Philological 
Notes ^ and with an English Essay on the Respect paid to Old Age by the 
Egyptians the Persians ,the Spartans, the Greeks, and the Romans. By the 
late £. H. Barker. New Edition. 12mo. 4s. 6d. cloth. 

Valpy's Cicero's Twelve Orations. 

Twelve Select Orations of M. Tollras Cicero. From the Text of Jo. Casp. 
OreUius ; with English Notes. Edited by A. J . Talpt, M.A. New Edition. 
Post 8vo. Ts. 6d. boards. 

Bradley^s Cornelius Nepos. 

Comelii Nepotis Vit« ExcelUntrnm Imperatorum: qnihus accedunt Notuln 
AnglicteetQwestiones. Studio C. Bradley, A.M. EditioNoTa. 12mo.3s.6d.«l. 

Bradley's Eutropius. 

Eutropii Histonse Renumse Libri Septem : 
QuesliciiKs. Stndio C. Bradley, A.M 



quibus accedunt NotuUs Anglice et 
12mo. 2s. 6d. cloth. 



Editio Nova. 



Hickie's Livy. 

The Firtt Five Books of Livy: with English Explanatory Notes, and Examina- 
tion Queitions. By D. B. Hickix, LL.D. New Edit. PostSvo. 8s. fid. boards. 



WORKS BY THE REV. S. T. BLOOMFIELD, D.D. F.S.A. 

Bloomfield's New Greek Vocabulary. 

Lexikigus Schnlasticas ; or, a Greek and English Vocabulary on « new and 
imvroved plan : comprising all the Primitives, with some select Derivatives ; 
ana presenting a brief Epitome in outline of toe Greek Language. 18mo. 9s. 

Bloomfield's Epitome of the Greek Gospels. 

Epitome Evans^elica ; being Selections from the Four Greek Gospels : with a 
Clavis and Grnmmatical Notes. Intended as a Companion to the Author's 
** Lexilogus Scholasticus," and as an Introduction to his " College and School 
Greek Testament" 18mo. 4s. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and English Lexicon to the New Testament ; especiallr adapted to the 
use of CollecTPs and the higher Classes in the Public Scnools, but also intended 
as a conveni«>nt Manual ror Biblical Students in general. New Edition, en- 
larged and improved. Fcp. 8vo. 10s. fid. cloth. 
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HlQomfield*8 College and School Greek Testament. 

'jfltf Greek Teetamnnt: wiUi brief English Notes, Philological and Explanatory. 
Eflpeciallj formed for tho lue of Colleges and the Public Schools, but also 
adapted for ^neral parpoeef* , where a larger work is not requisite. New 
Edition, enlarged and improved. Fcp. 8vo. lOs. 6d. cloth. 

Bloomfield's Greek Testament. 

The Greek Testament: with copious English Notes, Critical, Philological, and 
Explanatory. New Edition, enlarged and improved. 2 vols. 8ro. with Map of 
Palestine, £2, cloth. 

Bloomfield's Greek Thucydides. 

The History of the Peloponnesian War, by Thucydides. A New Recension of 
the Text ; Mrith a carefully amended Punctuation ; and copious Notes, Critical, 
Philological, and Explanatory; with full Indices, both of Greek Words and 
Phrases, explained, and matters discussed in tlie Notes. 2 vols. 8vo. vith 
Maps and Plans, Stie. cloth. 

Bloomfield's Translation of Thucydides. 

The History of the Peloponnesian War. By Thuctdides. Translated Into 
English, and accompanied by copious Notes, Philological and Explanatory, 
Historical and Geographical. 3 vols. bvo. with Maps, &c. £2. 5s. boards. 



HISTORY, CHRONOLOGY, AND MYTHOLOGY. 
Eccleston : An Introduction to English Antiquities. 

Intended^as a Companion to the History of England . By James Eccleston , B. A, 



Head Master of Sut^xm Coldfield Grammar 
gravings on Wood, 21s cloth. 



chool. bTo. with numerous En* 



Mr. Farr*s Elementan' History of Eng:land. 

The Collegiate, School, and Family History of England, from the Earliest 
Period, to the Eleventh Year of the Reign of Queen Victoria; containing a 
Narrative of Civil and Military Transactions, and exhibiting a view of the 
Religion, Government and Laws, Literature, Arts, Commerce, Manners and 
Customs, &o. &c. of the different Periods or English Historv. By E ward 
Farr, Esq. F.S.A., Author of " A Continuation of Hume anil Smollett," 4&«. 
12mo. 68. 6d. bound. 

The Rev. J. Sedgwick's School History of France. 

A History of France ; from the Earliest Period to the Revolution of 1^48. Fo» 
the use of Young Persons and Schools Edited by the Rev. J.ihn S«no- 
WICK, M.A. Demy of Magd$i en College, Oxford ; and one of the Masters in 
tl»e Ordnance School, Carshalton. Fcp. 8vo. 3s. 6d. cloth. 

" A good abridgment of the history of France, and more readable than suc^ 
compilations often are; the: author devoting his actention to leading cixcum- 
stances." — Spectator. 

Lempriere's Classical Dictionaiy, abridged 

For Public and Private Schools of both Sexes. By the late E. H. Barker. Trto 
nity College, Cambridge. New Edition, revised and corrected througnouV 
By J. CaoVin. 8vo. 12s. bound. 

Blair's Chronological and Historical Tables. 

From the Creation to the Present Time : with Additions and Corrections from 
the most Authentic Writers ; including the Computation of St. Paul, as uon^ 
necting the Period from the Exode to tiie Temple. Under the superintendenc« 
of Sir Henri Ellis, K.H. Imp. 8vo. 31b. 6d. half-bound morocco. 

Mangnall's Questions.— theOnlt gknuine and complete edition. 

Historical and Miscellaneous Questions , for the Use of Young People; with a 
Selection of British and General Biography, &c.&c. Bv li. Manonall. New 
Edition, with the Author's last Corrections, and other very considerable 
Additions and Improvements. 12mo. 4s. 6d. bound. 

Corner's Sequel to Mangnall's Questions. 

Questions on the History of Europe : a Sequel to Mangnall's Historica Ques- 
tions ; comprising Questions on the History of the Nations of Continental 
Europe not comprehended in that work. By Jvlia Corner. New Edition. 
12mo. 5s. bound. 



STANDARD EDUCATIONAL WORKS. 



Hort's Pantheon. 

The New Pantheon; or, an Introduction to the Mythology of the Ancients, in 
Question and Answer : compiled for the Use of "iounjjT'ersons. "With an Ac- 
centuated Index, Questions for Exercise, and Poetical Illustrntiona of GreciAa 
Mytholoinr, from Homer and Virgil. By W.J. HoRT. New Edition, enlarged. 
18mo. with 17 Plates, 58. 6d. bound. 



Hort's Chronology. 



An Introduction to the Study of Chronolosry and Ancient History: in Question 
and Answer. By W. J. Hort. New Edition. 18mo. 48. bound. 



Mrs. Slater's School Chronology. 



SententisB Chronolo^cse ; or. a Complete System <>f Ancient ard Modern Chro- 
kI in Familiar Sentences : intended for the use of Schools and 



nology, contained : 
Private Students, 
cloth. 



Bv Mrs. JoH2( Slater. New Edition. 12mo. Ss. 6d. 



Mrs. Slater's Chronological Chart. 

A Chronoloifical Chart, designed to accompany Mrs Slxter's •< SententiSB 
Chronologicae," and corrected to the present t me, to cofrspond with th ■ New 
Edition of that work. On 2 large sheets, coloured, price 6s.; or mounted oo 
linen on a roller, 93. 6d. 

School Chronolosry ; or, the Great Dates of History. 

Drawn up for the use of' the Collegiate Schools, Liverpool. New Edition. 
Square ]2mo Is. stitched. 

Valpy's Poetical Chronology. 

Poetical Chronolof?y of Ancient and Engush History : witft Historical and Expla. 
natory Notes, fiy R. Valpt , D.D. New Edition. 12mo. 28. 6d. cloth. 



MATHEMATICAL WORKS. 

By Mr. J. E. YOUNG, Professor of Mathematics in Belfast CoUege ; now publishedf 
by assignment of Mr. Soutbr, by Messrs. Lonokam and Co. 

An Elementary Treatise on Algebra, Theoretical 

and Practical : with an Appendix on Probabilities and Life Annuities. Fourth 
Edition, enlarged. l2mo. 68. cloth. 
Key, by Sftllvr, 12mo. 6s. 

The Analysis and Solution of Cubic and Biquadratic 

Equations : forming a Sequel to the Elements of Algebra. 12mo. 68. cloth. 

Theory and Solution of Algebraical Equations of 

the Higher Orders. Second Edition, enlarged. 8vo. ISs. cloth. 

Elements of the Differential Calculus : comprehend- 
ing curve Surfaces and Curves of Double Curvature. Second Edition, enlarged. 
12mo. 98. clotli. — An Edition in &vo. 12s. cloth. 

Elements of Geometry : with Notes. 

8vo. 88. cloth. 

The Elements of Mechanics; comprehending Statics 

and Dynamics : with a copious Collection of Mechanical Problems. 12mow 
with flates, 10s. 6d. cloth. 

Mathematical Dissertations, for the Use of Students 

in the Modern Analysis. 8vo 9s. 6d. cloth. 

Euclid's Elements; ( 

the first Six, and the Eleventh and Twelfth Books : with Corrections from 
Simeon and Playfair's Texts, and an improved Vth Book. Fifth Edition. 
18mo. 5s. cloth. 

Analytical Geometry : 

Compribing the Theory of Conic Sections, and of Curves and Surfaces of the 
Second Order. Second Edition. 2 vols. 12mo. 14s. clotli. 

c„„.„ .4 .„ fPart 1, Conic Sections, Bs. 6d. 

aepardteiy,^pj^j.j jj Curves and Surfaces, 7s. 6d. 



10 



MRS9RS. LCNGMAN AND C0.*8 



Paofessor Yocno'b Mathematical "Works — continued. 

Elements of Plane and Spherical Trigonometry: 

With their Applications to the Principles of NAvigation nnd Nautical Astro- 
nomy. By Prufe&sor J. R. Yucno. Second Edition. 12mo. 6s. cloth. 

Mathematical Tables : 

Comprehending thp Lopnrithms of all Numbers, from 1 to 30,6fX); also 
the Natural and Lnsintiimic Sines and Tangents, &c. By Professor 
J. H YoCNO. Wew Edition. 12mo. 6s. 6d. cloth. 

An Elementary Essay on the Computation of Loga- 
rithms: with the most expeditious Methods of constnacting a Table of those 
Numbers. By Professor J. R. Yodno. Second Edition. l2mo. 5a. cloth. 

Researches respecting the Imaginary Roots of Nu- 
merical Equations : being a Continuation of Newton's (nveetigations on that 
subject. By Professor J. R. Yottng. bvo. Ss. 6d. sevMed. 

Three Lectures on some of the Advantages of Ma- 
thematical study: with an Examination of Hume's Argument against 
Miracles. By Professor J. R. Yodnq. 12mo. 2a. 6d. cloth. 

GEOMETRY, ARITHMETIC, LAND-SURVEYING, ETC. 
Sandhurst College Astronomy and Geodesy. 

Practical Astr<momy and Geodesy : including the Projections of the Sphere and 
Spherical Trigonometry. For the use of the Royal Military College, Sand- 
hurst. By John Narrien, F.R.S. & R.A.S. Professor of iSlathematics, &c. 
in the Institution. 8vo. 148. botmd. 

Sandhurst College Trigonometry. 

Plain Trigonometry and Mensuration. By W. Scott, Esq. A.M. and F.R.A.8. 
8to. 9s. 6d. bound. 

Sandhurst College Elements of Euclid. 

Elements of Geometry : consisting of the first four, and the sixth, Books of 
Euclid, chiefly from the Text of Dr. Robert Simson ; with the primcipal 
Theorems m Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracts relating to Circles, Planes, and Solids ; with one on 
Spherical Geometry. By John Narrien, F.U.S. and R.A.S. Bvo. 10s. 6d. bd. 

Sandhurst Colletfe Aiialvtical Geometry. 

Analytical Grometry : with the Poperties of Conic Sections : and an Appen- 
dix", containini? a Tract on Descriptive Geometry. For the use of the Royal 
Military College, Sandhurst. By J. Narribn, F.R.S. and R.A.S. bro. 8s. 6d. 

Sandhurst College Arithmetic and Algebra. 

Elements of Arithmetic and Algebra. By W. Scott, Esq. A.M. and F.R.A.S. 
Second Mathematical Professor in tlie Institution. 8vo. 16s. bound. 

Professor Thomson's Elementary Algebra. 

An EleQientary Treatise on Algebra, Theoretical and Practical. By Jambs 
Thomson, L^.D. Professor of Mathematics in the University of Glasgow. 
New Edition. 12mo. 5s. cloth. — Ret, 4s. 6d. cloth. 

Wharton : The Principles and Practice of Arithmetic 

and Mensuration ; with the Use of Logarithms. Adapted for the use both of 
Public and Private Schools and the Universities. By J. Wharton, M.A. 
With the Sanction of the College of Preceptors. 12mo. 4s. cloth. 

Nesbit's Mensuration, and Key. 

A Treatise on Practical Mensuration : containing the most approved Methods of 
drawing Geometrical Figures; Mensuration of Superficies j Land Surveying; 
Mensuration of Solids ; the Use of the Carpenter's Rule ; Timber Measure, &c. 
By A. Nesbit. New Edition. 12mo. with 300 Woodcuts, fis. bound. 

Key. New Edition. 12mo. 58 bound. 

Moseley : Illustrations of Practical Mechanics. 

By the Rev. H.Me8ELE'v,M.A. Professor of Natural Philosophy and Astronomy 
in King's College, London. New Edit. Fcp. Svo. with Woodcuts, 8s. cloth. 



STANDARD EDUCATIONAL WORKS. 
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Keith's Treatise on the Use of the Globes. 

New Edition, greatly enlareed and improved, bt At.fred S. TATtoR, F.R.9. 
Lecturer on Chemistry, Ac. in Gny's Hospital; R. A.Ls Mbsortkk, B.A. 
Scholar of Corpus Christi College, Oxford ; and J . M i ddleton , Esq. Professor 
of Astronomy. 12mo. with Plates and Di4crnn)S,6B. 6d. bonne. 

Kbt. Adapted to the New Edition, by Prof. Middlston. 12mo. 2s. 6d. cloth.- 

Keith's Trigonometry. 

An Introduction totheTbeory'nnd Practice of Plan* and Spherical Trigonometry, 
and the Stereograp)>ic Projection of the Sphere, including the Theory of Nari- 

fation. ByTuoMAS Kbith. New Edition, corrected by 8. Matnard. 8vo. 
4s. cloth. 

Nesbit : a Complete Treatise on Practical Land 

S-nnreTinc. For the nse of Schools and Students. With 250 Practical Examples. 
By A. NzSBiT. New Edition, conrcted and itreatly enlarged. To which are 
now added, Plane Triffonometry, iocindin^ the use of the Theodolite and 
Railway Surrey ing; and Bailwav Engineering, including the Principles and 
Practice of LeTelling, Planning, Laying outt'unes, Cutting and Embankini^, 
Tunnelling, Viaducts, &c. By T.' Baker, Land-Surreyor and Ci»il Engw 
neer. 8to. with woodcuts, plates, and an engrared field-book, I2s. cloth. 

Crocker's Land Surveying. 

Crocker's Elements of Land Surveying. New Edition, corrected throughout, 
and considerably improved and modernized, by T. G. Bunt, Land-Surveyor- 
Bristol. To which are added, Tables of Six-figure Lozartthms, superintended 
byRiCB\RD Farlzt, of the Nautical Almanac Establishment. Post 8vo. with 
Plans, Field-book, &c. 128. cloth. 

•«• Parley's Tabus of Six-Fioitke Looabithxs may be had separately, 
price 48. 6d. 

Tate : The Principles of the Differential and Integral 

Calculus simplified and applied to the Solution of various Useful Problems in 
Prsctical Mathematics and Mechanics. By Thomas Tate, Mathematical 
Master of the National Society's Training College, Battersea. 12mo. 48. 6<iL 

Tate : Exercises on Mechanics and Natural Phi- 
losophy ; or, an easy introdnction to Engineering ; containing various Applica- 
tions of the Principle of Work : the Theory of the Steam Engine with Simple 
Machines ; Theorems and Problems on Accumulated M'ork, &c. By Thomas 
Tate, Mathematical Master of the National Society's Training College, 
Battersea. New Edition. Fcp. 8vo. 2s. cloth. 

Tate : Treatise on the First Principles of Arithmetic. 

after the method of Pestalosxi. Designed for the u^e of Teachers and Monitors 
in Rlementiry Schools. Bv Thomis Tate, Mathematical Master of the 
National Society's Training College, Battersea. New Edition, with additions 
and improvements. 12mo. Is. 6d. cloth. 

Tate : Principles of Geometry, Mensuration, Trigo- 
nometry, Land-Sorveying, and Levelling: containing familiar Demon- 
strations and. Illustrations of the most important Propositions in Euclid's 
Elements ; Proofs of oil the useful Rules and Formulae in Mensuration and 
Trigonometry, with their application to the Solution of Practical Problems 
in Estimation, Surveying, and Railway Engineering. By James Tatb, 
Mathematical Master of the National Society's Training CoIIe|;e, Battersea. 
New Edition. I2mo. w ith 317 Diagrams and Woodcuts, 3s. 6d. cloth . 

Tate's Algebra made Easy. 

Algebra made Easy. Chiefiy intended for the use of Schools. By Thomas 
Tatr, Mathematical Master of the National Society's Training College, 
Battersea. New Edition. 12mo. 2s. cloth. 

Hunter: Exercises in the First Four Rules of Arith- 
metic: constructed for the application of New Artificial Tests, by which the 
Teacher may expeditiously a<>Cf rtain the Correctness of the Results. Bj the 
Rev. John Hunter, M.A. Vice- Principal of the National Society's Training 
College, Battersea. Second Edit, remoidelled and enlarged. 12mo. 6d. sewed . 

Colenso's School Arithmetic. 

Aritlimetic, designed for the use of Schools. By the Rev. J. W. Cotjsmbo, M.A. 
Rector of Forcnett St Mary, Norfolk ; and late Fellow of St. John's College, 
Cambridge. New Edition. Fcp 8vo. 48. 6d. boards. 

*«* A Ket, by S. Matmard, is in preparation. 
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Taylor's Arithmetic, and Key. 

The ArithmHirian'a Guide ; or, « complete Exercise Book : for Public Schools 
and Private Teachers. -By W. Ta\loa. New Edition, revised by S May* 
MARP. 12mo. 2s. Gd. bound. 

Ejst. By W. H. White. 12mo. 48. bound. 

Molineux's Arithmetic, and Key. 

An Introduction to Practical Arithmetic ; in Two Parts: with various Notes, and 
occasional Directions for the UM- of T>camrrs. By T. Moi.inbox, many years 
Teacher of Accounts and the Mathematics in 'Macclesfield. In Two P»rta. 
Part 1. 12mo. 26. (kl. bound.— Part 2. 12mo. 2s. 6d. bound. 

Ket to Part 1, 6d.->K£X lo Part 2, 6d. 

Simson's Euclid (the Standard Editions). 

Sanson's Elements of Eiuclid (Library Edition) ; ^ iz. the First Six Books, toe«> 
tlier with the Eleventh and Twelfth ; also t\w Book of Euclid's Data. With 
the Elements of Plane and Spherical Trieonometrv ; and a Treatise on the 
Constructicn of the Trigonometrical Canon. l?y the tlev. A. Robertson, D.D. 
F.K.S. New Edition, revised and correeted by S. Matmard. 8vo. 98. bound. 

Simson's Elements of Euclid (School Edition) ; xnz. the First Six Books, tojpether 
with the Eleventh and Twelfth. Printed, with a few variations and additional 
references, from the Text of Dr. Simson. New Edition, revised and corrected 
byS. Matnard. Ibnio. 5s. boand. 

Simson's Elements of Euclid (Symbolically Arranged) : edited, in the Symboli- 
cal form, bv tl»e Rev. R. 1>i.\.kkc.ock, M.A. late Fellow and Assistant Tutor of 
Catherine flail, Cambridge. New Edition. 18mo. 6s. cloUi. 

Joyce's Arithmetic, and Key. 

A System of Practifal .Arithmetic, applictible to the present stnte of Trade and 
Money Transactions: iilu.str.itcd by numerous Examples under each Rule. By 
the Rev. J. J (I vcE. New Editioa, corrected and improved by S. Mayma&d. 
12mo. 3s. bound. 

Ket. 18mo. '.is. bound. 

Walkin^ame's Arithmetic and Key, by Crosby. 

The Tutor's .^.ssistant ; being a Compendium of Arithmetic, and a complete 
Question Book ; containing Arithmetic in Wliole Numlx-is, Vulgar Fractions, 
Decimals, Dubdecrma.l8, the Mensuration of Citcles, a Collection of Questions. 
&c. Bv Francis Walkimoamb. A New Edition, corrected by T. Crosbx. 
12mo. 2s. cloth. 

Set. 12n>o. 8s. fid. cloth. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, by Single and Double Entry ; comprising several 
Sets of Books, arranged according to Present Practice, anil designed for the use 
of Schools. By Jame.s Morrison, Accountant. New Edition, considerably 
improved. Svo. Ss. half-bound. 

Sets of Blank Books, ruled to correspond with the Four Sets contained in the 
above work : Set A, Single Entry, 3s [ Set B, Double Entry, 88.; Set C, Conor 
mission Trade, 128. ; Set D, Partnership Conoenis, 4s. fid. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Aritlimctic. By J . Mor&ison^ Accountant. 
New Edition, revised and improved. 12mo. 48. Cd. bound. 

Ket. New Edition, corrected and improved by S. Matnard, Editor of '< Keith's 
Matliematic&l Works." ISnoo. 8e. bound. 

Nesbit's Arithmetic, and Key. 

A Treatise on Pn\ctical Arithmetic. By A.'Nssbit. New Edition. 12mo.fis. bd. 

A Ket to the ssime. 12mo. 5s. bound. 

P^RT n. of Nesbit's Practical Arithmetic; containing Fractions, Decimals, 

Logarithms, Chain-Rule. &c. 
Key to part II. I'-imo. 7s. oound. 

Thomson : School Chemistry ; 

Or, Practical Rudiments of the Science. Bv RoBERf DrvnAS Thomson, M.D. 
Master in Surjrcry m the University of CImsstow ; Lecturer on Ch<*mistry in 
the same University ; and formrriy in the Medical Service of the llouoturable 
East lad iu Company. Fcp. bvo. with Woodcuts, 7s. clotli. 



STANDARD EDUCATIONAL WORKS. 
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PeschePs Elements of Physics, 

The Elements of Physics. By C. F. Peschbl, Principal of the Royal Militat7 
College, Dresden. Translated from the German, with Notes, ij E. Wkot. 
3 ToU. fcp. 8to. with Woodcuts and Diagrams, 2l8. cloth. 

f Part 1. The Physics of Ponderable Bodies. Fcp. 8vo. 78. 6d 
Separately ^ Part 2. Imponderable Bodies (Light, Heat, Magnetism, Eleo 
( tricity, and Electro- Dynamics). 2 vols. fcp. 8vo. 13s. 6d. 

Mrs. Lee*8 Natural History for Schools. 

Elements of Natural Historv, for the use of Schools and Young Persona; com> 
prising the Principles of Classification, interspersed with amusing and in> 
structive Original Accounts of the moat remarkable Animals. By Mn. I^s. 
12mo. with 65 Woodcuts, 7s. 6d. bound. 



GEOGRAPHY AND ATLASES. 

Dr. Butler's Ancient and Modern Geography. 

A Sketch of Ancient and Modern Geography. By SA.MtTEL Butlsb, D.D. late 
* Bishop of Ijchfield, formerly Head Master of Shrewsbury School. New Editatm, 
revised by hi« Son. 8vo. 9s. boards ; bound in roan, 10b. 

Dr. Butler's Ancient and Modern Atlases. 

An Atlas of Modem Geography ; consisting of Twenty-thred CoItfurAi Maps ; 
with a complete Index. New Edition, 8ro. I2s. half-bottod. 

An Atlas of Ancient Geotrraphy: consisting of Twenty-two Coloured Map»> 
with a complete Accentuated Index. NewJEdition, corrected. 8vo. I2s. 

A General Atlas of Ancient and Modem Geography ; consisting of Forty-flTt 
coloured Maps, and Indices. New Edition, corrected. 4to. 24s. half-bound. 
* ,* The Latitude and Longitude aze given in the Indices. 

Abridorment of Butler's Geography. 

An Abridgment of Bishop Bntler's Modem and Ancient Geography: arranged t& 
the form of Question and Answer, for the use of Beginner*. By Mabt 
CT]NNiwnHA.M. New Edition. Fcp. 8vo. 2s. cloth. 

Dr. Butler's Geographical Copy Books. 

Outline Geographiral Copy-Books, Ancient and Modem : with the Lines of Lati- 
tude and Lonifitttde only, for the Pupil to fill up, and designed to accompany 
the above. 4to. each 4s. ; or together, sewed, 7s. 6d. 

The Geography of Palestine or the Holy Land, 

Including Phcenicia and Philistia: with a Description of the Towns anfl 
Places in Asia Minor visited by the Apostles. By W, M'Leod, Head Master 
of the Model School, Roy.il Military Asylum, Chelsea ; late Master of the 
Model Sdiool, Battersea. 'New Edition. 'l2mo. with Map, Is. 6d. cloth. 

Dowling's Introduction to Goldsmith's Geoofraphy. 

Introduction to Goldsmith's Grammar of Geography : for the use of Junior Pupilik 

ByJ.DowLiNQ. NewEdition. 18mo. 9d.sewe^ 

By tlie same Author, 
Five Hundred Questions on the Mara in Goldsmith's Grammar of Geograph^t 

New Edition. 18mo. 8d.— Ket, 9d. 

Goldsmith's Geography Improved. 

Grammar of General Geography: for the Use of Schools and Tounc Perwnrt. 
By the Rev. J. Goldsmith. New Edition, improved. Revised throughout and 
corrected by Hugh Murray, Esq. Royal 18mo. with New Views, Maps, &c. 
3a. 6d. bound. — KnT,9d. sewed. 

Goldsmith's Popular Geography. 

Geography on a Popula^ Plan. New Edit, including Extracts from recent Voyaeee 
and Travels, with Engravings, Maps, &c. By Rev. J. Goldsmith. 12mo. Us. bd . 

Mangn all's Geography, revi.sed. 

A Compendium of Geographr; for the use of Schools, Private Families, ftc 
R. ManonaI'L. 
7s. 6d. bound. 



A new Edition, revised and corrected throughout. 



By 
12niu. 
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Hartley's Geography, and Outlines. 

Oeoaraphj for Youth. By tlie Rer. J. HAftTLBT. Mew Edition, containing 

the latent Chanees. 12ino. 4s. 6d. bound. — Br the aame Author, 
Outline* of Geography : the Fint Course for Cliildren. New Edit. 18mo. 9d. ed. 



THE FRENCH AND ITALIAN LANGUAGES. 
Tarver's Eton French Grammar: 

Introduction k la Lanirue u«iu«lle et aux Elements de la Gramma ire Fran^aise. 
By J. C. Taktea, French Master, Eton College. New Edition. 12mo. 3a. bd. 

Tarver's Eton Frenrh Exercises: 

Familiar and ConTer«ational French Exercises, for Writing and vitA. roce 
Practice. By J. C. Tauvbr, French Master, Eton College. New Editioiu 
12mo. 3b. 6d. bound. 

Kkt, 12mo. 3e. bound. 

Tarver's French Phraseolop^y. 

Fhras^ologie Kxpliqu^e et compart : in explanation of Idiomatical Phrases, and 
toserre as C'onversatiOQal Lessons. By J. C.TARTBa, French Muster, Etont 
College. New Edition. 12rao. 3s. beund. 

Tarver's Eton French Reading Book. 

Ghoix en Prose et en Vers : auivi de la Phras^ologie expliqu^e et compar^e ; et 
nr^c^d^ de Remarques sur la Constmction des Vers Franpais. By J.C. 
Xk&VER, French Master, Eton Collf ge. New Edition. 12mo. 7». 6d. bovnd* 
f Part I. C'hoix en ProRC, 38. 6d bound. 
Separately, J Part TA rhoix en Vers, 38. 6d. bound. 
i PartlllT Phra&dologie, da. bound. 

Tardy's French Dictionary, improved by Tarver. 

Tardy's Explanatory Pronouncing Dictionary of the French Language, in 
French and English ; wherein tne exact ^ound and Articulation of eT«ry 
Syllable is distinctly marked, according to the Principles of the Frencft 
Pronunciation, developed in a short Treatise. New Edition, corrected and 
much enlarged. By J. C. Tahver, French Master, Eton. Fcp. 8to. 7s. 

Miss Rowan's Modern French Reading Book. 

Morceaux Choisis des Auteur* Modemes, k I'usage de la Jeunesse. With a 
Translation of the New and Difficult Words and Idiomatic Phrases which 
occur in the Work. By F. M. Rowan. Foolscap 6vo. 6s. bound. 

Hamel's French Grammar and Exercises, by Lambert. 

Hamel's French Grammar and Exercises. A New Edition, in one volume. 
Carefully corrected, greatly impre\-ed, enlarged, and re-arranged. By N. 
Lambert. 12mo. 5s. 6d. bound. 

Hamel's French Grammar (the Original Edition). . 

A New Universal French Grammar ; bein^ an acctirate System of French Acci- 
dence and Syntax. ByN. Hamel. New Edit, improved. 12mo. As. bound. 

Hamel's French Exercises, Key, and Questions. 

French Grammatical Exercises. By N. Hamel. New Edition, carefully revised 

and greatly improved. 12mo. 4b. bound. 
Ket, 12mo. 38. bound. 

Hamel's World in Miniature. 

The World in Miniature ; containing a faithful Account of the Situation, Extent, 
Productions, Go\ernmont, Population, Manners, Curiosities, &c. of ttie different 
Counb-ies of the World : for Translation into French. By N. Hamcl. Ni»w 
Edition, corrected and brought down to the present time. 12mo. 4s^6d. bd. 

THE ENGLISH LANGUAGE. 

Orammars, Reading Books, and Miscdlaneout Works. 

The Modern Poetical Speaker : 

A Collection of Pieces adapted for Recitation, carefVilly selected from the 
Enelish Poets of the Nineteenth Century. By Mrs. Paliiser. Dedicated, by 
permission, to the Right Hon. the Dowager Lady Lyttelton. 12mo. 68. bound . 



STANDARD KDUCATIONAL T90RKS. 
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Sewell: The New Speaker and Holiday Task-Book. 

Selected from classical Greek, Latin, and English writers:— Domosthenes, 
Thucydides, Homer, Sophocles, Cicero, Ltrjr, Virgil, Lucretius, Shakspeare, 
Milton, Burke, Bacon, &c. By the Rev. W Sbwxi.1., B D. Fellow and Totor 
of Exeter College, Oxford. 12mo. 6«. bound. 

Maunder's Universal Class-Book : 

A New Series of Reading^ Lessons (original and selected) for Every Day in the 
Year: each Lesson recording some important Event in General History^ Bio- 
graphy, &c.,or detailing, in famiU^ language, interesting facts in Science. 
vVitb Questions for Exiunination. By Samuel Maumckr, Author of " The 
Treasury of Knowledge," &c. New Edition, revised. 12mo. fis. bound. 

Progressive Exercises in English Composition. 

By the Rev. R. 6. Parker, A.M. New Edition. 12mo, is. 6d. cloth. 

Graham's Art of English Composition. 

English ; or. The Art of Composition explained in a serie* of InstroeUou and 
Examples. By G. F. Graham. New Edition. Fcp. 8vo. 6b. cloth. 

The Rev. John Hunter's English Grammar. 

Text- Book of English Grammar : a Treatise on the Etymology and Syntax of 
the English Languaee; incloding Exercises in Parsing. Punctuation, and 
the Correction of Improper Diction ; an Etymological Vocabulary of Gramma- 
tical Terms, ftc. For the use of Students in Traming Ccrilegea, and the Uppei 
Classes in National and other Elementary Schools. By Rev. J . H^J^TEB, M. A. 
Vico- Principal of the National Society's Training College, Battersea. 12mo> 
2s. 6d. cloth. 

Hunter : Exercises in English Parsing: 

Progressively arranged. New Edition, remodelled and enlarged; and adapted 
to the Author's Text-book of English Grammar. With Questions, suggesting 
a Course of Oral Instruction for Junior Pupils ; and an Appeniux of Rules 
and Observations on the Paraphrasing of English Poetry, with Examples and 
Exercises. B^ the Rev. John Hunter, M.A., Vice- Principal of the Nation«d 
Society's Training College, Battersea. 12mo. 6d. sewed. 



Lindley Murray's Works. 



*.* The latest and only Genuine Editions, with the Author's rtMAl 

CORRECTIUNS and IMIPROVEMFNTK. 



1. First Book for Children. 18mo. 6d. 

2. Enelish SpeUing-Book. 18mo. 18d. 

3. Introd. to Eng. Reader. 12)no. as. 6d. 

4. The English Reader. l2mo. 3s. 6d. 
6. Sequel to ditto. 12mo. is. 6d. 

6. English Grammar. ^ 12mo. Ss. 6d. 
7. m . - abridged. IKmo. Is. 

8. English Exercises. Timo. 2s. 

9. Key to Exercises. 12mo. 2s. 

10. Exercises and Key. In 1 vol. 3s. 6d. 

11. Introduction au Lecteur Frao^ois, 

12mo. 3s. 6d. 



12. Lecteur Francois. 12mo. .58. 

13. Library F.ditio'n of Grammar, Exe^ 

cises, lUid Key. 2 vols. 8vo. 218. 

First Lesftns in Enslish Grammas. 

New edit. 18mo". 9d. 
Orammaticul Questions, adapted to 

the Grammar of Lindley Murray . 

ByC BRADtEV. 12mo.2s. fid. 
Enlarged Edit, of Murray's Abridged 

English Grammar, by Dr. GiLss. 

18mo. Is. fid. 



Mayor's Spelling Book. 

The English Spelling- Book ; accompanied bj a Progressive Series of easj and 
familiar I..e8sons : intended as an Introduction to the Reading and Spelling of 
the English Languaee. By Dr. Mavor. New Edition. 12mo. with Frontis- 
piece, and 44 Wood Engnkvings, Is. fid. bound. 

Carpenter's Spelling-Book. 

The Scholar's Spelling Assistant ; wherein the Words are arranged according to 
their principles of Accentuation. By T. CA3.r£NTER. New Edition, corrected 
throughout. 12mo. Is. fid. bound. 

Mr. M'Leod's New Reading Book. 

A First Reading Book : fer the use of Families and Schools. By W, M'Leoo , 
Head Master of the Model School, Roral Military Asylnnt, Chelsea. New 
Edition. Ibmo. with Woodcuts, 3d. sewed. 

Ross : An Elementary Etymological Manual of the 

English Languaee, for the use of Schools. To which are prefixed. Practical 
Obherration!) on Teaching Etymology.. By William Ross, Inspector of Schools 
for the Manchester EdneatiMi Society. New Edition. 18mo 6d. sewed. 



